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Preface 

The Sixth Summer Program of the Center for Turbulence Research was held 
during the four-week period June 24 to July 19, 1996. There were thirty-seven 
participants from the U. S. and nine other countries and twenty-six local Stanford, 
NASA- Antes, and CTR staff who devoted virtually all of their time to the program. 
As in the previous summer programs, the participants used the archived direct 
numerical simulation databases to test turbulence models and study turbulence 
physics. In addition, several calculations of complex flows and new simulations 
were performed during the Program. 

A hallmark of the 1996 Summer Program was a very large turbulence modeling 
and application group. The so-called Reynolds averaged modeling. RANS. is an 
important industrial tool for prediction of turbulent flows. New modeling ideas 
recently put forward at CTR and a special focus on a specific application were the 
catalysts that brought together this group of turbulence modelers and computa- 
tional fluid dynamicists. 

As in the past Summer Programs, the combustion community was well repre- 
sented. Of particular interest were promising findings in the application erf the 
large eddy simulation technique, LES, to turbulent reacting flows. The LES group 
contributed the largest number of papers to this volume. New subgrid scale models 
were tested and several important issues in application erf LES were addressed. The 
LES group also included two representatives from aerospace and automobile indus- 
tries which recently have shown interest in using this tool for simulation of complex 
flows encountered in power systems. The control, structures, and hydroacoustics 
group included such fundamental studies as control strategies for laminar/ turbulent 
transition and detection of organized structures in separated flows. It also included 
a group from David Taylor Laboratory who evaluated models of space/time char- 
acteristics of wall pressure fluctuations in separated flows. 

As part of the Summer Program three review tutorials were given on Large eddy 
simulation (Parviz Moin), DNS of premized combustion (Thierry Poinsot and De- 
nis Veynante), and Turbulence /shock wave interaction (Krishn&n Mahesh); and one 
seminar entitled Controlling complex systems with MEUS was presented by James 
McMichael. A number of colleagues from universities, government agencies, and 
industry attended the final presentations of the participants on July 19. They pro- 
vided valuable input on the work accomplished and participated in the discussions. 

There are twenty-eight papers in this volume grouped in the above four areas. 
Each group is preceded with an overview by the CTR coordinator of the group. 
Early reporting of thirteen of the projects occurred at the Forty Ninth Meeting of 
the Division of Fluid Dynamics of the American Physical Society in Syracuse. New 
York, November 24-26. 1996. 

The success of an intensive program such as this results from the efforts of many 
professionals. We are grateful to several administrative staff members of NASA 
Ames for going beyond the call of duty to facilitate this Summer Program. It is also 



? 


a pleasure to acknowledge the diligent efforts of Debra Spinks in the organization 
of the Program and compilation of this report. Her efforts iu the ptanuing and 
operation of this and other CTR Summer Programs have been invaluable. 

Parviz Moin 
William C. Reynolds 
Nagi N. Mansour 
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The turbulence modeling group 

This introduction will highlight notable aspects of the reports from the turbu- 
lence modeling group. Five visitors participated in this group: Fue-Sang Lien, from 
the University of Manchester Institute of Science and Technology (UMIST); Gian- 
luca Iaccarino, from the Centro Italiano Ricerche Aerospaziali (CIRA); Dominique 
Laurence, from the Electricite de France (EDF), Deji Demuren, from Old Dommioii 
University; Vittorio Michelassi, from the University of Florence; and Blair Perot, a 
private consultant. The NASA and CTR hosts were Sacha Parniex, Mike Rogers. 
Parviz Moin, Nagi Mansour and Paul Durbin The projects involved exploring new 
modeling approaches, variants on existing models, a prior * testing of models with 
DNS data, and computation of complex flows. Turbulent flow in high-lift aero- 
dynamics was a special subtopic for this summer program: Iaccarino and Lien's 
contributions address that application. 

Blair Perot’s report proposes ‘a new approach to turbulence modeling'. He asks 
whether predictions comparable to those obtained by second-moment closure can be 
obtained from a simpler closure, if only the mean flow is required. The mathematical 
origin of this question comes from applying the Helmholtz decomposition of vector 
fields to the RANS equations. The mean flow equation contains a Reynolds-stress 
force: F, = -djW^Uj. This is a vector field, to which the Helmholtz decomposition 
into curl and divergence-free components applies: F = V<j> + V x if>. What are the 
physical meaning of the scalar and vector potentials 4> and Can one develop a 
closure model for <? and Will it contain as much ‘physics’ as SMC? Read Blair's 
contribution for a status report on these questions. 

Gianluca Iaccarino and Fue-Sang Lien worked on ‘modeling with application to 
high-lift aerodynamics'. Phenomena that arise in high-lift flows include trailing edge 
separation at high angles of attack, 3-dimensional separations, impinging wakes, 
gap jets, and other element -element interactions. So this application challenges the 
abilities of turbulence models and turbulence modelers. 

Iaccarino and Lien worked primarily with the k-e-v 2 model. Iaccarino computed 
flows around two and three-element airfoils. He found that the basic model did a 
good job of capturing many of the pertinent features of these flows. A good deal of 
his time was spent on numerical issues; after some disappointment with his explicit, 
compressible code, he decided to work with our version of INS- 2D (RS. INS) that has 
the model implemented. His are the first it ulti- block and chimera-grid computations 
with this model. 

Lien implemented the k-£-v 2 model into his finite- volume, pressure-correction, 
incompressible code. His article explores several variations on the basic model: the 
first is a non-linear constitutive equation that is developed with the aid of DNS data; 
second is a ‘code friendly' variation that is proposed in the interest of numerical 
schemes that solve the equations in an uncoupled form; finally, he investigates 
transitional properties of the model, introducing a Reynolds number dependent 
coefficient. The non-linear constitutive relation allows for normal stress anisotropies 
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that arc not accommodated l>v the usual Boussinesq relation. The natural boundary 
conditions for the k - s and v l - /-equations are impused explicitly on A and r* 
and determine f and / implicitly, so it is natural to solve these as coupled pairs 
of equations. However, some CFD codes are written to solve equations one at a 
time, or use fully explicit methods. It is for these types of codes that the ‘rode 
friendly’ variant — primarily in tire v* boundary condition — is proposed in Lien's 
contribution. Lien computed flow around a single element airfoil and around a 
three-dimensional, inclined prolate spheroid. The flow round the spheroid contains 
a three-dimensional separation line. 

Dominique Laurence. Deji Deniuren and Vittorio Michelassi worked on ‘modeling 
dissipation and turbulence transport*. 

Michelassi *s article compares the original A- - * - v i model to a variant that offers 
some apparent improvements to the analytical formulation. He found that the pre- 
dictions of the two forms are very similar, which suggests that the modifications are 
viable. In his RANS computations Michelassi focuses on flow over a Imckstep, look- 
ing at how the model affects reattachment and recirculation. Various shortcomings 
are discussed. 

Laurence and Parneix’s article describes an innovative method for studying tur- 
bulence modeling by using a DNS database. Commonly, a prion tests of turbulence 
models consist of plugging DNS data into algebraic formulas used in the models. 
Such tests are of little value: the formulas in question are closure's for a set of differ- 
ential equations, they are not algebiaic models. Their mathematical and predictive 
value can only be assessed by solviug the differential equations. Is there any way to 
use DNS data that will test the properties of the differential equations? Laurence 
anti Parueix’s idea is to solve a subset of the model equations, using the entire DNS 
fields for the other variables. This permits an assessment of the model in its proper 
mathematical context. For example: if the convection velocity V and production 
rate u , u } d } t are right, do the differential equations predict k and £ correctly? This 
technique uses the DNS fields more comprehensively than have previous a priori 
model tests: see this article for more on this intriguing development . 

Demuren evaluated pressure-diffusion and pressure-strain terms in turbulent mix- 
ing layers and wakes using DNS data. His article discusses comparisons between 
Lumley’s formula relating pressure-diffusion to third moments of velocity and Mike 
Roger's DNS data. However, these third moments are not variables in second- 
moment closures, so it is usual to invoke a gradient diffusion assumption to relate 
third and second moments. Demuren shows that Lumlev's formula is often quite 
good, but that the gradient diffusion assumption often fails. The velocity-pressure 
gradient correlations were split into slow and rapid parts, in the usual manner. Their 
relative roles are investigated in Demuren's article, with some interesting results. 
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Non-linear k-e-v 2 modeling 
with application to high-lilt 

By F. S. Lie* 1 AND P. A. Durbin 2 


The L-z-i* model has been investigated to quantify its predictive performance on 
t* ; bi^-K configurations: 2D flour over * single-element aerofoil, involving dosed- 
type separation: 3D flow over a prolate spheroid, involving open-type separation- A 
'code-friendly' modification hats been proposed which enhances the numerical stabil- 
ity. in particular, for explicit and uncoupled flow solvers. As a result of introducing 
Reynnlds-tninilwn d.i endence into a coefficient of the £ -equation, the skin-friction 
distribution for the by-pass transitional flow over a flat [date is better predicted. 
In order to improve deficiencies arising from the Boussinesq approximation, a non- 
linear stress-strain constitutive relation was adopted, in which the only one free 
constant is calibrated on the basis of DNS data, and the Reynolds- st ress anisotropy 
new- the wall is fairly well represented 


1. Introduction 

Eddy-viscosity models based on the linear Boussinesq relations are known to be 
afflicted by numerous weaknesses, including an inability to capture normal stress 
anisotropy, insufficient sensitivity to secondary strains, seriously excessive genera- 
tion of turbulence at impingement tones, and a violation of realizability at large 
rates of strain. Notwithstanding these defects, eddy- viscosity models remain popu- 
lar. and their use in complex flows is widespread due. principally, to their formalistic 
simplicity, numerical robustness, and computational economy. Second -moment clo- 
sure. on the other hand, accounts for several of the key features of turbulence that 
are misrepresented by linear eddy-viscosity models, but is considerably more com- 
plex and can suffer from poor numerical stability due to the lade of dominance of 
second-order fragments in the set of terms repre se nting diffusion. As a result, the 
CPU requirements for second- moment closure models can be high, especially in 3D 
flows. 

A potential alternative to second -moment closure, but one which retains advan- 
tageous elements of the linear eddy-viscosity framework, is to use a constitutive 
relation that equates the Reynolds- st resses to a non-linear expansion in pownrs of 
the mean rate of strain and rate of rotation tensors. This may be cast in the form 
of a sum of terms, each pre- multiplied by an apparent viscosity— hence the term 
‘non-linear eddy-viscosity models'. Examples include the models of Speziale ( 1987), 
Shih rt « l . (1993). Durbin (1995a), Craft et ml (1995) and Lien et a l . (1996). The 


1 University of Manchester Institute of Science and Technology, UK 

2 Stanford University 
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main differences between the above modeling strategies ran be summarised in the 
following table: 



The .4 2 value the second Reynolds st ress invariant in Craft el «T$ k — £ — Aj 
model is obtained by salving a related transport equation as follows: 

ftdj + f V.lj = ~2y(rf* + ft - :) 

+2^(4#., + P„ + 6.J - £„). (1) 

with fragments consistent with second-moment closure In order to be free from 
topological constraints, the unit vector in the wall- reflection term is replaced by the 
length-scale gradient. The expansion of (1) in 3D curvilinear coordinate systems is 
tedious and prone to error Abo, a major drawback of this model is the high level 
of sensitivity to the near-wall grid parameters, including resolution, distribution, 
and aspect ratio. 

Toe in equation in Durbin's k — £ - r 2 model, to be addressed in Section 2, was 
simplified from second - moment closure on the basis of the IP pressure- strain model 
in conjunction with elliptic relaxation. This approach is algorithmically simple, 
applicable to the iow-Re region, and naturally mimics the kinematic blocking effect 
on the turbulence of a solid wall. 

Another important feature- which distinguishes Durbin’s model from most others 
is the expression of eddy-viscosity v,. which plays an important role in determining 
the correct level of shear stress. In Craft el el.'s model, 

n - «tp{-0.14S«tp(1.3q s ^*)}| v^7*{I - 0.8e*p|-fi,/30)( 

■ - M nrn&j rrsMTToisp — (tT) (2) 

where 

r, = i + |l -exp(-^|^)J |l 4- 4^/exp( -R t /20) , t) = max($,ft)r„. (3) 
and 5 and ft are strain and vorticity invariants. While in Durbin’s model, 

v, =0.19j(JfcT). 


(4) 
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Ouc distinct differvucr between Eqs (2) and (4) is that the Utter does not require 
any damp in g function: a result of using t* 2 as the velocity scale in the direction of 
the wall. The former, on the other hand, sensitizes u, to S. (l. R, (i.e„ Reynolds 
number 1 and .4*. with the functional de p e nd e ncy brag carefully calibrated on a 
range of flows, including straining flow, channel flow, impinging jet, and transi- 
tional flow. However when this mode) was tested far turbomachinery flows at (and 
near) ofF-design conditions, the sue of the leading-edge separation bubble was over- 
estimated, and in some cues no co nverged solution could be obtained. This is due 
to 1 } (strain and vortkity) and At being too luge dong the curved shear layer , 
a result of both parameters appearing in the d enominato r of v% expression, the level 
of shear stress was significantly under-predicted (Chen, 1996). 

fat the present work, the k -e-v* model of Durbin ( 1895b) is applied to high-lift 
configurations, both 2D and 3D. In the course of this study, numerical instability 
arising from the boundary condition at wall was encountered, due to our use of a 
solution algorithm that uncouples the v* and /- equ a ti ons. A ‘code friendly’ mod- 
ification is introduced, which ,*ot only circumvents this numerical difficulty, but 
also gives better predictions for transitional flows. Tins variant is then combined 
with the non-linear stress- strain constitutive equation with the aim of improving 
the near-wall behavior of normal-stress anisotropy. 


2. l-e-? model 

The turbulence model uses the standard k — e equations: 

a,k + V Vk « P* - £ + {(»/+ —)Vk\, 

w* 

d,s + Ve = C « lf Vz C «g + [(„ + * )Vgj, 
i w* 

On no- slip boundaries, y -» 0, 


(5) 

( 6 ) 


k = 0, e — ► 2v— . 

r 


The r 2 transport equation is 


-t£ 


d,v 3 + V ■ Vv* = kf + V • ((•> + 


(7) 


( 8 ) 


where k f represents redistribution at turbulence energy from the stream wise com- 
ponent. Non locality is represented by solving an elliptic relaxation equation for 
/: 


- / = 


l 


(C.-n)j-(C, -D-* 


where 


T = max 


f-.6(-) ,/ *|. I = C 4 max[— ,C,(-) ,/4 . 
I- £ l £ £ 


- c 4 

(9) 

<7>1 ' 

(10) 
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The Boussinesq approximation is used for the stress-strain relation: 


■.a, 2, vt c 

a tJ — -jp - -«ij 

(ID 

where the eddy viscosity is given by 


vt = CjV?T. 

(12) 


The constants of the model are: 


C„ — 0.19, — 1, <r« — 1.3, 


As n 
Eq. (8) becomes: 


C„ = 1.55, C, 3 = 1-9 

Ci = 1.4, C 2 = 0.3, C t = 0.3, C, = TO. (13) 

0 — y being the minimum distance to walls — and k — * (l/2i/)ey J , 




vd^v 2 - 2nv - r = kf. 

r 


(14) 


The viscous and kinematic conditions at the wall show that v 2 should be Ofy 4 ) as 
y -* 0. In the original k -e - v 3 model, n = 1, yielding the boundary condition for 

/ _ 

(24 — 4n)i^t> 2 , 20vV 

/(°> “* 777m — U-i - -■ 




£( 0 )^ 


(15) 


on no- slip walls. 

t.l Code- friendly modification 

Equation (15) works {airly well for coupled, implicit solvers (e.g. INS2D code 
of Rogers k Kwak (1990)). However, for explicit and uncoupled schemes, numer- 
ical instability arising from y* in the denominator of Eq. (15) sometimes occurs. 
Therefore, a code- friendly modification is made here by setting n = 6, which allows 
/(0) = 0 to be imposed as the boundary condition. In addition, C , i and C, 2 are 
replaced by 

C, 1 = 1.55 + exp(— j4 < /I^)| / ( > =oo«28S, Ci = 1.92, (16) 

where R t = yi/kfu, and the other model constants are: 


C, = 0.19, a k - 1, a t = 1.5, 


C, = 1.4, C 2 = 0.3, C L « 0.17 C, - 70. ( 17) 

2.1.1 Fully -developed channel flow 

The model constants, in particular A, — 0.00285 and Ct — 0.17, were first 
calibrated with the channel-flow DNS data of Kim et ( 1987) and then optimized 
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FIGURE 1. Channel flow: (Left) mean velocity; (Right) k and v 7 . DNS: • velocity; 
A k; o t> J . 

on the basis of 2D/3D separated flows to be presented later. As seen in Fig. I, 
both the mean-velocity and turbulence profiles, the latter including k and v 2 , agree 
reasonably well with the data. 

2.1.2 By-fass transitional flare over a flat flate 
The second case examined here is the flow over a flat plate with free* stream turbu- 
lence intensity T m — 3% and dissipation length scale — 10 nun. The experimental 
study was conducted at Rolls Royce Aeroengines in Derby, UK. The skin-friction 
distributions, obtained with the original and code-friendly k - e — v 2 variants and 
Launder- Sharma model (1974), are shown in Fig. 2(L). As seen, introducing the 
R t -dependency in C, i for the code- friendly variant improves transition predictions. 
Although the resulting onset of transition is slightly earlier than that returned by 
the Launder- Sharma model, the length of transition is better represented. As t he 
flow becomes fully turbulent, the velocity profiles obtained with both k — e — v 7 
variants are almost identical as demonstrated in Fig. 2(R). 

t.t Non- linear constitutive relation 

A general constitutive relation of the type proposed by Pope ( 1975) can be written 
as: 

2 19 

a '> =U -T i - ¥'> - (18) 

4 A=1 

where I**- = 5 1; , Tj } - S lk U kj - Sl, k S kj , T* - S, k S kt - 1 6, } SuS k i • • Truncating 
at the third term for simplicity gives rise to 

= ~jS, } + G 2 (S, k Q k} - n, k S t] ) + G*(S, k S k , - 1 6, t S lk S kl ). ( 19) 

. _ 9U, dUj, dU, du } 

l> di } * dii ’ di } dx. 


where 


( 20 ) 
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FIGURE 2. Flat plate: (Left) skin friction; (Right) mean- velocity profile. • expt.: 
k — s ; o original k - c — t> 2 ; modified k — e -v* 


Two constrains for parallel How will be imposed: 

a 22 = a^r, an = (21) 


where a-^ = t “ 3 • These yield 


1 ( 1 -.)^ . + ° I °^ T -. 

4 S* 2 S 7 


( 22 ) 


where S = or (= jy/S^Sij/ 2, in general) and T is defined in Eq. (6). The 

remaining unknown, o. can be evaluated from DNS data of channel flow (Kim et 
at., 1987), boundary-layer flow (Spa! art, 1988) and flow over a backward-facing step 
(Le et al., 1993). As seen in Fig. 3, 


a 


-1 - 


65 

16 + 10S 


(23) 


fits DNS data reasonably well. The algebraic model was initially used by Durbin 
(1996a) as an a postton formula for evaluating In order to apply Eq. (19) to 
mean flow prediction while preventing computational intractability, the coefficients 
G 2 and G 3 * * * are modified as: 


G 2 


1 (1 ~ q)c ? T 2 r % _ 3 11 t^Z T 7 

4 S* + l ’ 2 S 2 + 1 


(24) 


3. Numerical method 

All flows have been computed with the STREAM general geometry, block-struct- 

ured, finite-volume code (Lien & Leschziner, 1994a). Advection is approximated 

by a TVD scheme with the UMIST limiter (Lien & Leschziner, 1994b). To avoid 

checkerboard oscillations within the co-located storage arrangement, the ”Rhih and 
Chow" interpolation method ( 1983) is used. The solution is effected by an iterative 
pressure-correction SIMPLE algorithm, applicable to both subsonic and transonic 
conditions (Lien L Leschziner, 1993). 
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FIGURE 4. A-aerofoil: geometry and partial grid 

4. Results and discussion 

4-1 Aerospatiale A-aerofoil 

Computations for A-aerofoil haw been performed at 13.3° incidence, with 
transition on the s side prescribed at 12% of chord. The geometry and a 

partial view of the gnu are giwn in Fig. 4. The Reynolds number, based on free- 
stream velocity and chord length, is 2.1 x 10 6 . Solutions have been obtained on a 
grid containing 177 x 65 lines, extending to 10 chords into the free stream. 

In total, four turbulence- model variants haw been applied to this case [compar- 
isons to second moment closure can be found in Lien k. Leschziner (1995)]: 

(1) the low- Re k — e model of Lien & Leschziner ( 1993); 

(2) the original k — e - v 2 model of Durbin (1995b): 

(3) the code-friendly variant; 

(4) the above variant combined with the non-linear stress-strain relation. 

The skin-friction and wall-pressure distributions obtained with three linear eddy- 
viscosity models, one k — e and two k — e — v 2 . arc compared in Fig. 5. These, as 
well as the associated profiles of streamwise velocity and shear stress cm the suction 
side in Figs. 6-7, clearly demonstrate the superiority of k - e - v 2 variants relatiw 
to the conventional k - e model. 

Attention is turned next to comparisons between linear and non-linear k — e — v 2 
models in Figs. 8-10 for profiles of streamwise velocity and Reynolds normal- 
stresses. It is found from these figures that the Reynolds-stress anisotropy is fairly 
well predicted by the non-linear model at x/c=0.5, which is consistent with the con- 
straints in Eq. (21) imposed on the constitutive equation. As the flow approaches 
the trailing edge, streamline curvature arising from secondaryj>train becomes impor- 
tant and the omission of its production term (~ in the r 2 -equation is no longer 
valid, resulting in large discrepancies between predictions and data at x/c=0.9. 

4.2 DLR prolate spheroid 

The shape of this body and a partial view of the numerical grid surrounding it 
are shown in Fig. 11. The Reynolds number, based on the chord, is 6.5 x 10 6 . 
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y/c x/c= 083 y/c x/c= 0.90 y/c xJc= 0.96 



y/c Wo 0 30 yte x/o 0.50 y/c x/c= 0.70 



FIGURE 6. A- aerofoil: profiles erf streamwise_velocity. o expt.: k - e; 

original k - e - v 2 \ modified k - e -v 2 

Computations have been performed at 30° incidence in which transition is free. 
The solution domain, containing 65 x 65 x 65 lines, extends 10 chords into the outer 
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stream. 

Numerical solutions have been obtained with two models [comparisons with second- 
moment closure can be found in Lien & Leschziner ( 1995b )]: 

(1) the low-Re k — e model of Lien tc Leschziner (1993); 

(2) the code- friendly k - s - v 2 variant in conjunction with Launder and Kato's 
modification in the turbulence production P* (1993). 

A well-known defect of any conventional, linear eddy- viscosity model is that it 
predicts excessive levels of turbulence energy in impingement regions, due to the fact 
that the irrotational strains appearing in the turbulence-energy equation (~ 
act to generate turbulence irrespective of their sign. The rationale behind Launder 
& Kato’s proposal is to partially replace the strain by the vorticity, i.e. 

Pk = 0.5v,3,jQi } . (25) 

A similar idea, based on 'realizability’ constraints on the turbulence time scale, 
has been sugge sted rece ntly by Durbin (1996), in which a upper bound to k/e 
proportion to sjlj S tJ S tJ was introduced. As a result, the rate of turbulence-energy 
generation in the vicinity of stagnation regions becomes linear, which is similar to 
that returned by most of the non-linear eddy- viscosity models mentioned in Section 
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Figure 8. A-aerofoil: profiles of streamwise velocity, o expt.; linear 

lc — e — v 2 ; non-linear k — e - v 2 



Figure 9. A-aerofoil: profiles of stream wise normal stress, o expt.; linear 

k - ( — v l . non-linear it — e — e 2 



Figure 10. A-aerofoil: profiles of transverse normal stress, o expt.; linear 

Jt - e — v 2 ; non-linear k - e - v 2 
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FlGt'Ri: 11. Prolate spheroid’ geometry and partial grid 


1. tliow models aw 


i^/M W~W~' 


f 20 > 


Azimuthal variations of skin- friction magnjtu and direction at font strcnmvnsc 
locations are shown in Figs 12 anti 13. ami the circumferential dbti d -utiotis of wall 
pressure are given in Fig. 14. As seen at x/2« “ 0 223. the k - ■ - e 1 model in 
conjunction with Lauudei <V Koto's modification returns a transition like hehnvio: 
in the boundary layer Host *<> tlie windward side. Although the model i-. nucha 
on fundamental grounds to predict any abject of natural transit ion. the predicted 
transitional phenomenon b mainly due to a strong suppression « if turbulence eiietgy 
at the impingement regions, in which tire Bow becomes dammar r.<iuhhe-,| with du 
fact that the free-stream Uuhtik'uce diffuses into the boundary layer and ultimately 
triggers transition. It is cleat from Fig. 14 that the «*xt**nt of presume plateau 
regions, signifying the azimuthal extent of separation /one. at i/2« > O.uG-l «r« 

under estimated by both models This observation is consistent wuh the azimuthal 
distributions of skin-friction direction y shown in Fig 13: y - 0 denotes either 
the separation or the reattachment point. The performance of l ; - r- model 
is slightly better than that of l - ■ in terms of tin* extent .4 the septum ion /one 
Some of the discrepancies between predictions and experiment might be due to the 
grid easily adopted here; m particular, close to the rear end of the spheroid it b 
too coarse and a grid-refinement test, is required. 


.5. Conclusions 

A computational study lias been undertaken to investigate the predictive c-ipti 
bilities of k - « - r- variants when applied to high-lift configuration's, including 
2D aerofoil and 3D prolate spheroid. Both the linear and non-linear stress strain 
constitutive relations are examined. The outcome of the present stud', may he 
summarized as follows: 
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FlGt'UE 12. Prolate_spheroid: skin-, ;t»on magnitude, o expt.; k - e; 

modified k — e — v 1 ; 


( 1 ) The k-e-v 2 model and its variant:;, whether linear or non-linear, return superior 
predictions relative to the conventional k — e model. 

(2) This superiority can be attributed to the use of v 2 as the velocity scale in the 
eddy-viscosity expression without resorting to an ad hoc damping function. 

(3) The v 2 is obtained from a simplified form of Reynolds- stress transport equation, 
governing the turbulence intensity normal to streamlines, the pressure-strain term 
of which is represented mathematically by an elliptic relaxation model. 

(4) A code-friendly modification is proposed here, including the assurance of the 
near-wall behavior t> 2 — ► 0(y*) as y -* 0, the introduction of -dependency in 
C, i, and the use of / = 0 as the boundaiy condition on no-slip boundaries. As a 
resuit, the numerical stability, in parti, tar, for the uncoupled solution procedure 
used herein is grcrtly enhanced. 

(o) The introduction of R t in C«j yields improved results for the transitional flow. 
However, it requires the minimum distance to walls, which can be difficult to 
apply to complex geometries. 

(6) Following a similar idea suggested by Durbin & Laurence (1996), a first attempt 



18 


F S. Lten j P. A. Durkin 



FIGURE 13. Proiat<^_sphero»d: skin-friction direc tion, o expt.; k - <; 

tnodi'v'd k — f — r- 


has bwi made by adopting 


<1 


= 1 0.0333^/jt/u 2 ). C, i = 1 85. C* = 0.188. 


and preliminary results for flows over a flat plate and the A -aerofoil, des cribed in 

Sections 2. 1.1-2. 1.2. are given in Figs. 15-17. As seen, the use of yj kfv* returns 
very similar mean velocity proflies for the A- aerofoil case. However, the onset of 
transition for the flat -plate case is too early and the length ot transition is too 

long- _ 

(7; In order to improve the performance of k — c — c 2 model for both transitional and 
fully turbulent flows, iu particular, in complex geometries, instead of adopting 

R t and \J kjr 1 . there is a need to devise a new parameter, depending on the local 
Reynolds numl>er and avoiding the use of the minimum distance to walls. 

(8) The level of normal stress anisotropy returned by the non-linear model is fairly 
well represented at the mid-chord cf A -aerofoil, where the curvature effect is 
unimportant. Close to tl»e trailing edge, however, both ti 2 , c 2 and. consequently, 
k and its production Pi are under-predicted. Since Pi = v f ( 4- )§^ + • • • 

and the mean-"clocity profile and, hence, its gradient at xfc = 0.9 are in good 
agreement with the data, this indicates that i/ f is too low. which is consistent 
with the under estimation of v 1 at the same location. 
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FIGURE 14. Prolate spheroid: pressure 
k f : modified k — « — v 2 : 





coefficient, o ex.pt.; a in viscid solution; 


0>g.tQ 



Figure 15. Flat plate: skin friction. • expt.; based on R t : based 

on y/k/v 2 

(9) For open 3D separation, the size of separation zone, reflected by the azimuthal ex- 
tent of pressure plateau, is slightly under-predicted by the k — s- v 2 model, which 
might be partially attributed to the grid density adopted here l>eing insufficient. 
( 10 ) To ensure a wide range of applicability of the non-linear model, the free coefficients 
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y/c u/c* 0 50 yit x/c= 0.70 yfc xA> 0.90 



Figure 16. A-aenrfbil: ;>rofilfs erf stream wise velocity. o expt.: based on 

Jt f ; — — based on yj i / 1 * 



0 SO 100 ISO 0 SO too 'SO 


FIGURE 17. Prolate spheroid: skin-friction magnitude, o expt.: based on 

/ ~ ~~ 

R t \ based on ^kfr s 

and their associated functionals need to lie more carefully optimized by reference 
to different types of flow, featuring separation, impingement, swirl, rotation, and 
transition. 
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Application of the k~e-v 2 model 
to multi-component airfoils 

By G. Iaccarino 1 AND P. A. Durbin 2 


Plow computations around two-element and thre e e le ment configurations are pre- 
sented and compared to detailed experimental measurements. The k-e~v 2 model 
has been applied and the ability of the model to capture streamline curvature effects, 
wake-boundary layer confluence, and laminar/turbulent transition is discussed. The 
numerical results are compared to experimental datasets that include mean quan- 
tities (velocity and pressure coefficient) and turbulent quantities (Reynolds normal 
and shear stresses). 


1. Introduction 

An accurate prediction of turbulent flow over a wing is still a challenging prob- 
lem Even a two-dimensional computation over a multi-element airfoil dose to 
the maximum lift is an unsolved problem due to the complex geometry producing 
complicated viscous flow. 

Within the aircraft industry the design of high-lift devices is an important topic 
which can have a major influence on the overall economy and safety of the aircraft. 
Therefore, development and improvements of numerical tools capable of handling 
separated viscous flows are of great interest. Computational methods for the de- 
sign of high-lift systems are, traditionally, based on the viscous- inviscid interaction 
approach with integral methods for boundary layers and wakes. 

Today, due to developments in computer technology and improvements in numer- 
ical algorithms, there is a renewed interest in the possibility of obtaining Reynolds 
averaged Navier-Stokes solutions for high-lift flows. The main open topics in this 
field of application are grid generation and turbulence modeling. The first one has 
been addressed and partially solved with the introduction of the tonal methods. By 
this way. the computational domain is divided into zones and the mesh and solutions 
are computed independently; the matching conditions between different regions pro- 
vide boundary conditions for the zones. In particular, multiple-zones meshes can 
be either patched (pointwise continuous) or chimera (overlapping) grids. The use of 
unstructured grids is another interesting answer to this problem and is still under 
development for viscous applications. 


1 CIRA, Centro Itali ano Ricerrhe Acrospaziaii, Italy 

2 Stanford University 
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The other crucial point is the handling of the turbulence for such a complicated 
flow situation. There is no shortage of numerical methods to take into account tur- 
bulent fluctuations when solving Reynolds Averaged Navier- Stakes (RANS) equa- 
tions based either on algebraic or differential equations. It is only the effectiveness 
of the models that is at issue. 

2. Numerical model 

t.l MANS flow solwer 

The numerical method is based on an extended version of the incompressible 
Navier-Stofees two-dimensional (1NS2D) code of Rogers and Kwak (Rogers, 1991). 
Hie incompressible, Reynolds Averaged Navier Stokes equations are solved by an 
artificial compressibility method. The banc technique is based on cell- vertex finite 
differences over structured meshes. The spatial discretization scheme is a third-order 
upwind biased for convective contributions and second-order centered for diffusive 
terms. The time integration is implicit and the equations are solved in a coupled 
way. The implicit matrices are inverted by ADI line relaxations. 

1.2 Turbulence modeling 

The turbulence model is based in part on the standard k - e equations: 

d,k + V •V**ft-e + V-|(y + — )V*]. (1) 

Ok 

d, £ + V V; = C ' lPk ~ Cti€ + V - [(„ + * )Ve). (2) 

i o. 

Another transport equation is introduced to model near-wall effects and the aniso- 
tropy of the Reynolds stresses. This reads as 

dtv 2 + U • Vv 7 = kf - + V • f(i/ -t- (3) 

where v 7 can be regarded as the turbulent intensity normal to streamlines and 
l-/, the production of i> 2 , accounts for the redistribution erf turbulence intensity 
from the stream wise component. By using this equation ‘wail -echo' effects are 
automatically taken into account. The production of v 7 is modeled by means of an 
elliptic relaxation equation for / (Durbin, 1991) 

L 2 ? 2 f-f=f(Ci- 1) y-? -ft* (4) 

In the previous equations time and length scales are computed as 
_ ft „ ft 3 /* _ .I/ 3 .!/* 

T = max -,6(-) r ,L = Cl max ,C »( — ) 

e e l e e 


( 5 ) 
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The treatment of the wall boundary conditions for the turbulent quantities is 
based on the asymptotic behavior of k and v*. As y -* 0 


t=o. 

(6) 


(7) 

The eddy viscosity is given by 


Vt * C,,v*T. 

(8) 


The constants of the model are: 


C,, = 0.19, <7* = 1, e, = 1.3, 

C«, = 1.55, C« a = 19 

C, = 1.4, C 2 = 0.3, Ci = 0.3, C, = 70. (9) 

The space discretization of Eqs. (1) to (4) is the same used for the mean flow and 
the time integration is based on the same implicit procedure. The equations are 
solved as a coupled two-by-two Mock tridiagonal system (the mean flow is solved 
as a coupled three-by-three system). 

3. Two-component configuration 

3.1 Experimental test conditions 

The experimental test was conducted in the 7x10” wind tunnel at NASA Arnes 
Research Center, Moffett Field, California (Adair, 1989). The airfoil/flap config- 
uration includes a NACA 4412 main airfoil section equipped with a NACA 4415 
flap airfoil section. The geometric location of the flap was specified by the flap gap 
( FG ), the flap overlap (FO), and the flap deflection (6j). In this work, we are using 
FG — 0.035c, FO = 0.028c and Sf = 21.8*, where c is the chord length of the main 
airfoil. The angle of attack was set to o = 8.2° and flow conditions were specified as 
Mach number M = 0.09 and Reynolds number Re — 1.8 x 10*. Two- dimensionality 
of the measurements was ensured by using fences, ard the transition to turbulence 
was enforced by using trips at the main airfoil leading edge and at the suction side 
of the flap dose to the flap pressure minimum. 

S.t Numerical test conditions 

A two-dimensional model is used for the computations; it represents the midspan 
section of the experimental set-up. The airfoil configuration was characterized by 
the value of FG, FO, and 6j indicated previously. The presence of the wind- 
tunnel walls was taken into account because of the large blocking effects, as was 
recommended by the experimental investigators (Adair, 1989); for simplicity, slip 
boundary conditions were imposed on the wind-tunnel walls. The inlet and outlet 
sections were set at 5 chords upwind and 15 chords downwind respectively to mini- 
mize their effects on the computed flow field. The angle of attack and the Reynolds 
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the auspices of the GARTF.VR Action Group AG 25. A general view of 
reported in Fig. 1. while a close tip of the grid around the flap is given ii 
Due to the complexity of the geometry the computational grid was gener 
a mnltihlock approach; seven zones were created allowing very good resoi 
the mesh close to the airfoils (a C type grid): about 100.000 total grid poi 
used. The square trailing edges of both airfoils were also retained (see Fig 
though the resolution m the st Teamwise direction is quite limited. 








Application of k — c — t> 2 to multi- component airfoils 


27 



Figure 3. Computed streamlines. 



FIGURE 4. Pressure distributions on the airfoil surface. : computed results; 

0: measured data. 


3.S Results 

The characterization of the flow field is reported in Fig. 3 by means of the stream- 
lines. Only a portion of the flow domain is shown. The blocking effect of the wind 
tunnel walls and the large curvature of the wake downstream of the flap are evident. 
A little separation bubble is also present at the flap trailing edge, in accord with 
the experimental findings. 

S.S.l Mean flow: pressure 

The comparison between computed and measured pressure coefikien* is reported 
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Wind Tumid Working Section 



FIGURE 5. Pressure distributions on the wind tunnel walls. : computed 

results; 0: measured data. 

in Fig. 4. These results can be compared to those published by Rogers et tl (1993). 

The agreement is quite satisfactory for both the main airfoil and the flap. The 
suction peak is very well captured on the main airfoil although the stagnation point 
is completely misplaced. This is probably due to three dimensional effects in the 
experimental test as can be seen from Fig. 3 of (Adair, 1987). Another reasonable 
explanation for this discrepancy is a difference between the geometric location of 
the airfoil/flap configuration in the experimental and numerical models. It is worth 
noting that the numerical results of Rogers (1993) show this same discrepancy in the 
location of the stagnation point. We point out that the geometry definition of the 
airfoil/flap configuration (in terms of FG, FO, and 6f) is somewhat confusing and 
this could have led to a different shape of the slot in the numerical and experimental 
models. 

The pres jure peak over the flap is overpredicted and, in particular, located up- 
stream with respect to the experimental one. The numerical model fails to capture 
the correct pressure plateau at the trailing edge of the flap and, therefore, the sep- 
aration region. In particular, the separation point is well captured (it is located at 
7% upstream of the trailing edge) as is shown in Fig. 4, but the maximum height 
of the recirculation bubble is underpredicted. 

In Fig. 5, the pressure distribution over the wind tunnel walls is reported and 
compared to the experimental findings. On the working section roof, the agreement 
is satisfactory even though an o v erprediction of the pressure level is present. On the 
other hand, at the floor, a shift in the pressure distribution is observed. However, 
the grid resolution in the region is quite coarse. Note that as the inlet and the 
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FIGURE 6. Mean velocity profiles: : computed results; ♦: measured data. 

outlet are approached the pressure levels become constant. This shows that the 
computational domain was large enough. 

S.S.2 Mean flow: velocity 

The mean velocity was measured at three locations using a hot-wire anemometer 
and a 3-D laser velocimeter. The comparison between computed and experimental 
x-component velocity is reported in Fig. 6. 

The agreement is very encouraging even if there is a difference between computed 
and measured flap boundary layer thickness. Comparisons with previous results 
by Rogers (1993) confirm that the main differencies are related to a different gap 
velocity off the surface of the flap leading edge. It is necessary to point out that in 
the numerical model no transition trips are mounted on the flip and, therefore, the 
development of the turbulent boundary layer is not the same as in the experiments. 

$.8.8 Turbulence results 

The evolution of the turbulent boundary layer on the flap surface can be analyzed 
from Fig. 7, where the tangential skin friction is reported. The model is capable 
of capturing the laminar/turbulent transition automatically as it is evident from 
the skin friction rise in the leading edge region. In the work by Lien et al. (1996) 
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Figure 8 Turbulent kinetic energy contours. 


the transitional flow in turlwmachiitery was investigated and the capability of the 
k - e ~ v 2 were stressed in detail. 

In Fig. 8 the turbulent kinetic energy contours are reported to show the strong 
interaction between tne mein airfoil wake ar d the inviscid jet coming from the slot 
It is also clear that on the lower surfaces of the main and flap the boundary layer 
is laminar and very thin. 
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Take-off configuration 



FKH Rl 9 Three-element airfoil configuration 


4. Three-component configuration 


4-1 Experimental test conditions 


The three element airfoil configuration of Fig. 9 was investigated in the Farnlxir- 
ough (UK wmd tunue] hy I.R. Moir (private communications) in the frame of the 
ACiARD Working Group 14. 

The geometric location of the flap and the slat with resjiect to the main airfoil 
was prescribed as: 

- slat /wing overlap: SO = -0.01c 


slat , wing gap: SG = 0 02c 
slat deflection t , - 25" 

.ring flap overlap: FO — 0 
- wing /flap gap: FG — 0 023< 
flap deflection: ? j — 20° 

A set .-if angles of attack were investigated, hut relevant measurements correspond 
!ti ~ 20". The Reynolds number was Ri - 3.52 x 10 6 and a trip was mounted over 
the main airfoil to control transition to turbulence since the wind tunnel turbulence 

intensity very low. 

Expe. imental data include pressure surface measurements over the airfoil surface 
a* two spamvise locations on the wind tunnel model to outline the absence of Uiree 
dimensional effects, 
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l t Nmmtrteal tr.<f tximditiim* 

TV ast f«>;i itihfi*;; a*:< -3. was defined tin* _;•{• u»l <a>tVp definite >n- of ft*- 

preeedtrtt >«, In .-a-e, t|,*< j*r«- *<•:«••< >- r wind tunnel walls «:»> not *,*k* ii into 
«o-onnt, hut » i*T[* ;,f t fit- aneif of aim k a- on*". f *>«i by tV * q*-r im* f>* u\ 

»,?«• adopted ;j, partiruW an mcideiKf »f - 2f) b' n*» 4 tot 
fh>‘ >ii'. FV fai field !awui»l*ri**s of tin- «nai domain twite mU 

to a distune* <*f ft 'Hi honU from tin airfoil. TV Reynold* limit Vr a- l»< ~ame 
U*e<! lit ‘.u>’ * \j<* ; ill.* *./ rtU<l 4a flow was assumed i<> 1>» »i<< Laminar 
'{ari-if Soie wvr*' f.nr fixed 

1 :.<- <MU-|»>tfnt|o!irf! grid w .by R««fei*» ( auaiimkatjuti t >««: 

tjirtv different merit ppiupt .•< <n<"» Fig. 10 . a r*-|« »t ? - 4„< i* t -» -i* around T ! :• • 'la? and 
tin- mail! airfoil leading edge. while Fifp W fAi r<*}>or» »>«<■ grid around 4»< mam 
asrhai tiaumg and *h* flap. 
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4,3 Results 


TV pressure « list rilmt ions over the surf are of the tine** ait foil element* are re- 
ported Ha Fig 1 1. Couijiaihon with the exjiermientfi) fiftdiiiS' i> vert pn.mssitg the 
<i)stnfr;!:;ms >>’.) tin ri.ait. wing hz<l the flap are m v.-r;. cm«! agreement 

The Cf, distribution over the slat presents an overpr edition of the -urtion peak 
and ski- t V main disrrepunry evp.uitn<-n’~ ; . ii ’flat :•>:.* 
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FIGURE 1 1 . Pressure distributions on the airfoil surface. : computed results; 

♦: measured data. 
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A new approach to turbulence modeling 

By B. Perot 1 AND P. Moin 2 


A new approach to Reynolds averaged turbulence modeling is proposed which has 
a computational cost comparable to two equation models but a predictive capabihtv 
approaehiiiR that of Reynolds stress transport models. This approach isolates the 
crucial information contained within the Reynolds stress tensor, and so!v v s trans- 
put equations only for a set of “reduced" variables. In this work, direct numerical 
simulation (DNS) data is used to analyze the nature of these newly proposed tur- 
bulence quantities and tlie source terms which appear in their respective transput 
equations. The physical relevance of these quantities is discussed and some initial 
modeling results for turbulent channel flow are presented. 


1. Introduction 

1.1 Background 

Two equation turbulence models, such as the i/e model and its variants, are 
widely u->ed for industrial computations of complex flows. The inadequacies of these 
models are well known, but they continue to retain favor because they are robust 
and inexp'itsive to implement. The primary weakness of standard two equation 
models is the Boussinesq eddy viscosity hypothesis: this constitutive relationship is 
often questionable in complex flows. Algebraic Reynolds stress models (or non-linear 
eddy viscosity models) assume a more complex (nonlinear) constitutive relation for 
the Reynolds stresses. These models are derived from the equilibrium form of the 
full Reynolds stress transput equations. While they can significantly improve the 
model performance under some conditions, they also tend to be less robust and 
usually require more iterations to converge (Speziale, 1994). The work of Lund i: 
Novikov (1992) on LES subgrid closure suggests that even in their most general 
form, non-linear eddy viscosity models are fundamentally incapable of completely 
representing the Reynolds stresses. Industrial interest in using full second moment 
closures (the Reynolds stress transport equations) is hampered by the fact that 
these equations are much more expensive to compute, converge slowly, and are 
susceptible to numerical instability. 

In this work, a turbulence model is explored which does not require an assumed 
constitutive relation for the Reynolds stresses and may be considerably cheaper to 
compute than standard second moment closures. This approach is made possible 
by abandoning the Reynolds stresses as the primary turbulence quantity of interest. 
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The averaged Navier-Stokes equations only require the divergence of the Reynolds 
stress tensor, hence the Reynolds stress tensor carries twice as much information as 
required by the mean flow. Moving to a minimal set of turbulence variables reduces 
the overall work by roughly half, but introduces a set of new turbulence variables, 
which at this time are poorly understood. This project attempts to use DNS data 
to better understand these new turbulence variables and their exact and modeled 
transport equations. 

1.2 FormnUtton 

The averaged Navier-Stokes equations take the following form for incompressible, 
constant-property, isothermal flow: 


V u = 0 


(la) 


^ + u Vu = - Vp + *V S - V 
c« 


R 


(16) 


where u is the mean velocity, p is the mean pressure, v is the kinematic viscosity. 
S = Vu 4 - (Vu| T is twice the rate-of-strain tensor, and R is the Reynolds stress 
tensor. The evolution of the Reynolds stress tensor is given by: 


+ u VR - «/V 2 R + P — e + II — V T — |Vq + ( Vq) J 
at 


( 2 ) 


where P is the production term, e is the ( homogeneous ) dissipation rate tensor, 
n is the pressure-strain tensor, T is the velocity triple-correlation, and q is the 
velocity-pressure correlation. The last four source terms on the right-hand side 
must be modeled in order to close the system. The production term P is exactly 
represented in terms of the Reynolds stresses and the mean velocity gradients. This 
is the standard description of the source terms, hut it is by no means unique and 
there are numerous other arrangements. 

Note that turbulence effects in the mean momentum equation can be represented 
by a IkkIv force f = V • R. One could construct transport equations for this body 
force (which has been suggested by Wu et «/.. 1996), but mean momentum would no 
longer be simply conserved. To guarantee momentum conservation, the body force 
is decom|K>scd using Helmholtz decomposition, into its solenodal and dilatational 
parts, f = Vo + Vx(J, A constraint (or gauge) must be imposed on V’ to make the 
decomposition unique, hi this work we take V if> = 0. With this choice of gauge, 
the relationship betweeu 0 anti V* *uid the Reynolds stress tensor is given by. 


V*d = V-(VR) 


(3«) 


V’V = -V x (V ■ R) 


(36) 


Note that the choice of gauge influences the value of but does not affect how ip 
influences the mean flow. 
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Using these relationships, transport equations for <p and V' can be derived from 
the Reynolds stress transport equations. 

+ u Vo = W 2 <p - 2V q - V‘ 2 V V(e-n + VT-Pj + V' 2 S* (4a) 
at 

— + u - = i/V 2 V> + V X q + V~ 2 V xV-[(-n + V-T-P] + V 2 S v (46) 

These equations contain extra production-like source terms S* and S v which contain 
mean velocity gradients. Note that the production term is not an explicit function 
of <p and (except under limited circumstances) and, in general, must be modeled. 
The inverse Laplacian V -2 that appears in these equations can be thought of as an 
integral operator. 

2. Theoretical analysis 

2.1 Turbulent pressure 

Taking the divergence of Eq. (lb) (the mean momentum equation) gives the 
classic Poisson equation for pressure, 

V 2 p= -V(u-Vu)- V-(VR) (5) 

Since this is a linear equation, the pressure can be split conceptually into two terms: 
one can think of the mean pressure as being a sum of a mean flow pressure due to 
the first term on the right-hand side, 

V 2 Pmt*n = -V (u- Vu) (6n) 

and a turbulent pressure due to the second term on the right-hand side, 

V 2 P,. r » = -V(V-R) (66) 

Given the definition of <p and assuming that <t> is zero when there is no turbulence, 
then it is clear that <t> = —Pt*rk For this reason, <t> will be referred to as the 
turbulent pressure. This quantity is added to the mean pressure in the averaged 
momentum equation, which results in P mta n — p + 6 being the effective pressure 
for the averaged equations. The quantity tends to vary more smoothly than 

/», which aids the numerical solution of these equations. 

For turbulent flows with a single inhomogeneous direction, the turbulent pressure 
can be directly related to the Reynolds stresses. In this limit Eq. (3a) becomes 
0 22 — #22,22 where x 2 is the direction of inhomogeneity. This indicates that $ = 
#22 for these types of flows. Note that #22 is positive semi-definite, so 0 is always 
greater than or equal to „ero in this situation. Positive 6 is consistent with the 
picture of turbulence as a collection of random vortices (with lower pressure cores) 
embedded in the mean flow. It is not clear what the conditions for a negative 
turbulent pressure would be, if this condition is indeed possible. 
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2.2 Turbulent vorticity 

To understand the role of ip it is instructive to look again at turbulent flows that 
have a single inhomogeneous direction. Under this restriction Eq. (3b) becomes 
Vi,22 = — f akRk2.n where i> is the direction of inhomogeneity. If ip g<x*s to zero 
when there is no turbulence then f, = -(ukRki- (oi n — -Rn- V'2 = 0 and 
— R l2 ). These are the off diagonal, or shear stress components of the Reynolds 
stress tensor. 

For two-dimensional mean flows with two inhomogeneous flow directions, only 
the third component of ip is non zero, and Eq. (3b) becomes 

t’3.lt + t't.22 = Rn.il ~ Rii.u +(R ti - Rah‘2 (7) 

Since ip is responsible for vorticity generation, it is appropriate that it be aligned 
with the vorticity in two-dimensional flows. As a first level of approximation, it is 
not unreasonable to think of ip as representing the average vorticity of a collection 
of random vortices making up the turbulence, amt therefore ip will be referred to 
as the turbulent vorticity. 

For two-dimensional flows with a single inhomogeneous direction t'j = R\i- 
Note how the components of ip reflect the dimensionality of the problem, while the 
mathematical expressions for these components reflects the degree of inhomogeneity. 

2. .V Relationship unth the eddy viscosity hypothesis 
The linear eddy viscosity hypothesis for incompressible flows takes the form, 

t- 2 

R — -t'rlVu 4- (Vur ) + -frl (S) 

3 

where uy is the eddy viscosity. I is the identity matrix, and l is one half the trace 
of the Reynolds stress tensor. 

Taking the divergence of Eq. (S) and rearranging terms gives, 

2 

f - V ■ R = V< ^ k - 2u ■ Vv i ) -f V x ( x u ) + 2u ■ V( V 1/7 ). ( 9 ) 

*3 

If the eddy viscosity varies relatively slowly, as is usually the case, then the very last 
term (involving the second derivative of the eddy viscosity ) will be small and can be 
neglected. Under these circumstances the linear eddy viscosity model is equivalent 
to the following model, 

2 

o = - k — 2u V Vy ( 10rt ) 

ip - v T V x u. ( 106 ) 

So to a first approximation the turbulent vorticity. ip should lx* roughly equal to the 
mean vorticity. times a positive eddy viscosity; and the turbulent pressure should 
be roughly equal to two thirds of the turbulent kinetic energy. These results are 
entirely consistent with the findings of the previous subsections. 



A rtf ir approach to turbulence tnodt htiq 39 



MS 


Fi<a to 1. Contour* of turbulent pressure (o) and negative vuriinty 

i %* ) for the separating Inmndary layer of X« A* Mom. 

3. Computational result!* 

Equations i 3a i and (3b|. i elating t he turbulent ptessute and tnilmlenf vottirity 
to the Reynolds stresses. were used to calculate o at id V flops DNS data for two 
relatively complex two dimensional turbulent Hows: a separating boundary layer 
i N"a A Moin. 1990) and How over a backward faring step » L* ■ A Moin. 1995). l'he 
pur]Mis«* was to assess the bchavtm <>f tii«'s< tufbuleuce quantities >n piartira! tor 
Indent situations, and to provide a database of rht pnantities fot latet comparison 
wit 1 1 turbulence model*. 

V / Srpemtn! boundary Itl.ttr r 

Tit' 1 value* of .*• mid t i are shov.-p in f us. 1. A* lii' i.t roned previously, for two 
dimensional Hows only the thud : «-*iipi|ii'iit of tv i- nonzero. The flow moves ftom 
left to right. separates n. before the midpoint of the computational domain, and 
then reattaches before the exit , The contents are the same for l«>th quantities and 
range from (J. 00041 ^ to 0.011 ^ . where l\. is the inlet free stream velocity. 

Both the turbulent pressure and turbulent vortieity magnitudes iuerea.se in the 
separating shear layer and the reatfachmeut zone. In addition, both quantities 
become slightly negative in the region just in front (to the left) of the separating 
shear layer, and show some “elliptic" (long range decay) effects at the top of the 
separation bubble There is some speculation at this time that these effects could 
be numerical, but there is also some reason to believe that they are a legitimate 
result of the elliptic operators which define these variables. C hanges in the far 
field boundary condition (from zero value to zero normal gradient) had no visibly 
perceptible effect on the values of o and tq 

The visual observation that o and -t are roughly proportional is am, logons to 
the observation that 0 'Ak a < originally dcvdojHtl bv lownsend. 1950. and 

successfully used in the turbulence model of Bradshaw. Fitrgs At \twe,l. IfMii t. 
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Fku Rfc 2. Contour.', of the normal Reynolds stress i }{,> j and negative turbulent 
shear stress (~R\>) for the separating boundary layer of \a t v Moin. 

It is also consistent with the {first order) notion of turbulence as a collection of 
embedded vortices, with -o representing the average vortex core pressure and %> 
representing the average vortex strength. 

In the caw of a single inhomogeneous direction, o ~ R>> and t's ~ R\i It is 

instructive therefore to compare the results shown in Fig. 1 with the Ru and ~Ru 
components of the Reynolds stress tensor . shown in Fig. 2. The magnitudes of 
the contours in Fig, 2. are the same as Fig. i Thh compari-on dearly shows the 
additional effects that result from inhomogeneky in the streamwise direction. The 
leading and trailing boundary (avers ( which have very little streamwisr iuhomogene- 
it y i are almost identical. However, the magnitudes of th** turbulent pressure and 
turbulent vorticjtv ate enhanced in the separate! shear kyet due to the stieatmvise 
inhomogenejty. 

3.2 Beet ward faring Mrp 

Computations of o and -Vi for the backward facing step are shown in Fig. 3, The 
flow is from left to right, and there is H u initial ( unplr'ival '> tiansient at the inflow 
as the inflow boundary condition becomes Navier Stokes turbulence. The boundary 
layer leading up to the backstep has moderate levels of the turbulent pressure and 
turbulent vort icily (which closely agree with the values of R : > and -Rn in that 
region). As with the separating boundary layer, the turbulent pressure and turbu- 
lent vorticity increase significantly in the separated shear layer and reattachment 
cone. There is an area of slight positive turbulent pressure and negative turbulent 
vorticity in the far field (about one step height) above the backstep comer. This 
may or may not be a numerical artifact, and j« discussed in the next section, 

3J E 1 . 

Identifying the exact nature of the < uipticity of these tiew turbulence quantities is 
important to understanding their overall behavior and h<>w they should be modeled. 
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F.v.l RF 3. Contours of turbulent pressure fol and n< native turbulent vorticitv 
I ~ip ) fr»r the backward facing step of Le 4,: Moin 

When rewritten. Eqs. (3a) and (3b) become. 

^ = V- I V-(V-R) (llo# 

r^xl'T.R) ( lift) 

These are elliptic, hut order one. operators on the Reynolds stress tensor. As demon 
st rated in *<2. when there is only a .single inhomogeneous direction, these operators 
simply lead to various Reynolds stress components. Under these conditions they do 
not produce "action at a distance" or long range effects normally associated with 
elliptic ( Poisson or Helmholtz) operators. 

For two and three inhomogeneous directions, it is still not clear whether these 
operators produce long range effects. There are certainly some situations in which 
they do not. One example is when the Reynolds stress tensor ran he represented 
in tlse following form (somewhat reminiscent of the linear eddy viscosity relation) 
R, } ~ v, t) + r-j ,. where s *s some scalar and v is a vector. If tins i> the case 

then. 0 — ' + 2V • v and il> — -V * v, anti there are no long range ("elliptic" i 

effects. 

In fact, the presence of long range effects in <t> and ip is somewhat unsettling. It 
| would suggest that these turbulence qiiantibes can exist m regions when then- h 
'no Reynolds stress. Since V R = V<2> + V * tp, this would imply that a pieeise 
cancellation of these long range effects must occur in regions where the Reynolds 

stresses are small or negligible. While the results presented in Fig. 1 and fig- 3 

seem to show that long range elliptic effects do indeed take place, they could also 
be h numerical artifact Tim numerical solution of F,<p. (3m and U)l>> requires 
double differentiation of the DNS data: tins produces compact Poisson equation 
source terms that are only marginally resolved by the mesh. It is out nnmii 
conjecture that those operators are actually local in nature and only serve to "mix 
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y/h 

FIGURE 4. Budget of the <p transport equation at a station roughly half way 
through the recirculation bubble of the backward facing step (x/h = 4.0). dis- 
sipation or diffusion; velocity pressure- gradient; triple correlation term; 

production (positive) or convection. 

various components of the Reynolds stress tensor. It is also conjectured from these 
computational results that the turbulent pressure is a positive semi-definite quantity. 

Note that the ellipticity discussed here is not the same as an ellipticity in the 
governing evolution equations for these quantities. An elliptic term in the evolution 
equations is both physical and desirable (see Durbin, 1993). Such a term mimics 
long range pressure effects known to occur in the exact source terms. The exact 
evolution equations for <t> and t/f, described below, have just this elliptic property. 

S-4 Turbulent pressure evolution 

Considerable insight can be obtained about the evolution of the turbulent pres- 
sure by considering the case of a single inhomogeneous direction. It has been shown 
that under these circumstances <j> = ffj 2 , so the evolution is identical with the 
Reynolds stress transport equation for the normal Reynolds stress, /fo For the 
case of turbulent channel flow (Mansour et al., 1988), the evolution is domi- 
nated by a balance between dissipation and pressure-strain, with somewhat smaller 
contributions from turbulent transport and viscous diffusion. There is considerable 
interest in determining if these same trends continue for 4> evolution in more com- 
plex situations, since the ultimate goal is to construct a modeled evolution equation 
for this quantity. 

Figure 4 shows the terms in the exact 4> evolution equation for flow over a back- 
ward facing step, at a station roughly in the middle of the recirculation bubble. 
These terms were calculated in the same manner as the turbulent pressure. Both 
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Figure 5. Budget of the ip 3 transport equation at a station roughly half way 
through the recirculation bubble of the backward facing step: see Fig. 4 for caption. 


the detached shear layer and the backward moving boundary layer are visible in the 
statistics. In the shear layer, the expected dominance of dissipation and pressure- 
terms (presumably dominated by pressure-strain) is evident. In the recirculating 
boundary layer, turbulent transport and pressure- terms (probably dominated by 
pressure transport) are dominant. It is interesting to note that the production term 
dominates in the middle of the recirculation bubble. The fact that some of these 
source terms are not exactly zero at roughly two step heights away from the bottom 
wall is thought to be a numerical artifact similar to those found when calculating 
0 and V- Some of the curves have an erratic nature due to the lack of statisti- 
cal samples. This phenomena is also present in the (unsmoothed) Reynolds stress 
transport equation budgets presented in Le & Moin, 1993, 

3.5 Turbulent vorticity evolution 

As with the turbulent pressure, it is useful to consider the case of a single inhomo- 
geneous direction when analyzing the evolution of the turbulent vorticity. Under 
these circumstances V ’3 evolves identically to the Reynolds shear stress, f?j 2 . In 
turbulent channel flow, the h u evolution is dominated by a balance between pro- 
duction and pressure-strain, with somevh-* mailer contributions from turbulent 
and pressure transport. This trend continues in the \p$ evolution equation, which 
is shown in Fig. 5., for the backward facing step at a cross section roughly halfway 
through the recirculization bubble (x/h = 4.0). The small value of the dissipation 
is consistent with the fact that isotropic source terms can be shown not contribute 
to the evolution of ip. 
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4. Modeling 

4-1 Formulation 

Ail initial proposal foi m< tdeled transport equations for tin* turbulent pressure 
and turbulent vortirity are. 


Vo = v,„o,,ro-(?c,)(i)o-(^)6 + (?) 

W + " T '" + 


15i' + t'j 


+ Ow 


( 12a) 


(12fc) 


where. C„ — 0.09. y is the nonual distance to the wall, the time-scale is given by T — 
(v *■ i>t)/C- and the eddy viscosity is given by vr — j^|/|u/|. Dissipation (aud some 
redistribution I is modeled as an exponential decay process ( roughly eorres|H*ndiug to 
Rotta's. low Reynolds nuiulter <lissij>ation model). Turbulen! and pressure iransjiort 
are collectively modeled as enhanced diffusive transport. Producti<*n and energy 
redistribution are proportional to the turbulence pressure times the mean vorticity 
for the turbulent vorticity. and are proport ioual to tlw* square of the turbulent 
vorticity magnitude for the t u - Solent pressure. High ReynohLs number constants are 
determined so that o - \i -it high Reynolds mimlx-rs The low Reynolds nundx-r 
constants (which appeal with a i > ) are s»-t to obtain exact asymptotic liehavior and 
g«xwl agreement with tin* channel flow simulations of the next section. 

Note that both o and % % have the sain* units An extra turbulent scale is currently 
defined by using the mean Mow timescale jwj to define the eddy viscosity. The 
solution of an additional scale transport equation (such as t ) would remedy a nunilx-r 
of potential problems with the current model. If could eliminate the singularity in 
file eddy viscosity at zero vorticity. remove any explicit references to the wall normal 
distance, and allow bettei dc-cay rates for homogeneous isotropic turbulence. The 
disadvantage of this approach (which will lx- tested in the future) is tin* added 
computational cost and additional empiricism. 


4 ‘2 Channel flom timulatwn a 

The model equations (12a and 12b) were solved in conjunction with mean flow 
equations for fully developed channel flow at Re - of ISO and 395. Since there is only 
one inhoinogeiM-ous direction, the turbulent pressure is pro| National to the normal 
Reynolds stress, and Ci is proportional to the turbulent shear stn-ss. Comparisons 
of the nnxlel predictions and the DNS data of Kim. Moin. A: Moser (1987). arc- 
shown in Fig. C. 

When a turbulent channel flow- is suddenly perturbed by a spanwisc pressure gra- 
dient. the flow suddenly becomes three dimensional and the turbulence intensities 
first drop before increasing due to the increased total shear (Moin et of.. 1990). 
Durbin (1993) modeled this effect by adding a term to the dissipation equation 
which increases the dissipation in these three-dimensional flows. The same quali- 
tative effect can In- obtained by defining the eddy viscosity in the proposed model 

as Vt ~ uT55 - two-dimensional flows this is identical to the previous definition. 
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FlGl Rt G. M<xW results (solid lines) and DNS data ( curies ) for turbulent channel 
How. { Rt T = ISO) 

However, in throe-dimensional flows, the orientation of d’ will lag ut. and the eddy 
viscose y will <lrop initially. A smaller eddy viscosity leads to a smaller timescale 
and increased dissipation. Unfortunately, the magnitude of this effect is severely 
underestiinafetl in the present model, and a scale equation (and a corn-ction like 
Durbin s) may lx- required to model this effect accurately. 

5. Conclusions 

This work proposes abandoning the Reynolds stresses as primary turbulence 
quantities in favor of a reduced set of turbulence variables, namely the turbulent 
pressure o. and the turbulent vorticity ifr. The advantage of moving to these al- 
ternative variables is the ability to simulate turbulent flows with the accuracy of a 
Reynolds stress transport model (i.e. with no assumed constitutive relations), but 
at a significantly reduced cost and simplified model complexity. As the names im- 
ply. these quantities are not simply mathematical constructs formulated to replace 
the Reynolds stress tensor. They are physically relevant quantities. 

At first glance the operators which relate 6 and V to the Reynolds stress tensor 
suggest the possibility of ellipticity or action at a distance. However, we have 
shown that under a number of different circumstances this does not happen, and 
conjecture that it may never happen. The physical relevance of these' quantities 
would l>e complicated if they were finite when there was no turbulence (Reynolds 
stresses). A proof to this effect may also prove our second conjecture, that o is a 
positive definite quantity. 

The budgets for the transport equations of these new variables .udirated that 
the extra production terms were not significant, and that these equations could be 
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modeled analogously to tin- Reynolds stress transport equations. An initial model 
was constructed for these equations using basic modeling constructs which showed 
good results for turbulent channel flow. It is likely, that for this shearing flow, the 
turbulent timescale is well represented by the mean How vorticitv. However, for 
more complex situations, it ts likely that an additional scale txpiation (such as an t 
equation) will be required. 
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Second moment closure analysis 
of the backs tep flow database 

By S. Parneix, D. Laurence 1 2 AND P. Durbin 3 


A second moment closure computation (SMC) is compared in detail with the di 
rect numerical simulation (DNS) data of Le and Main for the backstep flow at 
Rf = 5. 000 in an attempt to understand why the intensity of the backflow and. 
consequently, the friction coefficient in the recirculation bubble are severely under 
estimated. The data show that this recirculation bubble is far from being laminar 
except in the very near wall layer. A novel ‘differential c priori 1 procedure was used, 
in which the full transport equation for one isolated component of the Reynolds 
stress tensor was solved using DNS data as input. Conclusions are then different 
from what would have been deduced by comparing a full simulation to a DNS. One 
cause of discrepancy was traced back to insufficient transfer of energy to the nor- 
mal stress by pressure strain, but was not cured. A significant finding, confirmed 
by the DNS data in the core region of a channel flow, is that the coefficient that 
controls destruction of dissipation, C*,, should be decreased by a factor of 2 when 
production is vanishing. This is also the case in the recirculation bubble, and a new 
formulation has cured 25 ( X of the backflow discrepancy. 


1. Introduction 

The flow over a back ward faci ng step has been probably the most popular sepa- 
rated flow test case of the past 20 years, for which numerous experiments (by Kim. 
Johnston, Eaton. Vogel, Durst, Driver, etc.) provide data on the effects of geome- 
try. inlet conditions, and Reynolds number. With the improvement of turbulence 
models and numerical methods, it is now generally possible to recover the reattach- 
ment length, but the intensity of the backflow and, as a consequence, the negative 
peak in skin friction are always underestimated by nearly a factor of 2 when second 
moment closures (SMC) are used. 

The recent DNS database of Le and Moin ( 1993) at Re = 5, 000, well corroborated 
by the experiments of Jovic Driver (1995) and of Kasagi ei al. ( 1995), is analyzed 
here to understand this severe defect common to all SMC. 

2. Full simulation of the backward-facing step 

The flow was computed using INS2D, a finite difference code in generalized co- 
ordinates written at NASA Ames Research Center. A fine, non-uniform grid of 

1 Elrclricite de France. DKR. l.ah Nat d’Hydraulique, 6 quai Walter, 78400 Chatou, France 

2 Stanford University 
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120 * 120 rolls was us»*d to cover the region x/h = 3 to 35. x = 0 being the 

location of the sudden expansion and h l**ing the step height. The inlet values for 
the mean velocities, Reynolds stress***, and dissipation were taken front the DNS 
database. The elliptic relaxation procedure of Durbin (1093) has been combined 
with the Speziale. Sarkar, Gatski (SSG) pressure strain model in the neutral' for- 
mulation as in Laurence ft al. (1995) (see Appendix). 



FlG CHE 1. Streamline (a) Second moment closure, (hi DNS 


Figure 1 shows the piedicted streamlines compared to the DNS data. The reat- 
tachment is correct and a secondary bubble is found. However, th* size of this corner 
bubble is much smaller in the simulation than in the data. In fact, if one looks at the 
predicted friction coefficient compared to the DNS and experimental data (Fig. 2). 
the intensity of tlie main recirculation is underpredicted by a factor 1/2 (the slight 
improvement shown by a dashed curved is discussed further in section 5). The 
stagnating flow between tin* two recirculations at x/h = 2 is also missed. Since it is 
1 relieved that the underestimation of the secondary bubble i>. a consequence of the 
underestimation of the primary recirculation, we will concentrate in the following 
on curing the latter discrepancy. Note that the recovery after reattachment is also 
too slow this is a problem in virtually all turbulence transport models. 




FlGCRE 2. (ai Friction coefficient, c DNS <Le Moiui. A exjreriiiient (Jovic &: 

Driver). SMC. modified SMC (cf. section 5). (b| DNS U profiles at 

locations x/h — —3 (o i. 4 (c ). 6 (<:• ). 10 (A), 15 ( <3 ) and 19 (7), : model. 


The above observations are believed to reflect what can 1 m* expected from any 
state of the art SMC’. In Fig. 2, the mean streaimvise velocity V is shown. The center 
of the recirculation is well predicted, but its intensity is severely underestimated 
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(see statical i/h - 4). Since C/ is too weak, this is not due to an overprediction 
of turbulent mixing in the near wall region, but rather to an underestimation of 
the entrainment from the shear layer. Since the flow in the upper layer splits at 
the stagnation point into the recirculation and the downstream flow, this same 
velocity defect is transported into the recovery region. Le L Moin noted, in good 
agreement with the Jovic & Driver experiment, that the log profile of the law of 
the wall was still not recovered at x/h = 19; this as a consequence of the low 
Reynolds number. In the Reynolds- averaged Navier-Stokes (RANS) computation, 
the recovery at x/h = 19 is, however, still slightly underestimated. 



to — t — - — i m i . i l*- — i — ■ w . --u -a-wj i — — . o 

- 0.03 - 0.02 - 0.01 0.00 0.01 002 -004 -002 0.00 0.02 0 04 - 0.04 - 0.02 0.00 002 0 04 


Figure 3. (a) Zoom of U in recirculation at locations x/h = 1 (o ), 2 (o ). 3 (o ). 

4 < A). 5 (<J) and 6 (V), : model, (bed) Budget of U at locations (b) r/h = 2 

(c) x/h = 4 (d) r/h = 6, convection (• DNS, SMC) turbulent force t < DNS. 

SMC), viscous force (a DNS, SMC), pressure force (& DNS, SMC). 

Figure 3 focuses on the recirculation and shows the budgets of the U momentum 
equation. The underestimation of the backflow is most severe at station x/h = 4. 
As expected, the adverse pressure gradient driving the backflow is fairly constant 
across the whole height and balances the viscous shear stress at the wall: hence, 
the pressure gradient determines the value of C/ m> , . Jovic and Driver ( 1995) found 
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that the minimum of C/ follows a ‘laminar like’ law. C = -0.19 Rek~ 1 ^ 2 for 
Reynolds numbers between 5,000 and 50,000. It is very dear, however, that the 
recirculation is not laminar like, except for the very near wall region below the 
maximum of the reverse flow. 



FIGURE 4. (a) Zoom of V in recirculation, legend cf. Fig.3a. (bed) Budget of V 

at (b) i/h — 2 (c) i/h = 4 »d) r/h = 6. legend cf. Fig.3bcd. 

A possible explanation for the Reynolds number dependence, consistent with the 
fact that the turbulent Reynolds number remains high in the recirculation bubble, 
might be as follows. The pressure field is a consequence of the general form of the 
separated layer (which causes flow expansion and pressure rise). The form of the 
separated layer is deteruii. 'd by the turbulence. The Reynolds number influence 
noted by Jovic and Driver (1995) might come from a wider (compared to 5) shear 
layer detaching from the step, causing a stronger adverse pressure gradient at lower 
values of Re. This view is supported by our observation that RANS computations 
were more sensitive to model changes in the shear layer than in the recirculating 
flow. The near-wall, viscous layer of reversed flow results from a balance of the 
pressure force and the viscous friction, and covers only a few percent of the bubble 
height so this cannot lead to ‘laminar like' behavior. The turbulent Reynolds 
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k 7 t/v (i.e., a s 10 u,ji>) in the bubble is in the range 400 - 500 (Fig. 11), simitar 
to its value in the shear layer. Incidently, this makes any low Reynolds ‘damping 
function’ ineffective in the main portion of the bubble. 

The momentum budget station at x/h = 2 shows that entrainment by the tur- 
bulent shear stress is underestimated right below the shear layer detaching from 
the corner. At x/h = 4 it was checked that uv and VdU/dy are by far the major 
contributors to the turbulent and convection terms. The shear is weakly opposing 
the recirculation (a pair of arrows in Figs. 3 and 4 indicates the position of V = 0) 
while advection is driving the recirculation in its upper part. Overall, the model 
seems only slightly to underestimate this turbulent shear force in the full simula- 
tion, even if at this stage the defect is traced to insufficient entrainment at the top 
part of the recirculation. However, we will see that wF itself is in error. 

The V component iu the shear layer shown in Fig. 4 is severely underestimated. 
The turbulence force was found to be due almost entirely to v^. Again, right near 
the corner, at x/h — 2, the turbulent force is underestimated by about a factor of 2. 
although not far upstream at x/h = 0, the RANS results were Jn accordance with the 
DNS data. At x/h — 4 and 6 (near reattachment), it is still v 7 which is driving the 
flow downward. Advection (inertia or streamline curvature) effects are negligible, 
showing that a reattaching flow is different from an impinging flow. Fig. 1 shows 
that the streamlines become smoothly tangent to the wall; some RANS simulations 
have produced a kink in the streamlines at this reattachment point (Hanjalic. 1996). 

3. Differential a priori tests 

S.l Reynolds stresses 

The Reynolds stresses will now be analyzed from two different sets of computa- 
tions. The first corresponds to the full simulation and explains the mean velocity 
budgets shown previously. The second is from a differential a priori test and per- 
mits an analysis of the true effects of the pressure-strain and transport models. The 
latter results are obtained by solving the full differential equations of each individ- 
ual stress TiTUj one by one, while the other stresses and the mean flow arc taken 
directly from the DNS database. 

An overall glance at Figs. 5-7 explains why a comparison using only the full 
simulation may entail erroneous conclusions: the full simulation could lead one to 
believe that the model has problems in the recirculation bubble, whereas the a 
priori test shows that discrepancies are mainly located in the shear layer. 

The u 2 streamwise fluctuation in the a prion test is overestimated in the shear 
layer, but improved in the recirculation when the correct mean velocity (used in 
the a prion test) enters its production. In both the full and a prion simulations, 
the i' 2 component is seen to be underestimated in the shear layer, and elsewhere 
at station x/h = 4. On the other hand, the shear stress seems to be, tin average, 
correct in the full simulation and overestimated in the a prion test. This is because 
in the former an erroneously small value of v 2 is entering its production term. The 
origin of the problem lies in insufficient return to isotropy in the SSG pressure-strain 
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Figure 5. u 2 profiles (a) full computation, (b) a priori test, at locations i/h = 0.1 
(o ). 0.5 (o ), 1 (o ), 2 (A), 4 (<1) and 6 (7), : model. 



FIGURE 6 . v 2 profiles (a) full computation, (b) a prion test, legend cf. Fig.5. 

model, which should increase v 2 and decrease lx»tli u 2 and ur, but only in the shear 
layer. 

S.2 Budgets 

For the analysis of budgets, the DNS data has been processed in the same form 
as the elliptic relaxation model (see appendix); i.e., some anisotropy effects in the 
dissipation are lumped with the so-called pressure-strain term. 

For the budgets of u 2 in Fig. 8, the production terms coincide perfectly of course, 
since the mean velocities and Reynolds stresses other than u 2 , are taken from the 
DNS. That is the method of this differential, a priori test. The model for tur- 
bulent transport (Daly- Harlow) performs well, but the pressure gradient- velocity 
correlation (kf u ) ^underestimated in the free shear layer. 

The budgets of v 2 (Fig. 9) show here again that in the shear layer the pressure 
correlation term is underestimated — at i/h = 2 by a factor of 2. The pn*' sure term 
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—ui'/Uq -uv/Uq 


Figure 7. uv profiles (a) full computation, (b) a priori test, legend cf. Fig.5. 



i . i in ii hi i ^ gum i. 
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FIGURE 8. A priori test: budget of ti 2 at locations (a) r/li = 2, (b) x/h = 4. 
(c) x/h s= G. production (• DNS, — SMC), [-si?, >/A'] (x DNS. SMC), con- 
vection («DNS, SMC), transport (A triple correlations DNS. SMC), vis- 
cous diffusion (o DNS, SMC), pressure-deformation f dissipation anisotropy 

effects ( 7 (n;; M - + cR„/k) DNS. [k-f.jl SMC) 
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Fig IRE 9. A priori test: budget of c 2 at locations (a) xjh — 2. (b) x/h — 4, 
(c) x/h =6, legend cf. Fig.S. 


includes pressure- transport effects (in the present case countergradient transport 
effects) which partially balance the turbulent diffusion terms, and which, as a con- 
sequence, are also underestimated by the model. Note that the production term is 
making a significant contribution, and since it is mainly composed of — v' l DV/dy , 
underestimations of both t> 2 and V' (which is affected by e 2 ) self-amplify through 
this term. Near the wall, turbulent diffusion is generating the wall normal fluctua- 
tions, while the wall blocking effect is impeding them: the latter is represented by 
the elliptic relaxation effect (the homogeneous solution to Eq. 4 of the appendix is 
actually positive in this area). 

The 1 nidge t of iTF, on the other hand, shows an overestimation of the pressure- 
correlation, though again this compensates for an underestimation of the turbulent 
transport. At x/h = 4, near the wall, the production term is seen to change sign, but 
still lie remains approximately zero because of the strong transport term. Hence, 
in the narrow region between the maximum of the backflow and the wall, the mean 
flow is largely viscous, as seen previously. With increasing Reynolds number, one 
can expect the- ratio of production to transjK»rt terms to become larger, and the 
turbulent shear stress would then decelerate this backflow, leading to a smaller 
peak in C/. Because 1 Tv is countergradient with resjiert to the velocity gradient. 
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Figure 10. A priori test: budget of uv at locations (a) xjh — 2. (1>) .r/h = 4, 
(c) r/h = 6. legend cf. Fig.8. 

the production of 1 1 2 and k becomes negative in this area. 

4. Model parameters 

Fine tuning of models is often based on functions of the following parameters: 
anisotropy of the Reynolds stresses, A; turbulent Reynolds number, Rc t ; production 
over dissipation, P/e (sometimes the non-dimensional rate of strain. Sic/- is used); 
and turbulent lengthscale, k 3 ^ 2 /e. In seeking improvements here, one should look 
for parameters that exhibit different values from those in simpler shear flows, for 
which the model should not be changed. The above parameters have been computed 
from DNS data to see if they are pertinent. 

The range of variation of .4 (Fig. 11) from 0.6 to 0.8 in the recirculation bubble 
shows no particularity; the Re t values in the range of 400 to 800 (Fig. 11) is too 
high to invoke low Reynolds effects; the ratio P/e (Fig. 12) decreases from 2 to 
1.5 in the shear layer, but. is seen to be particularly weak in the lower half of 
the recirculation bubble. This last is a feature that is significantly different from 
near wall regions of boundary layers and should be considered further. Indeed, 
even negative production occurs along the wall from the reattachment to .r/h — 4. 
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FIGURE 11. DNS profiles (a) Turbulent Reynolds number Re t = k 2 /(ve), at 
locations x/h = 2 (o ), 4 (o ). 6 (o ), 8 (* ) and 10 ( x ). (b) Anisotropy .4 = 
1 - 9/S(.4 2 - ,4j ). .42 and .4j are the second and third invariants of « |; , legend cf. 
Fig. 11a. 




FIGURE 12. DNS profiles (a) Production over dissipation P/e, legend cf. Fig. 11a. 
(b) Turbulent length scale L — /e. at locations r/h = 2 (o DNS, 

SMC). 4(o DNS, SMC), 6(o DNS, SMC).8(* DNS, SMC) 

and 10 ( x DNS, SMC), sy — ■ . 


The production of dissipation is usually modeled as proportional to that of k\ and 
negative values might lead here to unphysical effects. 

5. Modeling dissipation 

Several attempts were made to increase the pressure- s tit. i in the shear layer, 
but all resulted in a (sometimes dramatic) shortening of the reattachment length, 
without amplifying the strength of the recirculation. Though the previous analysis 
indicates that this is a route to pursue, the following only rejauts some success in 
improving the dissipation equation. 

An a priori test of the h - e equations was carried out by solving the coupled 
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FkjI'RL 13. A priori test: (a) k, (b) e, nt locations x/h — 0.1 (c ), 0.5 (o ). 1 (o ). 
2 (a), 4 ( <3) and 6 (V), : model, : modified model (c equation). 

k — • system with DNS data for and U. Dissipation is, of course, the exact 
source term for k. but k also has a strong relation to dissipation through the inverse 
timescale efk in front of its source term: this is why the equations were solved as a 
coupled system. 

Figure 13 seems to ii.dicate that k is overestimated and dissipation is correct in the 
coupled, differential test . In the recirculation bubble the effect of the source term in 
the c equation is destruction of e. since production is low. The “modification’ cited 
in the figure caption that is detailed below was intended to iucrease dissipation, but 
actually it leaves c unchanged and decreases k, bringing it closer to the DNS. This 
is because when the source term coefficient in f equation is decreased, the l>alance 
of the dissipation budget is re-established by a decrease of the time-scale, i.e. a 
decrease of kfs. that occurs by k decreasing with little change of s. 

Tuning of the dissipation equation has been a popular game for the past two 
decades, so it needs to be shown that the present modification should not deteriorate 
predictions in other flows, and what the rationale h behind it. 

Various proc lures haw born developed to enhance dissipation. In near wall 
flows below y + = 10, an extra viscous production term is usually included in low 
Rf models. However, it is ineffective here because of the relatively high value 
of Rtf. Another dissipation enhancement is the “Yap correction' (Launder 1989). 
which consists in a positive source term in the dissipation equation that is activated 
whenever the turbulent lengthscale L is larger than the mixing length ny. Though 
rather ad hoc. this “Yap correction* has been particularly effective for backstop 
or sudden expansion flows (Hanjalir 1996), and shows that something peculiar is 
hapjirniug to the dissipation that is still not understood. In «eed Fig. 12 shows that 
L is overestimated in the recirculation bubble near the wall. Although the Yap 
correction goes in the right direction, there is no justification for forcing L to lx- 
smaller than *y since the DNS data shows it to lx* considerably : «rger than this. 

Another way to increase the production of c in the near-wall region is to use 
the non-diittensionaliml parameter P/f. (Durbin 1993). This proved effective for 
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channel and boundary layer flow, but showed unfortunately high levels of numerical 
instability in more complex flows. Moreover, this does not suffice in the backflow 
region since P/e is fairly small. Durbin and Laurence (1996) recently proposed 
to replace t his un stable term by a ratio of k and i ,J in the k - e - v 2 model: 

C,,(l + anjk/v 2 ) with a t = 1/30. In this study, we have generalised this idea 

in the full SMC by introducing the following: C fl ( 1 + «i \/P*-*/|PsMC*i) with 
<ii = 0.035. Pk i — 0.091T5,,Sj, and Psmc = 575, S,, are respectively the k - e 
formula for production and the exact Reynolds- stress production. This correctkm 
has been found to have similar effects to P/e in the near-wall region of drained 
How. without any numerical instabilities in more complex situations. It does not 
cure the underestimation of the backflow in the present case; of course, that was 
not its intent. 

Very little data is available concerning the dissipation equation budget aside 
from the channel flow DNS at CTR From that data, the following adjustment to 
destruction of dissipation ( which we called ‘modified model’) was devised: C f) = 
1.83* /( I , ) with f, = ( P f + D. )/2 D t . This measures the weight of transport in the 
budget of £ by using tlx* imbalance of production minus destruction. The function / 
varies from 1 (for shear flows) to 0.5 when production is zero. In order to preserve 
numerical stability, we combined this modification with the same adjustment for 
C f , (multiplication by /(/,)). The folkmiug function / was dxisen to avoid non- 
realistic coefficients: /(j) = max(niiu(x. 1).0.5). The i-esuh for the backstop as 
concerns the C/ profile was found to lie modest (see Fig. 2). yet it is larger than 
any results obtained through modifications of the pressure strain model. 



FK:t'RK 14. Budget of ; for the Rt r = 395 channel flow, all the terms have 

lieen multiplied by (y + )*. 'rapid part’ ( x (Pi + P t 4- Pi J. modclisation term: 

[1.44P*t/A-]) ’slow part' (* [P, - Tj, ■ — —» modclisation term: [-1.83f 2 /I-j), trans- 
port (o DNS. modclisation term), vi.scous diffusion (a ), sum of the modcli- 

sat ion terms ( ). 
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The idea of re-adjusting C e , actually came from the analysis of channel flow at 
ftc r — 395. for which the budgets of dissipation are available (Man soar fc Kim. 
private communication). The near wall region has been analyzed in detail by Rodi 
ir Mansour. but what interests us here is the central part of the channel It is well 
known to modelers that dissipation is underestimated in the cure region, but with 
little consequence except that the modeled L is continuously increasing instead of 
leveling off just outside of the log-layer. Since t decreases as y" 1 and the terms in 
its budget are as y~ 2 . all terms in this budget were multiplied by y 2 to produce 
Fig. 14. 

The dissipation budget, as discussed by Mansour, Kim & Mniu 1988. or by Man- 
sour £: Moiu 1993, comprises a viscous transport term, negligible in the core region, 
a turbulent transport, very well modeled here by gradient diffusion with a t = 1.3. 
and five source terms. It is known on fundamental grounds that these five- terms 
cannot be clearly grouped into production and destruction terms. For the present, 
the terms involving gradients of velocity are grouped as P\ + Pi + Pj and com- 
pared to the 'rapid' part of the model, ?/kP*, while the remaining ‘slow’ terms 
are compared to £ 2 /lc. The DNS values of k and £ are used in the model terms, 
hence the jagged appearance of the model transport, due to double differentiation 
of this DNS data. It would seem from Fig. 14 that both constants C,, and C r . are 
severely overestimated; but again, the present split is arguable. It is. however, very 
clear that near the center of the channel, where the rapid terms go to zero, a value 
erf C t] = 1.83 is too large by a factor of 2. On the other hand, the transport is 
accurately modeled with the standard value a, — 1-3. 

6. Conclusion 

A detailed comparison of a SMC computation with the DNS data for the backstop 
flow at Rt = 5. 000 leads to the fallowing conclusions: 

( 1 ) Tiie intensity of the backflow and the friction coefficient in the recirculation bub- 
ble are severely underestimated. 

(2) The recirculation bubble is far from being pseudo-laminar; an understanding of 
the problems encountered by SMC should, thus, lie of general intcrest. 

(3) The SMC underestimates entrainment out of the recirculating bubble by the 
detaching shear layer. The mechanism is the following: pressure-strain 622 gen- 
erates normal fluctuations e 2 , which create the transverse mean velocity V; this 
in turn provides a momentum impulse to the bubble. In the shear layer. <> 22 - 

V are underestimated. 

(4) A new differential a prion procedure was used, in which the full transport equa- 
tions are solved one by one. 

(5) A modification was proposed to enhance dissipation in, and only in, the recircu- 
lation bubble. The new formulation cured 25% of the liackflow discrepancy. 

(6) The model is sujqiorted by a significant finding from the DNS data in the con- 
region of a channel flow: the constant related to destruction of dissipation. C . , . 
should l>o decreased by a factor of 2 as production vanishes. 
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APPENDIX s EKplk retention 
The Rejraokb siren transport equation is written as: 

ftSjS, = ^ + pjj - j + Tij + (1) 

with 

ft, = -VTBidit'j - uju^u. 

Pm = -* C? - ujthp - (e., - *&j^) + (2) 

JJ; = ) 

The term p tJ differs from the usual pr es sur e-strain + tJ since it includes a deviatoric 
dissipation tensor in the form 


Pm — dij — ( f u — *»*j j) 


(3) 


The following ncntrnl formulation far the elliptic relaxation is now obtained ( Durbin 
and Laurence 1996): 


k k k 


(*) 


Fw homogeneous turbulence p,j (= kf tJ ) in Eq. 4 reduces to p* , for which any 
standard redistribution model d* can be used. The SSG rapid model is 


= -Cider (P„) - C*drv ( D , } ) - C.kS,, 


The coefficients are: 


C, = ?li£; C, = a^A; 
c, = - ft + ^ VT t 


The slow term is of the form 

*0.,.. = - K C » + lKj + Cjdevla.tat^)) — 

c, + 1 = §[ f ‘ +, ' t ]' ^ = 


The dissipation equation is 

D,c = ^ 




( ( „ + to£ )At ) 


The time scale, T. is defined as: 


(5) 


(6) 


(7) 
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The length scale L appearing in Eq. 4 also is prevented from going to zero at the 
wall by using the Kolmogorov scale as a lower bound: 

/I 3 

1 = Ct V I* +C '7‘7* < 9 > 

Lastly, the Daly-Harlow expression for the turbulent diffusion is used: 

T,j = di (C? aju m (10) 

The constants used in tliis report are: 

C „ = 0.2. <r, = 15. C,. = 0.1.C, = 200. 


C„ = 1.44, C f , = 1.83 

Also 

ft,, - dev<u A 7 = 

-4j = -4 = 1- OM* - Ai)fS 

was used iu tire text. 


( 11 ) 
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On modeling pressure diffusion 
in non- homogeneous shear flows 

By A. O. Demwea , 1 2 M. M. Rogers , 1 P. Durbin 3 AND S. K. Lele 3 


New models are proposed for the “stow” and “rapid” parts of the pressure diffusive 
transport based on the examination of DNS da t a b as es for plane mixing layers and 
wakes. The model for the “slow” part is non-local, but requires the distribution 
of the triple-velocity correlation as a local source. The latter can be computed 
accurately for the normal component from standard gradient diffusion models, but 
such models are inadequate for the cross component. More work is required to 
remedy this situation. 


1. Introduction 

In higher-order turbulence models 'pressure diffusion’ is usually neglected, or at 
best added to 'turbulent diffusion’ (Launder 1984) and the two modeled in aggre- 
gate. Pressure diffusion refers to the term d.ujp in the Reynolds stress budget: 
turbulent diffusion refers to dtujujut. The latter represents the ensemble averaged 
effect of random convection and can often be modeled as a diffusion process; the 
former, however, is harder to explain as diffusion. Turbulent diffusion is usually 
considered to be the dominant diffusion mechanism, and pressure diffusion is con- 
sidered to be negligible. However, Lumley (1975a) showed that for homogeneous 
turbulence the application of symmetry and incompressibility constraints to the ex- 
act equation for the “slow” or non-linear part of the pressure diffusion led to the 
result that its magnitude is 20% that of the triple velocity correlation. In addition, 
it is of opposite sign, so that if turbulent diffusion could be modeled as a gradient 
transport, pressure diffusion would r e p r e sen t counter - gradient transport. Demuren 
et a/. (1994) examined DNS databases for several shear flows, namely: the mix- 
ing layer simulation of Rogers and Moser (1994); the wake simulation of Moser et 
at. (1996); the boundary layer simulation of Spalart (1988); andjhe backward fac- 
ing step simulation erf Lc et al. (1993). These confirm for the <f 7 -equation that in 
simple shear regions pressure diffusion is roughly 20-30% of turbulent diffusion, and 
it appears to be mostly counter-gradient transport, so that it merely reduces the 
effect of turbulent diffusion, which is mostly gradient transport. Thus, the current 
practice of absorbing pressure diffusion and turbulent diffusion into a single model 
term appears reasonable, as far as the main shear regions are concerned. But the 
DNS data show that near the edges of the shear layers turbulent diffusion decreases 
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(y - y*-)/' f> 

Figure 1. Reynolds stress budget of q l from DNS of a plane wake: . 

production; . turbulent diffusion; . velocity pressure gradient; 

pressure diffusion; . viscous dissipation;* . viscous diffusion; + . temporal drift. 

{Inset is a blowup of the vertical axis near the edge). 


rapidly to zero, while pressure diffusion decreases only very gradually, so the lat ter 
then becomes dominant. Thus, the budgets show that near the free stream edge 
the balance is between pressure transport and mean convection, or temporal drift, 
rather than between turbulent transport and the latter. Further, where shear layer 
interactions occur, as near the middle of a wake, pressure diffusion no longer follows 
counter-gradient transi>ort {see Fig. 1). and Lumley's model becomes inadequate. 
It in fact !>ecomc.s additive very close to the center, leading to an overall increase 
in total transport, in contrast to the effect in the simple shear layers on either side. 
Both effects cannot Ik- captured by a mere change in model coefficient. There- 
fore, in order to build a model for total diffusive transport in general shear flows 
one must look l>eyond the homogeneous model of Lumley. The pressure diffusion 
should also be modeled separately. Inhomogeneous effects can l>e introduced via 
a non-local model based on the elliptic relaxation concept of Durbin (1991, 1993) 
as implemented in the previous study of Demuren et al. (1994). The local model, 
required in this formulation, will be based on the "slow" or non-linear part of the 
pressure diffusion. A splitting of the pressure diffusion into “slow" and “rapid" 
parts is therefore necessary. 

DNS databases for the mixing layer simulation of Rogers and Moser (1994) and 
the wake simulation of Moser ft al. (1996) arc post- processed to split the velocity- 
pressure gradient, and pressure diffusion terms into “slow" and "rapid" parts. Sep- 
arate models are then proposed for these terms. 




Modeling pressure diffusion in shear flow 


65 



(y - yc)/& 


FIGURE 2. Reynolds stress budget of u| from the DNS of plane wake. (See Fig. 1 
for legend.) 



FIGURE 3. Reynolds stress budget of U 1 U 2 from the DNS of plane wake. (See 
Fig. 1 for legend.) 
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2. Governing equations 

The Reynolds stress equations can be written for time-developing plane shear 
flows as: 


DtUiU, 3 = -(u,u k d k Uj + UjU k d k U,) - - (u,d } (p/ p) + Ujd,(p/p)) 


—2vd k u,d k Uj + uV 2 u,Uj ( 1 ) 

(D, represents the total derivative and d k the partial derivative in the x k coordi- 
nate.) Thus, the time-derivative is balanced by the production, turbulent transport, 
velocity-pressure gradient correlation, dissipation, and viscous diffusion, respec- 
tively. For the cases under consideration in this study, only normal (x 2 ) derivatives 
of turbulent statistics are non zero. There is also only one non-zero mean- velocity 
gradient, djUt- 

Budgets for the u| normal component of the Reynolds stress and the shear stress 
u i u 2 , obtained from the DNS database for the plane wake of Moser et al. (1996), are 
presented in Figs. 2 and 3. respectively. (In all these figures, y c is the center-line, 6 
is the wake half-width, and 6 m is the mixing layer momentum thickness.) In both 
cases, turbulent and pressure transports are of comparable magnitude. Therefore, 
it would be inconsistent to model one and not the other. And. if one tries to 
model them together, then the comment in the introduction with respect to the in- 
equation also applies to the -equation On the other hand, in the jTjlli-equation, 
these terms virtually cancel each other out, except near the edges of the shear layers. 
Hence, it appears unlikely that a single composite model could reproduce all these 
features. 

The velocity-pressure gradient correlation can be split into a pressure-strain cor- 
relation and a pressure diffusive transport as: 


-(“ >dj(p/p) + u,d,(p/p)) = ( p/p)(djU , + d,u } ) -(l/p){ 6 j 2 &ipu, + 6 j 2 d 2 puj) (2) 

Further, each of these terms can be split into “slow” and “rapid" parts by splitting 
the pressure p. used in the correlations, into p, and p r , respectively. In the present 
study, p, and p r are obtained from solution of the equations: 

V 2 ?>, = -dqUpdpUq + 

V 2 Pr = -ZdiUtdiU, (3) 

Figure 4 shows results of the splittings of the velocity- pressure gradient correla- 
tions into “slow” and “rapid” parts for the four non-zero components of the Reynolds 
stresses. We note that for the diagonal components all energy is produced in tiie 
streamwise component u 2 and then transferred to the normal u 2 and transverse 
u 2 components via pressure scrambling. The transfer mechanism appears to be 
quite different for these components; transfer to the normal component is solely 
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through the “slow" part, and transfer to the tr ins verse component is through the 
“rapid" part. It is conjectured that some structural mechanism must be responsi- 
ble for these, though it could not be identified from the analyzed data. However, 
these results agree quite well with those for the homogeneous shear flow simula- 
tion of Rogers ei at. (1986). On the other hand, the shear stress results do not 
agree. Whereas the present results for wakes and mixing layers (not shown) show 
the velocity-pressure gradient correlation to be mostly in the “rapid" part, the ho- 
mogeneous shear flow results showed nearly equal distribution between the “slow" 
and “rapid” parts. Figure 5 shows results of the splittings of the pressure diffusive 
transport the u\ and uiu 2 components, all others being zero. In both cases, “slow” 
and “rapid ” parts are comparable, and are mostly of opposite sign. Hence, they 
are, in general, larger in magnitude than the sum. Further, the “slow” part appears 
to represent counter-gradient transport, and the “rapid” part gradient transport, 
i.e., more like turbulent diffusion. 

3. Proposed transport models 

It is proposed to model the transport terms in the Reynolds stress equations 
in three parts, namely, turbulent diffusion, “slow” pressure diffusion, and “rapid” 
pressure diffusion. 

S.l Turbulent diffusion model 

Turbulent diffusive transport (TDIFF) is modeled following the proposal of Mellor 
and Herring (1973), (hereafter denoted MH) as: 

TDIFF* Tn- = -(ti.Mjti*],* = c 3 [(fc 3 /e)[(tZ7u7)„ +(u*«7)m +(«l«7),t )],* (4) 

(“,*” represents derivative with respect to x*-) This model is derived from the 
isotropization of coefficients in the more complex Hanjalic and Launder( 1972 ) diffu- 
sion model. It does preserve the symmetry of the indices in the triple- velocity corre- 
lation. It was found by Demuren and Sarkar (1993) to yield the correct anisotropy 
of the Reynolds stress in the wake region of channel flows, and a variant by Mellor 
and Yamada (1986) is widely used in geophysical flows. The model will also be 
used to calculate triple- velocity correlations which are required for the modeling of 
“slow" pressure diffusion in the next section. 

3.2 “Slow” pressure diffusion model 

The “slow” part of the pressure transport (SPDIFF) is modeled using a non-local 
elliptic relaxation approach as: 


SPDIFF i-i- = -[^*p,u; + (5) 

where 

l‘%f, - - -f, L (6) 

The local source term f L is given by Lumley’s (1975a) model as: 

ft - PT57'' = - 0 . 29 J «i 


(7) 
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( y - yr)/b 

FlGDRK 4. Separation of velocity- pressure gradient correlation into “slow” and 

“rapid” ports, from DNS data for plane wake. (a)nf, (b)»< 2 . (c}Uj, (d)«i« 2 : , 

total; , "slow"; . “rapid”. 

It is assumed that the same length scale which governs the non-locality in the 
pressure redistribution would also govern the non-l ocali ty in the pressure transport. 
For the «7»2 and ujj equations, respectively, q 2 u% and q 2 i <2 are obtained from the 
MH model. This treatment represents a generalization of the previous study by 
Demuren et al. (1994) in which the k — s turbulence model was used. 

The principal effect of the non-local model is to “elliptically" spread the influence 
of the local source over the length scale L. Figures C ami 7 present comparisons of 
the pressure diffusion, based on the local model, to DNS data for mixing layer. In 
each case, two model computations are made; one assumes that the triple- velocity 
correlations are known from DNS, and the other computes them from the MH model. 
For u], shown in Fig. C. both computations yield similar results, with peaks that are 
somewhat higher than in the DNS. Hence, full application of the non-local model 


pdiff 
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FIGURE 5. Separation of pressure diffusion into slow and rapid parts: DNS data 
for plane wake, (a)uf, (b)uiu 2 . (See Fig. 4 for legend.) 

would produce qui«,e good agreement. For tnu 2 , shown in Fig. 7, only the first 
approach, which assumes a pre-knowledge of the triple-velocity correlation, give s 
results in agreement with DNS. The MH model grossly underpredicts the q 2 u i, 
and hence its derivative. This appears to be a general flaw of gradient-diffusion 
models for the triple-velocity correlation. They are usually calibrated to reproduce 
the normal component of the turbulent diffusion in simple shear flows. They fail to 
reproduce other components, if these are present, as in the 3D boundary layer study 
of Schwarz and Bradshaw (1994) or the sh .arless mixing layer study of Briggs et 
al. (1996). This problem will have to Ik addressed before a reliable, self-contained 
model for the pressure diffusion of 37-42 can be produced. 

S.° “Rapid” pressure diffusion model 

The “rapid” part of the pressure transport (RPDIFF) is modeled in terms of the 
Reynolds stresses and mean velocity gradients. The simplest such model has the 
form: 



RPDIFF UiUj — — \bjkPrUi "h 6tiP r Uj],fc — "h (S) 

where 

9i,k — c r uiujUi'k (9) 

Equation (8) is similar in form to the “rapid” part of some pressure-strain mod- 
els. This is consistent with the suggestion of Lumley (1975b) that the traditional 
separation of velocity-pressure gradient correlation into a pressure- strain correla- 
tion and a pressure transport is not unique. Preliminary tests show that c, should 
have a value between 0.1 and 0.3. It has been suggested that this part should .also 
be modeled with non-local effects, consistent with the modeling of the slow part 
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FKil’Bfc 6. M«H predictions of pr«*ssure (liffiumn of in the plain* mixing 

layer: . DNS; . iikhIcI with triple correlations from DNS: . model 

with triple-correlations from MH 



( y - y, 


Flci Ht 7. Model prediction* of pressure <l : ffusion of > in the plane mixing 
layer i f, <.*e Fig. C for legend. t 
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and the pressure-strain correlation, bu* evidence for such behavior could not !* 
discerned from the DNS data. Further testing is desirable. 

4. Conclusions 

The “slow” and “rapid” parts of the velocity-pressure gradient correlations and 
the pressure transport have been calculated from DNS databases of plane mixing 
layers and wakes. These show that, in agreement with homogeneous shear flow 
simulation, the mechanism foe the transfer at energy from the stream wise component 
of the Reynolds stress to the normal component is via the “slow" part, whereas for 
the transverse component it is through the “rapid” part. But pressure transport is 
distributed significantly into both “slow” and “rapid” parts, the former being mostly 
counter-gradient transport, and the latter closer to gradient transport. Models are 
proposed for both parts, which show qualitative agreement with DNS data few the 
normal component of t'y* Reynolds stress but have shortcomings when applied to the 
Reynolds shear stress, 'the main flaw is the inability of gradient diffusion models 
to predict other than the normal component of the triple- velocity correlation for 
which they have been calibrated. Further development and testing is required. 
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Prediction of the backflow and 
recovery regions in the backward facing 
step at various Reynolds numbers 

By V. Michelassi 1 , P. A. Durbin 2 AND N. N. Mansour 3 


A four equation model of turbulence is applied to the numerical simulation of flows 
with massive separation induced by a sudden expansion. The model constants an* 
a function of the flow parameters, and two different formulations for these functions 
are tested. The results are compared with experimental data for a high Reynolds- 
number case and with experimental and DNS data for a low Reynolds- number 
case. The computations prove that the r ec o ver y region downstream of the massive 
separation is properly modeled only for the high Re case. The problems in this case 
stem from the gradient diffusion hypothesis, which underestimates the turbulent 
diffusion. 


1. Introduction 

The Reynolds Averaged Navier Stokes equations (RANS) equations need a tur- 
bulence model for computation of Reynolds stresses that stem from averaging the 
non linear convective terms. A large family of turbulence models exists in the liter- 
ature. The models range from simple algebraic expressions for the eddy viscosity to 
more elaborate formulations which introduce a separate transport equation for each 
component of the Reynolds Stress tensor. Eddy viscosity models such as the k - t 
model still represent a good compromise between accuracy and computational effi- 
ciency and will be the subject of this investigation. Moreover, the results of a recent 
workshop (Rodi et «i., 1995) showed that, even though full Reynolds stress models 
oring more physxcs into the model, the large increment in the computational effort 
as^x-iated with these models is not always followed by a proportional improvement 
in the quality of the predictions. 

T wo-equation models of turbulence have been recently tuned with the aid of 
Direct Numerical Simulation (DNS) data (see e.g. Michelassi and Shih, 1991. Rodi 
et al . 1993). This tuning was mostly done to allow modeling of the near wall 
region and to reproduce the profiles of the turbulent kinetic energy, k, and of the 
dissipation rate t in this critical flow region. The tuning was done by using fully 
developed or turbulent boundary layer flows (Rodi and Mansour, 1990). Most of the 
so called "low Reynolds number modifications'' (LR) to the two-equation models of 
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turbulence were able to improve the model capability in the How layer close to the 
wall. Nevertheless, little or no change at all was found in tlie core region of the flow 
since most of the modiflcatious were designed to vanish away from solid boundaries 

(Zhu and Shih, 1993). 

Tire LR models, which allow tlie integration of the equations in tlie near wall 
region, can successfully model a wide range of flows, but often do not allow flows 
with strong adverse pressure gradients and/or separatum to be computed accurately. 
This seems to be a general probk-m associated with the two- equation formulation 
irrespective of the treatment of the near- wall region (Michelassi. 1993). !n the 
Imrkward facing step flow, both an adverse pressure gradient and flow separation 
are to be modeled, which makes this test case particularly challenging. 

Durbin (1995) computed the l»ackward facing step flow at different Reynolds 
numbers. His computations proved that downstream of tlie reattachment point the 
computed velocity profile tend too slowly to a boundary layer profile for the high 
Reynolds number case, but not for the low Reynolds number case. A similar failure 
was encountered by Rodi (1991) with a two-layer model rtf turbulence. Again, 
the velocity profiles in the recovery region tend too slowly to a developed profile. 
Durbin and Rodi use forms of the two-equation k — t model which, while based on 
tlie Boussmesq assumption, have very little in common with the treatment. This 
indicates that tlie problems are stemming from the k - r frame and not from the 
wall treatment. 

This phenomenon is also «tf great importance in practical flows with engineering 
relevance such as the flow in turboinachines In fact, immediately downstream of 
the trailing ed fi *tf a turbine or a compressor blade, two counterrotating vortices 
interact with the wake in a very similar manner to that found fur the backward 
faring step. The modeling of the wake downstream of tin* two vortices is rtf pri- 
mary importance in turbomachinery flow's because of its impact on the stator-rotor 
interaction. In this case, the computed wake decay, which is similar to the flow 
reco'-ery region in the backward facing step, seems to la* too slow compared to the 
measurements as indicated by a number of computations for su)>sonir and transonic 
turbines (Michelassi rt ml. 10O*”»>. Tliese results were shown to lie true regardless of 
the as ttnption of a fully turbulent or transitioua* bouudary layer along the blade 
profile. In the turbo- nachincry flow' case, it is not dear il the discrepancies arc due 
to the inherently unsteady nature of tlie experimental flow field, or to deficiencies 
; n ‘he model as in tlie backward fa mg step W'here the steadiness of the flow is not 
an issue. 

Although the rr.covr.ry rtgxon problem with computing the backstep has been 
often |M>inted out, very little has been done so far to identify the causes of the slow 
recov, ry duw'nstrcain of the reattachmetit |>oiiit. Two-equation models are known to 
haw theoretical limitations which stem mainly from the eddy viscosity assumption. 
Still, the ability of these simple turbulence models to mimic a flow' with massive 
separation and the wake decay needs to be improved. 

With this in mind three different backward faring step data sets are used to 
compare with the computations ami to identify the reasons for the discrepancies 
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between computations and measurements in the recovery region. 

2. The turbuieit-' e model 

The t’irbuieut - r.*;del uses the standard k — e equations: 

d,i + v ■ vi = a - ? + [(«/ + — )Vk\. 

Ot-: + 1 • Ve = - + [(»' + — )V £ -j. 

i o. 


The model constant C,i is computed as: 


Ci =1.3 + 


0.25 


(1 +(d/2£)*)- 


4 - 


(1) 

( 2 ) 

(3) 


in which d is the minimum distance from the wall, and L is the turbulence length 
scale. On no-slip l»oundaries. y — • 0. 

i t 

k = 0. c — 2u — . 

y 2 

Two additional equations are solved. The first transport equation determines the 
velocity fluctuation normal to the wall. r 1 . The v 2 transport equation is 


0,r 2 V r 2 = kf-v 2 j+V- Id* + » t )Vr 2 }. 


(4) 


where I f represents redistribution of turbulence energy from the streaimvisc com- 
ponent. Non- locality is represented bv solving an elliptic relaxation equation for 

f 

C, - 1 


L'V'f - / = 




T ~ 3 


in which 


T — max 


-.6(-) I/2 J. i = Ctmax 




The Boussinesq approximation is used for tlie stress-strain relation: 

«7»0 2 _ t/, 

a '>" k “3 ,J “ k *'>' 

where the eddy viscosity is given by 

", = C>-T 


to. I 


(G) 
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The constants of the mode) are: 


C„ = 0.19. <r* = 1, a, = 1.3, C,i = 1.55, C, 2 = 1.9 

Cl a 1.4, C 2 = 0.3. Cl = 0.3. C, = 70. 

The boundary conditions are 


v 2 = 0 . /( 0 ) 


20v 2 v* 

e(0)y« 


( 7 ) 


on no-slip walls. 

The original model formulation was modified by Durbin and Laurence (1996) 
in the expressions for the length and time scales, L and T. and the definition of 
the model constant C, |. The length and time scales are now computed to allow a 
smoother switch from the core flow values to the near-wall values as follows: 

L 2 = C 2 (*V + cy' 2 / t 't 2 ) . T 2 = k 2 /' 2 + Cj-iz/e (8) 

The selected values of the constants are C r = 0.2. C, — 70, and Ct — 6. 

In Eq. (3) the scaling of C.i in the near wall region is done by using the wall 
distance y. The definition of the wall distance can be problematic in complex Sows 
so that Durbin and Laurence ( 1990) replaced Eq. (3) with another expression based 
on r 2 which is suited to feel the proximity of the wall: 

C.i = 1.44 (l 4 . 1/3 W/v 2 )'* 2 ) • (9) 

This expression, like the one in Eq. (3), is supposed to increase the production of 
dissipation in the near wall region, where e 2 goes to zero faster than k Both the 
original formulation, hereafter referred as form (1) of the model, and the modified 
formulation, hereafter referred as form (2). have been applied with the same inlet 
and boundary conditions. 

3. The data sets and the computations 

The turbulence model with the two different forms described in the previous 
section was applied to the computation of three d’fferent backward-facing step ge- 
ometries and different Reynolds numbers. 

The first experimental data set considered here is that of Driver and Seegmiller 
(DS) 1 1985) which allowed testing the model in a high Reynolds-number configu- 
ration with a Reynolds number based on the step height of 37. 500. Measurements 
were taken by using laser velociinetry and include mean and instantaneous quanti- 
ties and triple correlations. 

The low Reynolds number case refers to the measurements by Kasagi and Mat- 
suna^a (I\M) (1995). In this case the flow Reynolds number, based again on the 



Backward factny step flow 


77 



Fhjuu: 1 . DS Wl'wity profiles, o experiments. iimde-l wrsion lit. 

model version <2i. 


step height, is 5540. Measurements were taken by using a particle image velociine- 
try method iPIY) which allowed measuring instantaneous and average- quantitie-s. 
Th<- me-astire-el profile-s we -re- also carefully teste-d to verify mass e-<»nservatie>n. A 
similar Reynolds numbe r t R< = 51001 was achieved by Le and Moin ( LM) (1994) 
which preeehie’e-ei a DNS data set for the backward facing step ge-eune-try. The large 
amemnt e»f informatiem em the- fle>w fie-ld makes this DNS data set very valuable- for 
testing anel developing twoe-epiatieui mode-ls of turbulence-. 

The- investigation is rartie-ei e>ut e»n three- eliffere-nt data sets te> test the- model 
tuteler eliffe-re-nt Re-yne>lels numlie-r conditions. At the present stage e>f re-se-are-h it is 
still impossible- te> pe-rforiu the- DNS ejf a backw-arel facing ste-p at high Re-yneilels 
iimnlw-r. se> the- use- of an e-xjx-rimont al data set was e-eempuise >ry. Tile twe> data se-ts 
for the- le >vv Reynolds numlx-r case were selected to verify that model testing done 
by using a e-lasstcal experimental data se-t could be- e-xtenele-d tee the- DNS data feu 
such a How field. 

The- computational gr for the- three te-st cases have 120 120 grid nodes dus- 

te-re-d near solid walls inle-t section profiles have been care-fully sjx-cifie-el as 

follows. Fe>r the- DS e ase- the- iide-t profile-s have lreen computeel by a Ixmndary lave-r 
eeeele until r he- moment tun thickness of 5000 was reached | Durbin. 1995 ). The-se pro- 
files were t he'ii imposed at the inlet se-ctior of the ceunputatieuial deunain Fe>r the- 
KM case- the- inle-t profiles were those- e>f a fully elevele»pe-<l channel How. as indicated 
by Kasagi and Matsunaga { 1995) in their discussion e>f the How nature upstream of 
the- separatiem point. Fe>r the- te-st ease- preiposed by Le and Moin. the- inlet profiles 
we-.c tlietsc computed by the DNS at the section upstream of the separatiem point 
ci it re-s, ,i Hiding te> the- inle-t sectiem eif the present computational grid. No other grids 
-■e-re used for the- rale ulat ion> since the 120 < 120 griel was alre-adv fe»un<l aeh-epiafe 
feu this kind of computation by Durbin (1995). 

1’lie- ■ e-t Ilf I'limputatious re-fer tei tile- DS e ase-. Fig. 1 e'eiinpare-s tll<- llie.i- ure-el 
] u e itile-s with tliosi- (-output -el by using the- two versions of the- .node-1. In all the- 





following plots the ordinate y = 1 corresponds to the step corner. The reattachment 
point is not affected by the change in the model, but the different functions adopted 
for the computation of the length scale L, the time scale T . and the coefficient of the 
production rate of dissipation C , j show some effect in the backflow region. Here 
version (2) of the model moves the computet! profiles closer to experiments. A 
sensitivity analysis made by changing the coefficients in Eqs. (8,9) proved that the 
model is sensitive to the value of C p , which was set equal to 0.2. The model can 
be seen to predict velocity profiles which are steeper than the measured ones in the 
backflow region. Moreover, in the recovery region the computations lag behind the 
experimental boundary layer profile. The agreement is indeed quite good in terms 
of turbulent kinetic energy (see Fig. 2) and turbulent shear stress (see Fig. 3). 
Apparently, the models succeed in reproducing the correct level of turbulent kinetic 
energy’ and shear stress with the only exception of a narrow region deep inside of 
the backflow, where the maximum of turbulent kinetic energy and turbulent shear 
stress are not correctly predicted and somewhat misplaced. 
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Figure 4. KM Velocity profiles. experiments, model version (1), 

model version (2). 



FIGURE 5. LM Velocity profiles. Symbols as in Fig. 4. 

When moving to the KM and LM test cases, a more careful analysis is possible 
due to the large number of measurements. Figure 4 compares the measured and 
computed velocity profiles in several stations starting from the separation point for 
the KM test case. The agreement is again quite good, and apparently the two 
versions of the model give almost identical results in this case. The recovery region 
is well predicted here. Again, the backflow region shows the steep velocity profiles 
predicted in the high Reynolds number case, while the experiments show a profile 
which seems to indicate quite a low turbulence level. Figure 5 shows the same veloc- 
ity profiles for the LM test case. In this last computation the recirculation bubble 
length was underestimated by approximately 4%. The backflow region length was 
computed in almost perfect agreement with the experiments for the K M case. The 
plots also show that the differences in the computation of the length and time scales 
in the two versions of the code bring very little change to the computed profiles, 
which are almost collapsing on each other, in the low Rf case. 
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Fuji.' BE 0. LM Turbulent kinetic energy profiles. Symbols as in Fig. 4. 



Fiat; RE 7. LM Turbulent shear stress profiles. Symbols as in Fig. 4. 

Figures 4 and 5 show that there is very little difference between the LM and 
KM data sets. Since the information given by the KM and LM cases do not show 
significant differences, only the latter will lx* described in detail in what follows. 

Figure 6 compares the measured and computed turbulent kinetic energy profiles 
at several stations starting from the separation point. The agreement between com- 
putations is generally satisfactory, even though the models overpredict the turbulent 
kinetic energy in the backflow region. Of the two, version (2) of the model seems to 
reduce the overprediction. This was also found in the high Reynolds number case. 
This overprediction spreads in the shear layer as the flow proceeds downstream. 

The overprediction of k- seems to have an effect in terms of turbulent shear stress 
also, as shown in Fig. 7. Here the turbulent shear stress is overestimated by both 
the formulations in the backflow region and underestimated in the recovery region. 
The change from overestimation to underestimation takes place gradually across 
the reattachment point and the fit between DXS and computations improves only 
far downstream 
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Fl(il 111 S. LM Dissipation rate* profiles. Symbols as in Fig. 4. 

The LM data set also includes the dissipation rate. Figure S shows that the 
computed dissipation rate level is larger than that given by the DNS in the backflow 
region. The ? levels are well predicted in the recovery region. 

The skin friction coefficients in Figs. 9 and 10 show that version (2) of the modei 
tends to reduce the recirculation bubble length in the low- /ft number case (a similar 
trend was also found for the KM test), whereas the same model seems to increase 
the backflow region length in the high- /ft case. In the KM case. also, a reduction 
of the recirculation bubble length was observed. 

4. Discussion and conclusions 

The brief description of the computations done in the previous section evidences 
how the computed overall flow pattern agrees with the high-/?? and low-/?? cases, 
although some discrepancies between the computations and the measurements (and 
DN'Sj arise in terms of turbulence quantities. 

In the recovery region, as already pointed out by several authors. (?:./;. Durbin, 
1995). the computations recover to a boundary layer profile much more slowly than 
experiments would indicate at high Reynolds (lumbers. This disagreement, fades 
away for smaller Reynolds numbers, as those typical of the DNS. In the backflow 
region the computed profiles seem too steep, which would indicate too large a tur- 
bulence level. 

Version (2) of the model was found to work slightly better than the original 
version of the model in tin 1 backflow region. This can bo attributed to the different 
choice ?>f the length seal?* formula. In version (1) the model chooses between two 
different values of the length scale, whereas in version (2) the expression for the 
length scale allows a smooth switch from t.hc two values. Observe that the same 
smooth switch is guaranteed for the computation of the time scale. This seems to 
play a significant role in the improvement of the results when?, due to the small 
local Reynolds number, tin' expressions for the length and time scale are switching 
between the two values. In the recovery region t lie* local Reynolds number is larger 
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and the beneficial effect'- of the smooth transition between the two values of the 
time and length scale formulas disappear. 

In terms of turbulent shear stress, the backflow region again shows some slight 
inaccuracies for both the high- Re and low -Re cases. This fits with the shape of the 
computed velocity profile, which indicates that the mean velocity gradient and the 
turbulence levels are too high. From the DNS data set it is possible to compute 
a turbulent viscosity /i f via the definition of the turbulent shear stress given in 
the Boussinesq assumption. This sort of computation does not guarantee that the 
turbulent vis osity is positive, since there is no guarantee that the mean shear 
;uid the turbulent shear stress always have opposite sign: in fact Fig. 11 shows that 
turbulent viscosity compu' d from the turbulent shear stress .»v DNS gives negative 
values. 

The turbulent viscosity is small deep inside the bad 'iow region and grows toward 
the reattachment point. The two versions of the model are found to overestimate 
the turbulent viscosity in the backflow region. There is very little difference be- 
tween the computations all through the computational domain. Observe that a 
large turbulent viscosity would imply a large momentum diffusion, which should 
decrease the recirculation bubble length. Surprisingly, tins is not the case in the 
computations: the overestimation in /o is followed by an excellent agreement be- 
tween the computed and measured reattachment point. The figure also shows that 
the disagreement between the computations and the DNS fades away downstream 
of the reattachment point. But the same figure also shows that in the recovery 
region the turbulent viscosity is underestimated. The sm.dl-r momentum diffusion 
in the computation could partially explain why the computed velocity profiles tend 
to the boundary layer profiles too slowly. The discrepancies between DNS and com- 
putations are mainly in the backflow region and the shear layer, since above the 
latter the computations seem to follow the DNS profiles quite- well. 

The DNS data set also contains all the terms of the transport equation for the 
turbulent kinetic energy. With these data it was possible to evaluate the accuracy 
of each term of the- modeled transport, equation for k. A full comparison of all the 
terms (i.r. convection = C\. viscous diffusion = Yd. turbulent diffusion = Td , pres- 
sure diffusion= Pd. production— 7\, and dissipation— c) showed that the viscous 
diffusion Yd has nearly no effect. The computed convection of k, C\, is in very good 
agreement with both the measurements by KM and the DNS by LM. The dissipa- 
tion rate, although not in perfect, agreement wi'h the data in the backflow region, 
closely resembles the DNS profiles in the shear layer. So. the terms which need a 
further check, and that are not often compared with the experiments for mode- 
based on the eddy viscosity, are the production rate Pi and both the turbulent a - 
pressure diffusion terms Td and Pd respectively. 

Figure 12 compares the DNS production rate versus the profiles obtained by using 
the two different versions of the model. Tin- agreement between computations and 
the DNS profiles is good. Observe that the peak in the production rate, which is 
probably caused by the very high mean shear downstream of the separation point, 
is well captured. The production rate is somewhat overpredicted in the backflow 
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Fig r RE 12. LM Productic . .at#- profiles experiments, modei version 

! 1 model vers*«n (2). 



Figi re 13. LM Td t Pd profiles. Symbols as in Fig. 12 

region, but this overprrdiction seems to fade away as the reattachment point is 
reached. The same agreement was found in the high - Rt case. 

Before comparing the turbulent and pressure diffusion terms, one should recall 
that the gradient diffusion hypothesis, done in the k - # model, does not distinguish 
between Pd and Td. which are just lumped together. Still, it is possible to compare 
the sum of Td and Pd frrun the DNS calculations w-ith the computed turbulent 
diffusion of turbulent kinetic energy, which should be the sum of the two. Observe 
that the comparison is done for the diffusive terms (second order derivative of k for 
the k - ( model and first order derivative of Td and Pd for the DNS data). Figure 
13 compares the computed diffusion of k with the sum of the turbulent diffusion and 
pressure diffusion from the DNS. The agreement between computations and DNS is 
quite good The up down shape of the profile from the DNS is closely reproduced by 
the calculations. The agreement remains good in the entire computational domain 
and does not deteriorate when making the same comparison for the KM data set. 
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Fici RK. 14. DS Td profiles. Symbols as in Fig. 12. 

When making tin* same comparison by using the DS data base at a higher 
Reynolds nuinU'r. some problems arise due to the scatter of the measured data. 
Figure 14 compares the turbulent diffusion of turbulent kinetic energy for the DS 
rase Although there are not as many data as i the DNS case, the figure clearly 
suggests that the turbulent diffusion is largely underestimated in the shear layer 
from the separation point till far downstream. The underestimation is quite severe 
and clearly limited to the flow region where the mean shear is high. However, the 
experimental data are probably not accurate enough to differentiate, as in Fig. 14. 

Figures 1 J and 11 indicate that as long as the Reynolds number is small, the 
gradient diffusion hypothesis c,ives the correct estimate of the turbulent plus the 
pressure diffusion. <‘sj>ecially in the high shear layer. The two figures also shoe/ that 
the same closure hypothesis fails when the Reynolds number is large. Apparently at 
large lit there is a large scatter erf turbulence time and length scales. This scatter 
is probably not modeled when using a linear eddy viscosity model. The scatter is 
reduced at smaller Reynolds number, and the turbulence mode! then agrees much 
U tter with the experiments and DNS. 

In conclusion. the computations show that the slow recovery downstream of the 
reattachment point occurs only in high Reynolds number flows and is probably 
caused by the gradient diffusion hypothesis, which is not able to model the large 
turbulent diffusion typical of the high shear layer. In the backflow region the com 
put at ions and the comparison with the experiments and the DNS do not allow 
identification of any specific deficiency of the model. Still, the plots indicate that 
in the backflow region the models predict too high a turbulence level and too much 
velocity gradient, which arc interrelated deficiencies. 
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A-priori testing of sub-grid models for chemically 
reacting nonpremixed turbulent shear flows 

By J. Jimenez 1 , A. Linin 2 , M. M. Rogers 3 AND F. J. Higuera 2 

The ^-assumed-pdf approximation of (Cook & Riley 1994) is tested as a subgrid 
model for the LES computation of nonpremixed turbulent reacting flows, in the 
limit of cold infinitely fast chemistry, for two plane turbulent mixing layers with 
different degrees of intermittency. Excellent results are obtained for the computa- 
tion of integrals properties such as product mass fraction, and the model is applied 
to other quantities such as powers of the temperature and the pdf of the scalar itself. 
Even in these cases the errors are small enough to be useful in practical applica- 
tions. The analysis is extended to slightly out of equilibrium problems such as the 
generation of radicals, and formulated in terms of the pdf of the scalar gradients. 
It is shown that the conditional gradient distribution is universal in a wide range of 
cases whose limits are established. Within those limits, engineering approximations 
to the radical concentration are also possible. It is argued that the experiments in 
this paper are essentially in the limit of infinite Reynolds number. 

1. Introduction 

The computation of turbulent reacting flows is an open challenge even after having 
bee. the focus of intensive work for several decades. The subject of the present note, 
nonpremixed flames with fast chemistry, was one of the first to be tackled, and it 
is somewhat simpler than others, but it still represents a large number of cases of 
theoretical and practical importance. Recent reviews can be found in (Bilger 1989, 
Libby A: Williams 1994). 

Our analysis is subject to several simplifications. The diffusion coefficients of 
all the species and of heat are assumed to be identical, x, = x and, although 
not explicitly needed for most of the theoretical arguments, all of our numerical 
experiments are done at Schmidt number Sc = 0.7. Our flows are incompressible, 
and we assume that any heat released by the reaction is weak enough for the fluid 
density to be unchanged, p = 1. The role of the chemistry is thus passive with 
respect to the flow, although it is modified by it. 

In most cases we assume an irreversible binary reaction 

i ' a A + vbB — * vpP, (1) 

in a shear flow between two streams, each of which initially contains either pure A 
or B reactant. 

1 Center for Turbulence Research 

2 School of Aeronautics, U. Politecnica, Madrid 

3 NASA Ames Research Center 
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Under those circumstances the mass fractions Y, of the different species can be 
linearly combined to form a set of conserved scalars which are transported by the 
flow with the common diffusion coefficient k. If in addition the Damkohler number, 
which measures the ratio of the characteristic diffusion and chemical times, is large 
enough, the reactiou occurs in a thin flame that can be treated as a surface, and 
the problem reduces to the mixing of a single conserved scalar 


Yao - Ya + rVfl 
Yao + rYao 


( 2 ) 


called the mixture fraction, which takes values £ = 0 and ( = 1 at the free streams 
(see Williams 1985). Here K l0 is the mass fraction of the i-th species at the appro- 
priate free stream, and 

r = v A W A lv B W B , (3) 

where v, and W, are stoiciuometric coefficients and molecular weights. The flame 
is located at the stoichiometric mixture fraction 


5 .= 


Yao 

Yao + rY B o ’ 


(4) 


and most quantities of interest can be computed as algebraic functions of £, which 
are continuous but haw discontinuous derivatives Thus the mass fraction of the 
product Y P is proportional to the triangular function 


= if €<{., (1 -0/0-W otherwise. (5) 


In modeling turbulent flows we can usually estimate averaged or locally filtered 
values of £, and we would like to have similarly filtered values of mass fractions or 
other quantities, but we are prevented from doing so by the nonlinear nature of (5). 

It was realized soon that what is needed is an approximation to the probability 
density function (pdf) of (. and that the mean value of any quantity which can be 
expressed as a function of £ is (Lin Sr O’Brien 1974, Bilger 1976) 

(/) = j f((>P(C)<K, ( 6 ) 

where p(() is the pdf. Numerous experimental (LaRue Sr Libby 1974, Anselmet Sr 
Antonia 1978. Breidenthal 1981. Mungal Sr Dimotakis 1984, Koochesfahani Sr Di- 
motakis 1986), theoretical or numerical (Eswaran Sr Pope 1988. Pumir 1994, Holzer 
Sr Siggia 1994), and modeling (Kollman Sr Janicka 1982, Broadwell Sr Breiden- 
thal 1982) efforts have been undertaken to understand the properties of the pdf of 
passively mixed scalars. 

Of particular interest in this report is the jJ-pdf model of (Cook Sr Riley 1994), 
in which the form of the scalar pdf is modeled as a function of its mean value and 
standard deviation and, especially, its use as a sub-grid model for large eddy sim- 
ulations (LES). Large eddy simulation has proven to be a powerful technique for 
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the computation of complex flows and good results have been obtained in the com- 
putation of filtered scalar mean values (Lesieur k Rogallo 1989. Moin et al. 1991). 
We will show below that the subgrid fluctuation intensity can also be estimated 
with good accuracy. In this report we will assume that exact filtered mean scalar 
valuo; can be computed by some LES scheme, but we will obtain them by filtering 
direct numerical simulation fields. The d-pdf model has been tested in this way 
for isotropic turbulent flow at relatively low Reynolds numbers in (Cook &: Riley- 
1994. Reveillon k Vervisch 1996). We will test it here in the more realistic case of 
a mixing layer at medium Reynolds numbers (Rogers k Moser 1994). 

At issue is the question of large scale turbulent intermittency. which is the pres- 
ence of essentially laminar jx>ckets in an otherwise turbulent flow, and whether the 
same subgrid mixing model can be used in homogeneous turbulence and in the pre- 
sumed interface between turbulent and laminar regions. A lot of effort has gone 
into modeling such intermittency effects (Libby 1975, Dopazo 1977. Kollman 19S4, 
Pope 1985, Pope Ac Correa 198S) but. if it is really a large scale effect. LES should 
be able to resolve it without resorting to modeling. The main difference between 
homogeneous flows and the mixing layer is that, while large-scale intermittency is 
rare in the former, it is prevalent in the latter. 

The simulation experiments are described in the next section. The results of 
applying the J-pdf model to the prediction of different quantities in infinitely fast 
chemistry are presented in §3. We then extend the model to finite rate chemistry- 
in the flamelet limit, and introduce some results on the joint pdf of the scalar and 
the scalar gradients, followed by discussion and conclusions. 

2. Numerical experiments 

The two flow fields used in this report are taken from the simulations in (Rogers 
k Moser 1994), where they are described in detail. Briefly, they are direct simu- 
lations of three-dimensional, temporally growing mixing layers, spatially periodic 
in the streamwise and spanwi.se directions, with initial conditions which represent 
turbulent boundary layers. The flow fields chosen are those in Figs. 18. a and 18. c of 
that paper, at which time the momentum thickness, 6, of the layers has grown by- 
factors of 2 47 and 2.94 respectively from the initial conditions, and the streamwise 
integral scale has increased by a factor of about four. The energy spectra have a 
short power-law range with an exponent close to -5/3, and the layers are grow- 
ing self-similarly. Both layers appear to be slightly beyond the “mixing transition’’ 
identified in (Konrad 1976, Breidenthal 1981). The Reynolds numbers based on 
the instantaneous momentum thickness are 1980 and 2350. and correspond to lon- 
gitudinal microscale Reynolds numbers Re\ = 127 and 214 at the central plane of 
the layer. Xote that both flow-s are quite intermittent, especially the second one, 
and that these values would probably change if they were conditioned only to the 
turbulent fluid. The ratio between vorticity and momentum thickness is about 4. 85 
in both cases. 

The computational boxes are. in both cases, 125 x 31.25 initial momentum thick- 
ness and contain five or six large spanwise structures at the times chosen for our 
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Figure 1 . Scalar intermit tency across the two mixing layers used in the text, 

defined as the fraction of fluid for which £ € (0 02, 0.98). : unforced case. 

: forced. 

experiments. A passive scalar is introduced at the initial condition with a laminar 
profile of thickness similar to that of the voracity layer and a range { € (0, 1). 
Although the original simulations were spectral, using a mesh that was neither 
uniform nor isotropic, they were spectrally interpolated to physical variables on a 
uniform isotropic mesh for the purpose of our experiments. This implies some re 
duction in the resolution, which is dictated by the least resolved direction. Thus 
while the original computations were carried using 512 x 180 x 128 and 384 x 96 x 96 
spectra] modes, the interpolated fields contain 512 x 128 x 128 and 384 x 120 x 128 
points. The pitch of the interpolated grids is Ax/0 « 0.1 in both cases, although 
the original grids are finer by about a factor of two, especially at the central plane 
and in the trar. verse, y, direction. All lengths in this report are normalized with 
the instantaneo'ts momentum thickness of the layers. In terms of the Kolmogorov 
scale at the cer.tei of ihe layer, 0/q = 67 and 72 respectively, and the resolution of 
our interpolated grid is about 7q in both cases. 

It was found in ( Rogers L Moser 1994) that the structure of the layer depends dur- 
ing the whole simulation on the initial conditions, corresponding to similar long term 
effects during the initial development of experimental layers. Different amounts of 
initial perturbations were introduced in the simulations to mimic this effect. Our 
two flow fields correspond to two extreme cases in the amount of two-dimensional 
perturbations applied to the initial conditions. In the first one, which will be re- 
ferred from now on as the “unforced” case, the initial conditions were synthesized 
from two turbulent boundary layers without modification. At the time of our ex- 
periment, both the vorticity and the scalar field art fairly disorganised with weak 
spanwise coherent structures, and there is very little fresh fluid at the center of 
the layer. In contrast, the second case was initialized by amplifying the spanwise- 
coherent modes of the initial Imundary layers by a factor of 20, and the resulting 
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two-dimensional forcing gives rise to clear spanwise rollers with fresh fluid from one 
or the other stream present across the layer. This is clear in Fig. 1. which presents 
the fraction of mixed fluid in both cases, arbitrarily defined as £ C (0.02, 0.98). 
Not only is the mixed fraction higher in the unforced case, but the presenre of a 
few larger structures in the forced one results in insufficient statistics which are not 
symmetric with resj>ect to the central plane. The statistics for the unforced case 
are symmetric. 

Of the two rases, the forced one is the hardest to compute because of the larger 
intermittency. Most of the results given below’ are for this case. The corresponding 
ones for the unforced case are at least as good, and usually better. 

We will generally compare mean quantities, denoted by ( -), which are averaged 
over whole r — c planes. Occasionally the averages will be extended to slabs of 
the mixing layer, in which case the limits of the transverse coordinate y will be 
given explicitly. In our simulations of LES we define our basic filtering operation 
as a box filter in physical space. Quantities are averaged over a cubical box of 
contiguous grid points of side h = n^x. and assigned to the center of the box. 
This operation will be denoted by an overbar. Other filtering kernels have been 
used by other investigators, and it is not clear which is the best choice to mimic 
the projection operation implicit in a discrete grid, but our choice seems natural 
for finite differences or finit** volumes codes, and has the advantage of providing a 
simple definition for subgrid statistics. 

Equation (6) extends trivially to filtered quantities, but the pdf has then to be 
taken to refer only to the interior of the filter box. Thus for a filter of width h we 
can define a subgrid mean 


€(x) = h s f £(x - x')dV 
Jk 3 



Pkli- x)d£. 


(7) 


and a variance as 


( 8 ) 


All quantities are functions of y and, in addition, filtered quantities are also functions 
of the homogeneous coordinates i and c. To increase the number of data points 
available for the statistics, filtered quantities are computed at all grid points, even 
if they are only strictly independent over a coarser grid of pitch h. Plane averages 
are then computed for these filtered quantities and used to generate filtered profiles, 
which satisfy 


(/) = h~' 


fl>/2 

/ {/><*¥ = (/)■ 

J-k/2 


(9) 


Note that we can combine (6) and (9) to generate a “filtered" pdf for 


Pi s< y) = h 1 



y')V. 


( 10 ) 
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Figure 2. Mixture fraction pdfs from LES without subgrid modeling. Forced 

layer, (a) y/6 = 0. (b) y/8 = 3 . : no filter. : h/9 — 0.44. : 0.66. 

: 0.88. Vertical arrows mark the mean value of £ for each plane. 

such that (6) generalizes to 


(/) = j mmw- (id 

The error of any approximation to the mean profiles depends on our success in 
approximating p from our local models for p». In most of our experiments the filter 
width will be small enough with respect to the width of the layer that we will be 
able to neglect the difference between laterally filtered and unfilte.ed pdfs. 

3. Fast chemistry 

S.l No subgrid model 

It should be clear from the discussion in the last section that the aim of any 
approximation should be to reproduce p(£) as closely as possible. In RANS compu- 
tations, all the available information is the mean value of the mixture fraction over 
a plane and perhaps some of its statistical moments. Unless some model is applied 
for the form of the pdf. the implied representation is a delta function p = 6(£ - {£)), 
and is known to be poor. 

In LES we have some hope of avoiding suhgrid modeling, since the grid elements 
are small parts of the flow in which the fluid may be assumed to be mixed and 
well represented by its mean. Large intermittent unmixed regions are hopefully 
contained in individual grid elements. In this approximation 

p»(*> = *({-«, 7(o = /(o- U2) 

In practice the filtered grid values are treated like real points and used to compile 
statistics. 
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FIGURE 3. (a) Sketch of the two filters for the estimation of the subgrid vari- 

ance. (b) Joint pdf of the band-passed mixture fraction fluctuation L and its true 
subgrid value £' k . The dashed line is (15) with spectral slope —5/3. Isolines are 
logarithmically spaced by half an order of magnitude. Forced layer, y/8 — (-2, 2). 

The approximation (12) is tested directly in Fig. 2 for the pdfs of the mixture 
fraction in two planes of the forced mixing layer. Each figure contains the pdfs 
resulting from several different filters, compared to the real one. The widths of 
the filters are of the order of the momentum thickness (30-50 Kolmogorov lengths), 
and correspond to grids of 10-20 points across the layer (Fig. 1). Even with these 
relatively coarse grids it is interesting that the approximation of the pdf is already a 
large improvement over the delta function of the global mean, and that the general 
shape of the pdf is recovered. Product mass fraction profiles obtained from using 
these pdfs in (11) have errors of the order of 20%. 

Nevertheless there are clear differences between the true and the approximate 
pdfs. A sizable percentage of the pure fluid that should be associated to the delta 
functions at £ = 0 and £ = 1 has been aliased as mixed fluid into the central peak. 
This is especially evident deep into the layer (Fig. 2.a) where the unmixed regions 
are presumably of small size and are almost completely obliterated by the filter. 

8.2 The Beta subgrid model 

To improve the approximation in the previous section it was noted in (Cook £: 
Riley 1994) that, if the subgrid variance (8) were known at each grid point, it 
should be possible to make a reasonable guess as to the form of the subgrid pdf, 
p*(£; £> £*)’ to obtain a better estimate of the true pdf in terms of the joint 
pdf of those two subgrid variables 

JKO = / p(l OpaK; l &)<£<. (13) 

In the particular model proposed in that paper, the subgrid pdf is represented as a 
Beta distribution, p* ~ £ 0-1 (l — £)* -1 , and the two exponents a and b are computed 
at each point from the values of £ and £' h . 
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FIGURE 4. (a) Proportionality constant between band passed and subgrid fluc- 

tuations, versus spectral slope, (b) Compensated scalar longitudinal spectra at the 

central planes (arbitrary units). : unforced layer. : forced. Vertical 

dotted lines are kh = x for the two filters used in Fig. 3.b. 

This correction needs the subgrid scalar variance, £*, which is generally not given 
by the LES equations, but the same paper suggests that it may be obtained by 
a similarity argument from the behavior of the scalar at scales close to grid filter. 
Consider in our implementation two filter levels (Fig. 3. a). The first one is the grid 
filter of width h , which is represented by the dashed squares. The test filter f is 
formed by averaging a 2 3 cubic box of contiguous, non-overlapping, grid values. In 
this implementation 

t = l (14) 

and we can define the subgrid variance at the test level 

{?» -?-«’■ (15) 

Neither (15) nor (8) are known, but they can be combined to give a band-passed 
“Leonard” term which, using (14), can be written as 

(16) 

The right-hand side involves only filtered quantities, and can be computed as the 
standard deviation of £ within the box defining the test filter. The similarity as- 
sumption is that 

(17) 

and is seen to be reasonable in Fig. 3-b, where it is tested for the central part of 
the forced layer. 

The proportionality constant can be estimated by assuming a form for the scalar 
spectrum, S(k) ~ k~ d . The subgrid variance is obtained by filtering the spectrum 
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through the transfer function of the filter, which has the form F(kh). The result is 
that ~ A** -1 and. from (17) 


cl =( 2 d ~ 1 -ir ,/2 . (IS) 

This quantity, which assumes an infinite Reynolds number in that it integrates the 
spectrum to k — + oc. is plotted as a function of the spectral slope in Fig. 4. a. For the 
Kolmogorov slope 3 = 5/3 it has a value cl = 1.305, which is the one used for the 
dashed line in Fig. 3.b, and represents the data well. In reality it is known that scalar 
spectra have slopes which are somewhat lower than 5/3 for Reynolds numbers in 
the range of our experiments (Sreenivasan 1996). This would imply proportionality 
constants somewhat higher than our value, but this effect is partly compensated by 
the presence of a Kolmogorov cutoff in the spectrum, which would lead to a lower 
value of cl- Figure 4.b shows our scalar spectra and the position of our filters with 
respect to them. The fact that both effects compensate at our Reynolds number, 
and that they should vanish as Re — ► oo, suggests that the asymptotic value of cl 
is a reasonable approximation for most of the Reynolds numbers of interest in LES. 

In the two previous tests of the h-pdf model, the proportionality constant cl 
was fitred to the data and found to be smaller than ours. Reveillon and Vervisch 
(1996) found cl = 0.5 for a filter ratio of two, while Cook and Riley (1994) found 
cl ~ : 1 for h/h = 1.8, which would correspond to 3 ^ 2.15 according to (18), and to 
cl ~ 0.9 for h/h = 2. Both simulations, however, were carried at Reynolds numbers 
substantially lower than ours. Reveillon and Vervisch worked at Rex = 17, for which 
there is no inertial range and no self-similar spectrum, and where turbulence is still 
barely developed. Cook and Riley do not give their Reynolds number, but their 
filters are only 6 times larger than the Batchelor scale, which would be near the 
right-most points in the spectra in Fig. 4, and within the dissipative range. Neither 
experiment can therefore be expected to agree with an inertial range prediction. It 
is probably a general rule that, if LES models are to behave independently of the 
type of flow, they should only be used in well-developed turbulence with filters in 
the inertial range. 

The results of applying the 3 correction to the pdf in the previous section are 
shown in Fig. 5, where it is seen that error has decreased considerably with respect 
to Fig. 2 and, especially, that it is now relatively insensitive to the filter width. Note 
that the good behavior of the model is not only at the level of integral quantities, 
but at the detailed level of the pdf, implying that it should give good results for 
the average of any function of £ and not only for the mass fraction (5). This 
includes the approximation of the pdf at a particular value of £, which is useful, 
for example, ir ev; ' aating source terms located at the flame. The figure includes 
the Beta distributions corresponding to the global averages and (true) standard 
deviations at each plane, as would be used in RANS. 

Although they are not included in the figure, there no appreciable difference 
between the LES results obtained using the true value of £' h and those obtained 
using the estimation (17). 
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FlGl RE 5. Mixture fraction pH's from LES using the similarity $ subgrid model. 

Forced layer, (a) y /# — 0. (b) p/B = 3 : no filter. : h/B = 0.55 

: 0.77. : 0.99. o- : Beta distributions using the global mean and 

standard deviation for each plane. 


It is curious that, when the RANS pdfs are used to compute the mean value of 
the mass fraction (5), the result is within a few percent of the actual one. but it 
is dear from Fig. 5 that this is due to compensating errors and that it cannot be 
extrapolated to other quantities. 


3.3 Man profiles 

The results of using the approximate pdfs of the previous section to compute 
mean profiles of various quantities are presented in Fig. 6, in which the degree of 
difficulty increases from top to bottom and from the left to the right. Plots on the 
left of the page are computed for a stoichiometric mass fraction f, = 1/2. for which 
the flame is roughly in the middle of the mixing layer There the fluid is relatively 
well mixed, and the results should be comparable to those obtained in homogeneous 
turbulence. Those on the left of the page are for f , — 1 /9. which corresponds to 
global models of the Hj-Oj reaction. For this stoichiometry the flame is near the 
edge of the mixing layer, in the interface between mixed and unmixed fluid, and 
LES may be expected to have more problems. The first two plots are mass fraction 
profiles obtained from the relatively smooth function (5). Those in the middle are 
profiles of Y*. which is proportional to the fourth power of the temperature, and 
would therefore be a rough model for radiative heat in a flow with a real, hot. flame. 
This function (see Fig. 7.a) is much sharper than Y r and is therefore sensitive to 
the local values of the pdf. in spite of which the errors in the mean profile arc still 
small. The last two plots are the values of the pdf a* a given and are the most 
sensitive test of the three. They are also the ones for which the errors are larger, 
but it is remarkable that the general form of the profile is still captured and that 
the errors stay, at worse, of the order of 25%. 
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Figure 6. Average profiles for different functions in the forced layer. 

Product mass fraction Y p . (c)-{d): "Radiation” source Y*. (e)-(f): Pdfif,). (ah 
(c) and (e) are for = 1/2. The other three are for, (, = 1/9. 
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Fkii'RE 7- (t) The three functions used for the profiles in Fig. 6. (, = 1/9- (l) 

Relative variation of the profile thickness with filter width. Forced layer- Line-, with 

symbols are for •— 1/9. Other lines are for £, = 1/2. — : Y f . — — : Y* 

: Delta fuDctam with = 0.02. 

For any profile which vanishes at y = ±oc we can rb-fiut* a "thickness' 

4/ = / /(»)djf. «19* 

* -« 

which is proportional to the total amount at the particular quantity taitiiatj in 
the layer and which ran be used to quantify the glchal cmt of the approximation 
Note that this thickness is unchanged by the filtering, tj - *< The results for the 
different profiles ci Fig 6 are presented in Fig. T.h. wtoere the; h*v»- been normalized 
with their DNS rallies. The errors for fe/f < 1 very from better than 5% for :he 
product mass fraction to about lo’Jr for the p»if. They* arc. as expected, generally 
larger for flames near the iuterface than for those at the center of the mixed region 

4. Finite rate effects 

If the speed of the chemical reaction is large but not infinite, it is stid possible to 
treat the combustion problem as a perturbation of the Burke Schemas limit that 
we haw used up to now. In this iUmdrt’ regime the deviations from infinitely fast 
chemistry are confined to » thin region around the location of the stoichiometric 
mixture fraction, whose width is a function of the Dnmkohk-r number. 

Although the reaction zone is typically thin, then- are cases in which the nou- 
cquilihiium effect* are globally important. One such example i> the H 2 -0 2 reaction, 
in which an intermediate species is the H radical which- even in small amounts, 
controls the global exothermic properties. A -simplified sc|>enw- 

3H 2 +0 2 -2HjO-2H. (20 a} 


2H -t- M - ft 2 + M. 


< 20 . 1*1 
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FlG l 'RE 8. Pdfs of the muiure fraction gradients conditioned on the mixture 
fraction and compiled at different locations across the forced layer. — — : f = 0.2. 

* : 0.5. : 0.8. : 0.2. -o : 0.5. The first three curves are for 

y/# € (-1, I). (0 — 0.46. The last two are for y ft € (l. 3). <0 = 0.72. 

was analyzed in (Sanchez et ml 1995). The first reaction is very fast and can be 
described by a conserved mixture fraction * and by an infinitely thin Same located 
at its stoichiometric isolevel while the second one is slower and leads to finite re- 
action rate corrections. The Damkohler number is defined as D = (isy 2 f r ) -1 , where 
k is the diffu* : oo coefficient of the scalars. \ = is the mixture fraction gradient 
at the stoichiometric level, and U is a chemical time which is only a weak function 
of temperature. The combination *e* 2 is usually called the scalar dissipation. In 
cmr approximation the only variable it which there fo re controls the structure of 
the flame. Other reactions involving radicals are technologically important. For 
example, the NO, production in air is controlled by the te mpe rature and by the 
concent ration of the O radical. 

It turns out that both the thickness and the maximum concentration in the radical 
containing region are proportional to D~ 1 ^, so that the total mass of H radical per 
unit Acme area is prop o rtional to 

m p-*/* **/»*«/». (21) 

There is a chemical energy associated to this mass which leads to a lowering of 
the Same temperature. The dependence on a power of the gradients is common 
in many other examples of slightly out -of -equilibrium reactions (Williams 1985). 
although the exponents change from one case to smother. Assume in general that 
m — x 9 \ tn . We can estimate the avenge mass fraction of radical by a procedure 
similar to that used to derive (6). US is the area per unit volume we write 
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which we wish to transform into a probability integral. Introduce the joint pdf of \ 
and £ and define dn as the element of length normal to the Same, located at £ = £ t . 
We can define the volume element both in terms of the geometry and of the pdf 


dV = dndS = pt(x , £)d\d£, (23) 

from where, using that \ = d£/dn. it follows that d5 — \p{\. £)d\, and 

<^V#> = / X"*(\)MXr 0*X m Pit*) [ \"»(\>P(xU.>d\. (24) 

The new pdf which appears in the second part of this equation is the pdf of gradients 
conditioned to £ = £,. Note that (24) has the same form as (0) irtr a function 


m « C X HZ - 


c% 


j X"«(\)fKx)C,)d\, 


(25) 


whidi is a delta function at the location of the Same, with a prefactor which depends 
on a moment of the conditional gradient pdf. 

Formulas of this type have been known for a long time in the context of nonequi- 
librium chemistry (Bilgcr 1976), ami the joint pdf of the gradients and of a mi«ng 
scalar has been the subject of intensive study. There is general consensus that the 
unconditional gradient pdf is approximately log-normal (Kerstetn ft Ashurst 1984, 
Anselroet k Antonia 1985. Eswaran fe Pope 1987, Pumir 1994, Hober L Siggia 
1994). a form lor which there is incomplete theoretical support (Gurvich tc Yagkxu 
1967, Meyers k O’Brien 1981) but whidi seems to be only an approximation to 
the real one. There is less consensus on the conditional pdf and, in particular, on 
whether the conditional variance of the gradients is correlated to the value of £, or 
to the local turbulent dissipation e. 

We have checked conditional gradient pdfs for our two shear layers and the results 
are shown in Figs. 8 to 10. It is sera in the first figure that the form of the pdf 
is fairly independent of both (, and of the location in the flour, when each pdf is 
referred to its own standard deviation It also has a general log-normal shape, 
but is not really log-normal. Note that the figure includes pdfs conditioned an 
values of £, dose to zero, but compiled at locations at which the mean value of ' is 
close to one. 

Figure 9 presents a two-dimensional map of the conditional \'((). as a function 
of £ and of the location across the layer. It was found that the map was more 
uniform if the conditional was normalised with the unconditional standard 
deviation at the center of the layer, than when the normalization was done with 
the iittrotahthmal at the particular y location. The first choice is used in the 
figure It is seen that the dissipation has a central plateau, in which x'/Xt ~ 1< 
but tieromrs larger near the edges of the layer, and vanishes at £ = 0 and £ = 1. 
The latter is an obvious property of laminar unmixed fluid and will be discussed 
below. The decline is. on the other hand, quite local and only happens when ( is 
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Fit a nt 9, <ai Standard dev «*f the ^alai gradient magnitude as a function 

of jjjf#. conditioned on £ and normalized with the iinc<j*rditkswU \J, at tin* mitral 
plane. Isoldes Hi*- \(\{, = n.6#0.2H 2. and shaded area is \i ^ 2* 1.4. Forced 
layct. (hi Pdf of £ foi the saur How. Each horizontal section n^rtieatst the ;x!f 
ovn *»!.* plane l*volines j» f i ■ 0.1 ‘0.2 1 2. 1 Isifmft. alternate line >tvF for clarity. 
hih! shaded s«xm»(«' corr»jK*ml in l*»th fipEutts. 

nit hiu H¥ • of the nnmtxcd Huai It should iherdurr not 1 m* important unless th« 
stoichiometric £. i* my close to 0 ot 1. The rise near the edges <»f the layer is 
real, hut st mn <*''!»**( ids to rotnhiuatjotis of mixture frartkm and location winch an* 
relatively improbable. a- ran Is* seen in F ig 9 h. in which the areas of high >calai 
«h"i|H»ta»n ha'.e iieen overlaid on a two dimensional map of the utixtuie fraction 
pdf it is clear that they coriespotid to events whose pruiiiiUlity is u«<stly in -tow 
HI'. and which will n<*» have a large weight in i 24 i 

: In Fig. 10 w»* have presented cross -st ream profiles of \*if *'\o for various values 
of £. These air essentially vertical cross- sect ton> of Fig. D.a. hut they have been 
incltnhsl to give some quantitative information on the magnitude of the deviation* 
of the scalar dissipation from its unconditional value, and to present data from the 
unforced layer As in the previous figure it is seen that the scalar dissipation in tlw* 
c» i.n.tl part of the layer, where the fluid is well mixed, is more or less constant and 
equal t<> its unconditioned maximum value, hut that the gradients conditioned on 
mixtures ft act ions close- to the free stream values and all the gradients near the edges 
of the layer have standard deviations that may differ from the global maximum by 
almost a facto! of two. They also have a characteristic parabolic shape. Mo t 
of these high deviations occur at plares at which the absolute probability of £ is 
small, as sun on the figures on the right hand side of 10. which arc conditioned on 
/«£ i s 11.1. and they will only have a small effect on (24). but the effect is real and 
lags, at least, for some theoretical explanation. 

It is also interesting to note that the general magnitude of the gradient* i> low. 
The value of \J,k is 1.5 for the unforced case ami 20 for the forced one. so that 
the peak of tjie distributions m Fig. 8 is for gradients of the order of those of the 
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FlOl'RE 10. Variation of the conditional standard deviation erf the gradients across 

the layer, as a function of {. : {=0.1. : 0.3. : 0.3. : 0.7. 

o : 0.9 (a; and (b) are for the unforced layer: (c ( and (d > for the forced one. 

(a) and (c) present full profiles, but (b) and (d) are only for those points in which 

Pit) > 0 . 1 . 

mean { profile. Since high gradients lower the Damkohler number and may lead to 
extinction of the flanie. the probability of local extinction for a given flow can 1** 
read from these distributions. 

In LES computations it might be harder to estimate the value of \{, than that 
of the subgrid scalar fluctuation. The problem is that while the spectrum of { 
decreases with wavenumber approximately like S(k) ~ 1 that for the gradient 
increases as k 2 S{k) ~ k l/z . Thus, while most of the contribution to {' comes 
from the resolved large scales, \' comes mostly from the unresolved small ones. In 
terms of the standard LES or modeling equations. is equivalent to the subgrid 
energy, while \' 2 is equivalent to the subgrid dissipation. Conservation equations 
and closures for the subgrid dissipation have been written among others by Newman. 
Launder L Luinley (1981) and Elgobashi & Launder (19S3). 

The "engineering consequences of the errors due to the gradient pdfs are sum- 
marized in Fig. 11. Assume that we are interested in computing the total amount of 






Sub-grid models for nonpremixed flames 


105 



FlGl RE 11. Computed scalar dissipation thickness as defined in text, compared 
to its DNS value, h/9 ss 0.9. • unforced layer. : forced. 


H radical in the example (20), and that we use as a subgrid model for the gradients 
an average pdf taken from Fig. 8. and a representative unconditional \' 0 estimated 
for the center of the layer. Using (24) and integrating as in (19), we obtain a "rad- 
ical" thickness which is the integral across the layer of the a + 1 moment of the 
conditional pdf of the gradients, weighted with the pdf of the stoichiometric mixture 
fraction. This can be compared with the result of using the true distributions, and 
gives a global error due to the simplified assumption on the gradients. The result 
depends on the exponent o. but it is especially simple in the case of o = 1 since 
the o+l moment is then proportional to the scalar dissipation, a.\d the integral 
can be obtained directly from the data in Fig. 9. In this case the approximation 
is equivalent to taking everywhere as an approximation to \'(f, ). This normal- 
ized thickness is not very different from the results for a = 4/3, and is presented 
in Fig. 11. It is seen that, because the deviations from a universal distribution 
are mostly associated with places in which p{£») is small, the final errors are still 
reasonable, especially for the unforced case, although they become 0( 1 ) when the 
stoichimetric ratio approaches 0 or 1 . 

The reason for this failure is clearly that we have not taken into account that 
gradients have to vanish when the scalar is very near its maximum or minimum 
value. Simple engineering models should be able to alleviate this problem, but they 
are beyond the purpose of this paper. It is, however, interesting to estimate the 
width of the region for which a correction needs to be applied, which either from 
Fig. 9 or 11 is in this case about % 01. but which can be related to the Reynolds 
number of the simulation. It follows from the form of the scalar spectrum that, for 
Sc = 0(1). most of is associated with scales of the order of the Kolmogorov 
length >). and that the scalar fluctuations at length ( are A£r v £'(f/ L, ) [ / 3 . where 
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FIGURE 12. Jo* ‘ "df for { and the subgrid fluctuation Forced layer, h/6 = 
0.88. y/fl € (—2. iolines are p?{£. ) = 1(2)21. Dashed semicircle is the limit 

of possible (£. ^ , . inations. Lower dashed lines are the limits below which the 

Beta distribution looks like a single broadened spike. 

L ( is an integral length. Since £,/y % Re x ' (Tennekes & Lumley 1972), it follows 
that the scalar fluctuations which carry the gradients are of order 

(26) 

which in our case 0.03. As long as and 1 - £, remain large with respect to 
this value, the small eddies should not lie affected by the proximity to the level 
of the unmixed fluid, but if they are of the same order as (26), large gradients 
become impossible. This suggests that the width of the lateral bands in Fig. 11 
should decrease as the Reynolds number increases, but it would be interesting to 
get experimental confirmation erf that estimate. 

5. Conclusions 

VVe have shown that relatively simple subgrid models for the pdf of a conserved 
scalar can be used to obtain useful engineering approximations to global quantities 
in LES simulations of reacting nonpremixed turbulent shear flows in the fast chem- 
istry limit. This is true even when the flow, in our case two different mixing layers, 
contains substantial intermittency. 

The magnitude of the approximation error varies from less than 5% for the total 
amount of generated products, to about 15% for the pdf of the scalar itself. When 
finite reaction rate corrections are introduced in the flamelet limit, the model has 
to be extended to the pdf of the scalar gradients, conditioned on the value of the 
scalar. We have shown that those pdfs have an approximately universal form and 
that they can be expressed in terms of a single parameter, the conditional scalar 
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dissipation, which varies little except at places in which the probability of finding 
mixed fluid is low. It is possible in those cases to obtain the global concentration of 
intermediate products (e.g. radicals) with errors which stay in the 20-30',; range, 
except for reactions with stoichiometric mixture fractions very near th«»se of the 
free streams. We have argued that the range of stoichiometric ratios for which the 
approximation fails should decrease with increasing Reynolds numbers. It should 
be clear, however, that even within this range the integrated quantities such as 
product concentration or radiation thickness are well predicted (Fig. 7). 

The particular approximation used in our experiments is the A model of (Cook 
A: Riley 1994). but it is clear from the lack of correspondence between actual and 
assumed pdfs that other models might work as well. This also follows from similai 
observations of Cook A: Rile, in their pajHT, and is in contrast with the situation in 
RAXS. in which it is known that good subgrid models have to be used for the as 
smned pdf if any but the simplest quantities are to be computed accurately ( Fig. u). 
It is important to understand the reason for this difference, which is essentially con- 
tained in Fig. 2. where the scalar pdfs are reasonably well approximated even in 
the absence of a subgrid model. This means that most of the scalar fluctuations are 
associated to scales which are resolved by the LES, even for coarse grids like the 
ones used here. All that is left for the model is to correct situations in which the 
subgrid fluctuation is strong enough that the use of the average as a representation 
of the pdf is no longer appropriate. 

The situation would still In' hopeless if those fluctuations were large enough to 
allow for a considerable latitude in the choice of subgrid pdfs, but this is fortunately 
not the case. Consider the (£. £' h ) plane in Fig. 12. It can be shown that then* can 
In* no points above the dashed semicircle, and that pdfs that fall on the semicircle 
must he formed exclusively by unmixed fluid with £ = 0 and £ = 1. In the same 
way. pdfs on the horizontal axis are single delta functions of uniform fluid with 
£ = C Pdfs near that axis are roughly spread deltas, and those near the semicircle, 
spread bimodals. The border between the two cases varies for different models, but 
it is always near the two intermediate dashed lines in the figure, which correspond 
to the d- model. Below those lines, the pdf are bells, and almost any model should 
bo equivalent Pdfs within the two crescents correspond to spread deltas near one 
or the other free stream, and are also easy to model. Pdfs in the high-fluctuation 
central part of the diagram are harder, and are likely to depend on more than two 
parameters. 

We have overlaid on the diagram a typical joint pdf for £ and £J,. for a relatively 
wide filter in the intermittent “hard" flow but. even in this case, most of the mass 
of the distribution is associated with pdfs within the easily modeled part of the dia- 
gram. The Beta distributions form a flexible set of pdfs which interpolate smoothly 
between the different cases, and they provide a simple numerical tool to evaluate 
the necessary integrals. Tins explains their practical success, but the reason why 
the approximation works lies in the small value of the subgrid standard deviations 
in Fig. 12. Since we have seen m Fig. 3 that these deviations can be estimated from 
large-scale quantities using an infinite Reynolds assumption on the upper limit of 
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the spectrum, it is unlikely that much higher values might be found in other flows. 

The small values of the fluctuations are also the reason why our relatively crude 
estimation of (' k woiks so well. Even large errors in this estimation have relatively 
small effects on the final results, and some experiments in which the estimated 
subgrid fluctuations where systematically increased or decreased by 20% did not 
show any appreciable differences with the results shown here. 

The convergence of the gradients also needs some discussion. It appears at first 
sight that, since the dominant contribution to \' 2 comes from the high end of 
the spectrum, the estimates for this quantity would depend of the value of the 
Batchelor scale, snd would diverge at high Reynolds numbers. What is needed in 
(21). however, is not \ r2 but the scalar dissipation * \ ' 2 , and it is easy to see that, 
for a A ~ 5 / 3 spectrum, this quantity is independent of Reynolds number. 
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Turbulent flame propagation 
in partially premixed flames 

By T. Poinsot 1 , D- Veynante 2 , A. TVouve 1 and G. Rurlsch’ 


1. Introduction 

Turbulent pr*-in:x*-d Haim- proj taxation is essential in many piacticai device- In 
the past, fundamental and iinxWinn studies of projuigating flames have generally 
focused on turbulent flame propagation in mixtures of hoinogem-ous ooi-qmsitio;:. 
t.t. a tiiixtere where tin- fucl-oxidi/* -i mass ratio, or equivalence ratio, is uniform 
This situation corresponds to the ideal ease of perfect premixing Ik- tween fuel and 
oxidi/er. In practical situations, however, deviations from this idea! c.-,-*- term 
frequently In stratified reeipna'atine, engines, fuel injection and large scale flow 
motions are fine-tuned u> eieate r n-hn gradwnt o! equivalence rata: in the com 
bustiou chamtM-i which provides audit tonal control on combustion jx rfonuauee In 
aircraft engm**s. combustion occurs with fuel and secoudaiy an injected at vari- 
ous leeatmiis resulting in a nommifoiui equivah nee ratio In l«oth exauipl* >. mean 
valur-s of the <sj-.uval« n<-e ia!io can exhibit strong spatial anti teiu;»ora! variations. 
These vaiiations in mixture comp* -sit n*n are partindarly significant in engines that 
use direct fuel injection into the combustion rhamtter. In this case, the liquid fuel 
does not always completely vaporize and mix before combustion occurs. resulting 
in {K-rsisfent rich and lean pocket ■. into which the turbulent flam*- projecates 

From a practical ■•oint of view, there are several basic and uujjortant issues je 
gardmg |>art tally premixeti combustion that need to Ik- resolved. T wo such issues 
are lio\v reactant con.p!*sition mhiinit»e»-!;eities aff.-ct the iaumiai ami tmbul*-ut 
flame 'jM-etls. and how die burnt gas femjterature varies as a function of ?h'->*- :i: 
lumu»gt ueities. Knowledge of the flame sjKssl is critical in optimizing combustion 
jK-iformance. and the minimization of pollutant emissions relies heavily on the ten: 
peratur*- in the burnt gases. Another application of partially premixed combustion is 
found in the field of active control of turbulent combustion. One possible technique 
of active control consists of pulsating the fuel flow rate and thereby modulating tln- 
eijuivulenee ratio ( Bloxsidge ft al. Model* of i-artiaily ptejnixed coinbustion 

would be extr* iiieiy useful in addressing all these questions related to practical >ys 
t -'ms Fnfoi innately, tin- lack of a fundamental understanding regarding partially 

t (iistilut tie \feraitH)U*- <i<-' Fli l<les tin Toulouse mid (TRKAI 'V franco 
4 I I F <•»•!»• < Vn'ral** l’»ri' loum 1 

lie'll ui f i .tin a!" cl*; |Vir«*i« . Kranct 
l i • •n»»T fi»r I l<«"« , Arr}» 
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premised combustion has resulted in an absence of moth-ls winch accurately capture 
the complex nature of thex- flames. 

Previous work or. {>artially premixed combustion has focused primarily on laminar 
triple flaiites. Triple flames corre? cmd to an extreme case where fuel and oxidizer 
r.re initially totally x-|>arated ( Veynante rt «/. 1994 and Rue*sch et *1. 19951. 

These flames have a nontrivial propagation speed and are believed to be a key 
element in the stabilization pwrss. of jet diffusion flames Different theories have 
also liern proposed ui the iitetature to describe a turbulent flame propagating in 
a mixture with variable equivalence ratio (Muller et ml. 1994 i. but lew validations 
are available The objective of the present study is to prtividr lxasic information 
on the effects of partial pmuixinr in Turbulent combustion In the following, we 
us*- direct numerical Simula* ions to study laminar and turbulent flame propagation 
with varialrfr equivalence -at to 

2. Fra roe work for analyzing and modeling partially premixed flames 

Perfectly premix*-d combustion is usually described using a progress variable 
r = d f — Yf 1/(1? - V/t. where IV ami l*o are the fuel and oxidizer mass frsc- 
tMms. and the superscripts 0 and 1 r e fe r to the values m the unburnt reactants and 
burnt products, respectively. Using the assumption of single step chemistry and 
unity Lewis numbers, tlie progress variable provides a r.-implete description erf the 
transition from unburnt to burnt states mid is the single relevant quantity used 
in model development and tie- postprocessing of simulation results. In partially 
premised combust u hi. a te-w theoretical framework is retiuired which will allow 
variable equivalence ratio along with simultaneous premised and diffiisiou modes of 
combustion. This framework must use at least two scalar variables: one variable to 
descrii**- the species comjw*sitioi;, and a second variable to describe the progress of 
tiie preiiiixed reaction We use the mixture fraction Z as a description of the species 
coinjsjsit ion. and a modified form of the prtigress variable r which accommodates 
the variable species composition in the fresh reactants 

We assume irreversible single step chemistry and unity Lewis numbers: 

F + r,(0 -r bM 2 * — P ( 1 1 

where r, is the stoichiometric oxidizer-fuel mass ratio and 6 is the .Y 2 - 0 mass ratio, 
where .V; is a diluent in the fresh reactants. The mixture fraction Z is then defined 

as: 

Z - ~ * r>|l ' r » + *' /<r d 1 + *»>t 

1 -t- l/( r,( 1 + h)) 

For stoichiometric mixtures. Z is eq’ial to Z, t — 1/tr.il -f h) + It.* The fuel 

* The equivalence ralio. O = >' s ) y/\o i* * more familiar quantity U> the engineering coni 
munity l|i)»ri.-r 0 »ml Z are simply related (Muller € t al 19941 through O = Z{ 1 — 
Z ; | 1 — Z t We use Z rather than O for the following reasons O is a conditional quan- 

tity that is only defined in the unburnt reactants whereas Z is not only defined everywhere in the 
flow l>ut is also conserved through the reaction and Z is a linear i cin'Hiiation of she species mass 
fractions and leads to straightforward expressions when a-. er aging is employed 
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Fh;i HF. 1 Fuel and oxidizer mass fractious as a function of the mixture fraction 

Z : Fuel Vp/Yi? ^mixing line) ; : Oxidizer (mixing line .• : 

~ 1 . Fuel Vjf / 1 f v 'fast cliemistry unrl : : Oxidizer lo/^o" chemist iy 

line). The arr.i*> ttidir-»re the transition from unburnt to burnt states in tin- case 
of j*erfectiy pruuixo! combustion. at a given equivalence ratio. 


consumption rate. . and the heat release rate, — j-. are written as: 

~ Atf 1 y 1 ^ r rp{ - T t / T ' and *r = 9 — ■ f <3 • 


wliere .- 1 , /i. ii. hi are model constants. p is the mass thnsity. and if is the ieat 
of reaction per unit mass of fuel. The activation temperature T, is specified via 
a Zeldovi. il number. d — of, Tj(Z, ( !. wliere a is the stoichiometric heat relea-c 
factor, (i H i Tt,\ Z,, I — r< i,T|(Z„!. The untiunil gas temperature. T#. is assumed 
uniform in the present study, and the adiabatic (lame temperature. Tt- Z , t is 
raFnlated under sudchiometric conditions. 

The mixture composition upstream of the flame zone is only a function of Z and 
may ?*e descrjla-i! i,y the two mixing lines shown in Fig. I ami given by 

y -n y® 

y~^Z and r^ = l-Z <4| 

1 F *0 

where the superscript oc tlenotes the value of the mass fraction in the resjwctive 
fersling streams, vud; that l’ f x ’ = l and — 1/(1 4 - h). 

If the chemistry is sufficiently fast, the mixture composition downstream of the 
premixed flame rorrestionds to the classical Burke-Schumann limit where fuel and 
oxidizer cannot coexist, l'his limit is a function of Z alone, and is sketched in Fig. I 
and 41 ven by 



Mor 



Z 

1 



and 





i J! 


Premixed cotuimstion changes the mixture composition from at. unb.imt <1 ate. as 
described by E<| 1 4 >. to a burnt state, as described by Eo (Oi. I’nder th - fl.uiieiet 
s .sumption, this change «>ccurs in a thin flame zone. Note that in |<eif«-ctlv premix«*d 
combustion. the mixture fraction Z is constant and the Transition from utihurnt to 
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burnt states nfnirs on a vettical lire in Fig 1. In partially premised combustion. 
tb«- transition may <nTia with simultaneous variations in Z. 

Equations 1 4 1 and =■ 5 1 lead t<> the following generalized definition of the premixed 

reaction prog:e» \.ani=bi<-. 


r>y-» 

«>' - Max (0. fffc) l>> 


;6) 


For lean mixtures whrrr Z < Z„ everywhere. we have 


c = 1 - 



and for rirli nuxrnns. with Z > Z„ everywhere, the following bolds: 




7 


-tf 


= 1 - 


<o 


n?-(‘ ek) r ? ,l ~ z,v ° 


(7) 


(8) 


If Z is constant - Eq. (6) reduces to the standard definition of c used in perfectly 
prewixed combustion 

For the sake of simplicity, we now limit our discussion to tbe rase of a lean mixture. 
A balance equation for r may be derived from basic conservation equations for the 
fuel mass fraction IV and f«x the mixture fraction Z: 


Or tfo I J> / dc\ V F 2D Or dZ 

Ot ‘Or, pdxt V drtj fiZYp- + Z dr. Or, ^ * 

where u, is the fluid velocity and D is the mass diffusivity This equation is similar to 
the one obtained in perfectly premixed combustion, except for tbe last term on the 
right -ham! side. The- sign of this additional term can be either positive or negative, 
suggesting fiaiiK- propagation can either accelerate or decelerate as a result of partial 
pivutixmg. Following Trouve and Poinsot (1904). the conservation equation for c 
may lie used to define the displacement speed of iso c surface contours: 


trie — C 


. 1 fA dr 1 1 fl„ , . -F 2 Dr, 

} ' ;Vc] [of "■ “'CrJ “ jVci [p V P r pZY? + Z Vc VZ \ 


(10» 

where all quantities are evaluated at c — <-*. An alternative form of this expiation 



-v (pprn 

p 



2D 


VZ 


(in 


where n is the focal unit vector normal to the iso-r surface, n = -Vc/ jVej. Adapt- 
ing a Hane-iot jxiiut of view , we identify the thin flame surface as an iso-e surface 
with c* = 0.6. Equation ill) ran then lie interpreted as an expression for tbe flame 
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propagation speed. The trims within brackets on the right- haml side of Eq. (11) 
show the dejiendence of the flame propagation speed on the local mixture frac 
turn Z Tlte last term on the right-hand side shows the dependence of the flame 
promulgation speed on the local Z-gradient normal to the flame. Hence, one basic 
effect of incomplete reactant mixing is the modification of the local flame speed. 

ir(Z.n YZ). 

W v now discuss the implications of partial premixing in the framework of flamelet 
combustion In the flamelet picture, the mean reaction rate may be written as the 
product of a mean mass burning rate times the flame surface density: 

(-•f) = (m) eS (12) 

where »h is tie- local mass burning rate per unit flame surface are.*, tit = j 
and E is the mean flame surface-to- volume ratio (the flame surface density). The 
operator (; s - denotes a flame surface average (Pope 19SS). 

Partial premixing ran induce modifications of the mean reaction rate through 
several mechanisms: a modification of the local flame structure and corresponding 
mollifications to the mean mass burning rate (nt) s . and contributions to the flame 
wrinkling resulting in a modification to the flame surface density E. The effect 
of partial premixing on flame wrinkling may be analyzed by considering the exact 
balance equation for E { Pojie 19SS. Candel i: Poinsot 1990. Trouveic Poinsot 1994): 


+ r :Vn’ s !l = (k}s E r - (r • « - nn : Y*K E-t-(uY • tr«s E (13« 
Of 

where k is the flame stretch, which is decomposed in Eq. (13) into a production 
term due to hydrodynamic straining and a production or dissipation term due to 
flame propagation. The pro|»agation term is the mean product of the local flame 
propagation speed, tr. times the local flame surface curvature, V • n. Hence, the 
eff«-et of partial premixing on the local flame speed, u*( Z. n-YZ). as seen in Eo. ( 11 ). 
can be interpreted as an effect of partial premixing on flame stretch. a(Z.n YZ). 
and thereby an effect on E. One objective of the present study is to determine the 
relative weight of effects induced by partial premixing on E and (m) s relative to 
the effects of turbulence on these quantities. 

3. Numerical configurations and diagnostics 

In the present study, one-, two . and three-dimensional direct numerical simula- 
tion-- are performed with variable density and simple chemistry. The simulations 
us- a modified Fade scheme for spatial differentiation that is sixth order accurate 
! I.ele 1992). a third order Runge-Kutta method for temporal differentiation, and 
lx mndary conditions ~]*ecifi«-d with the Xavier Stokes characteristic liouiidarv con- 
dition proc.dure < Poinsot k I^-le 1992). We refer the reader to the Proceedings of 
the 1990. 1992. and 1994 CTR Summer Programs for further details concerning the 
system of equation-* solved and the numerical met h-.xis 
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Flea KK 2. Configuration. ft >r DNS of partially premixed flames 


The numerical configuration et>f responds to a premixed flame propagating iuto 
a fixture v ith variable equivalence ratio The mixture composition upstream of 
the flame is specified according to the probability density function. an integral 
length scale of the scalar field, and the ndevsn* directions of inhoiuogeneity. Tie- 
probability density function of Z is denied a s piZ) and can be characterized by its 
mean and rins values. (Z) and Z'. The amplitude of the fluctuations. AZ can la- 
used in place of the mis Hurtuatiow t<«r laminar cases The characteristic integral 
length scale of the Z field is denoted as //. The direct ;-*us of inhomogeueitv in the 
Z-field are compares! to the mean flame front orientation. We choose the direction 
of mean flame propagation as the e-direction. A numerical configuration is callc'l 
i inhomogeneous if gradients of Z exist in the e-direction, the direction normai 
to the mean flame front. Likewise, a y — inhomogeneous configuration corresponds 
to a case where species gradients exist tangent to the mean flame front. A fully 
turbulent three-dimensional configuration is called xyz inhomogeneous. 

Four different configurations are pursued in this study, as depicted in Fig. 2: Case 
1 is a one- dimensional, i- inhomogeneous, unsteady, laminar flame, with a double- 
l>eak Z pdf; Case 2 is a two- dimensional, y-inhotnogeneous, steady, laminar flame. 
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In all cases we characterize the effects of partial premixing by comparing the 
results to those obtained with perfect premixing in the same configuration. The 
effects of partial premixing on the local flame structure are characterized by the 
mass burning rates: 


" r-«(Z„) “ rh«Z» 

where the unprimed quantity uses the stoichiometric homogeneous laminar flame 
as a reference, whereas the primed quantity uses the homogeneous laminar flame 
with Z = [Z). The global effects of partial premixing are characterized by the total 
reaction rate ratios: 

Rb suz7) and g = %({zT) ' l5) 

where f 1 = f y (S,f)d\\ with flo corresponding to a homogeneous, planar, laminar 
flame. These total reaction rate ratios can be rewritten as: 

(*> .na 

fSdV S 0 j£rfl So 

where 5; is the total flame surface area within V, and Sc is the projected area of 
the flame on a surface perpendicular to the direction of mean propagation. The 
first ratio in these expressions for R and R" accounts for modifications of the mean 
mass burning rate due to partial premixing, and the second ratio accounts for 
flame surface wrinkling due to turbulence and partial premixing. We write IT = 
Sv/So and r' =. f {r'jsEdl / f ErfV. The effects of partial premixing on flame 
temperatures are characterized by the following temperature ratios: 

U _ Pjnar — J"o j — ^mar ~~ Jo , , - . 

Tmar.ol Z.,| ) — To T maI 0 ( (Z) ) — To 

where T : ,n t !( corresponds to the case of a homogeneous, planar, laminar flame. 
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Figure 3. Case 1: One-dimensional. .r- inhomogeneous. uns toady, laminar flames 


4. Case 1: One-dimensional, x-inhomogeneous, unsteady, laminar flames 

In this case, the inhomogeneity of reactant species is longitudinal with respect 
to the flow, and thus the flame response to temporal fluctuations in the mixture 
composition is studied. The mixture composition is forced at the inlet of the compu- 
tational domain in order to generate harmonic perturbations in the Z-field upstream 
of the flame. These perturbations in Z are characterized by their mean value, (Z). 
their amplitude. A Z. and their wavelength lz {see Fig. 3). This case is well-suited 
to bring basic information on both flatne structure modification and quenching by 
partial premixing. 

In order to study the flammability limits of partially premixed flames, it is im- 
portant to determine whether the simplified kinetic scheme used in the simulation 
is capable of reproducing realistic variations of the laminar flame speed, St, when 
variations occur in the mixture composition or equivalence ratio. O. In particular, 
the lean and rich flammability limits must Ik- correctly predicted. The single-step 
chemistry model presented in Section 2 does not have this capability unless heat 
losses are added to the energy equation. The choice of a nonadiabatie flame may 
be viewed as a simple fix to produce realistic variations S/.(0), which is presented 
in Fig. 4. Following Williams (1985), we use a volumetric heat loss term C that is 
linear in (T — To ) ( see also Poinsot et nl. 1991 ): 


C = 


U 

-j T PO 


Sl(Z«? 

Da 


CpTo 


a 

1 - o 


(IS) 


where h is a model constant, chosen as h = 0.031, anti r = (T — T 0 )/( Tf,(Z„ ) - To). 

As seen in Fig. 4. no abrupt transition to extinction is observed for the adiabatic 
single-step chemistry model, where very lean and very rich mixtures continue to 
burn. As a result, flame s|>ct?ds are unrealistically high in these lean and rich 
regions. However, a domain of flammability is obtained using nonadiabatie single- 
step chemistry. This domain compares reasonably well to computations performed 
with a detailed mechanism proposed by Westbrook &: Dryer (1981). for CH \- air 
flames. While the prediction of the rich flammability limit is overestimated, the 
overall level of accuracy is deemed acceptable at the present stage. 




Partially premixei flame s 


119 



FIGURE 4. Variations of normalized flame speed with equivalence ratio, s(o). for 
a one-dimensional, homogeneous, laminar flame, o : Adiabatic one-step chemistry; 
* : Non-adiabatic one-step chemistry; o : Detailed mechanism. 



i (Distance to inlet) 

Figure 5. Case 1 with (Z) = Z,t - 0.5, A Z — 0.2 (at inlet), and Iz/Q = 14, 
where b° L is the thermal thickness of the perfectly premixed flame with Z - (Z). 
+ : Reduced Yf ; : Reduced Yo ; — — : Reduced temperature r. 


Figure 5 presents a typical snapshot of Yf, V'o, and temperature profiles across 
the flame zone. Species mass fractions are normalized in this figure by their stoi- 
chiometric values. One difficulty in these low Reynolds number simulations is that 
the perturbations in Z imposed at the inlet are strongly affected by molecular dif- 
fusion and are significantly damped before they reach the flame. In this situation, 
the flame response has the undesirable feature of depending on the flame location 
inside the computational domain. Nevertheless, we feel that the present simulations 
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FIGURE 6. Case 1 with (Z) — 0.4, AZ = 0.2 (at inlet), and \zjf>\ = 11. where 

t° L is the thermal thickness of the perfectly premixed flame with Z — {Z). : 

reduced flame thickness : 1 ■ ■ 1 : reduced maximum temperature 9 ; + : reduced 
flame speed r' ; ^ : flame distance to inlet. 


can still tx? used to describe the basic features of partially premixed flames. 

The '‘Vfple presented in Fig. 5 corresponds to a perturbation in Z with alter- 
native fuel rich ( Z > Z, t ) and fuel lean (Z < Z, t ) pockets. The excess fuel and 
excess oxidizer that are not consumed by the premixed flame will burn in a diffu- 
sion flame. The intensity of this post diffusion flame is rather low and in the case 
of Fig. 5, soms unburnt fuel is found at the outlet of the computational domain. In 
a similar simulation, but with (Z) = 0.45. there is no leakage of fuel. 

Figure 5 presents typical time variations of the different diagnostics used to char- 
acterize the flame response. When the flame meets a pocket with a mixture compo- 
sition close to stoichiometry, the flame speed and temperature increase, the flame 
thickness decreases, and the flaine moves upstream in the computational domain. 
The converse is true when a pocket of mixture composition further from stoichiom- 
etry reaches the flame. Variations in flame speeds are large, with 0.5 < r' < 1,5. 
and show deviations from a sinusoidal evolution: the time required for the flame to 
cross a given const ant -Z pocket increases as Z moves away from stoichiometric con- 
ditions. This bias accounts for a reduced overall mean combustion rate compared 
to the perfectly premixed rase, thus R 1 < l. 

Depending on the values of (Z), AZ. and lz- the effect of partial premixing 
on the mean reaction rate can either be positive, with R' > 1, or negative, with 
R' < 1. Figures 7 and 8 show that this effect remains weak, however, except for 
conditions close to the flammability limit. In Fig. 7, mixtures with AZ = 0.2. 
and {Z) below 0.38 are quenched, while they would burn if perfectly premixed 
(AZ = 0.0). Similarly, in Fig. 8 mixtures with AZ = 0 2. (Z) = 0.4, and ///<$“ > 14 
are quenched while they would burn if perfectly premixed. Fig. 8 also shows a 
comparison between the adiabatic and nonadiabatir simulations. Differences are 
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FIGURE 7. Case 1 with variable (Z). a : R 1 (reduced overall mean combustion 
rate) in partially premixed flames (AZ = 0.2 at inlet) ; ■ ; Ft in perfectly premixed 
flames (AZ = 0.). 



Pocket size/Flame thickness 

Figure 8. Case 1 with variable lz , (Z) = 0.4, and AZ = 0.2 (at inlet), a : R 
(reduced overall mean combustion rate) in adiabatic flames ; * : R in non-adiabatic 
flames ; * : asymptotic value 5„ for adiabatic flames ; o : asymptotic value S a for 
non-adiabatic flames. 

small until transition to extinction is observed in the non-adiabatic case. In both 
cases, as lz becomes very large, the mean flame speed tends to an asymptotic value 
S„ given by the following expression: 



where S L = Si((Z) - AZ/ 2) and — Sl((Z) -I- AZ/ 2). In Fig. 8, w'*hout heat 
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loss, S./5t(Z,i) = 0.51 ; with heat loss, S a = 0. 

In summary, partial premixing in the one-dimensional case leads to strong tempo- 
ral variations of the laminar flame structure, and in particular to strong fluctuations 
in the instantaneous values of the flame speed Sl and the mass burning rate m. 
In the absence of quenching, these variations tend to cancel in the mean, and {Sl) 
and {tii) remain close to the values of Sl and m obtained in perfectly premixed sys- 
tems. However, quenching induced by partial premixing has been observed in the 
case of strong variations in mixture composition, characterized by large amplitudes 
of AZ > 0.2, or large length scales of > 10. 

5. Case 2: Two-dimensional, y-inhomogeneous, steady, laminar flames 

In this configuration, inhomogeneities in the reactant species exist in the direction 
tangent to the flame, allowing the solution to converge to a steady state. This 
configuration is depicted in Figure 2, where the mixture fraction at the inlet is 
given by: 

_ A Z (2*y\ 

Z = (Z)--2-cos^— J 

For twro dimensional flows, the parameter space becomes larger than the one- 
dimensional flows discussed previously, and we restrict ourselves to varying {Z) 
and AZ while maintaining lz constant. As these parameters are varied, we expect 
both the flame structure and propagation speed to change. As a result, the flame 
can advance or recede out of the computational domain. To avoid this problem, 
the inlet velocity, which remains uniform, is adjusted to accommodate changes in 
the flame speed. This procedure has been used in partially premixed combustion 
(Ruetsch et al. 1995 and Ruetsch and Broadwell 1995) and results in a steady-state 
configuration. This allows a well defined flame speed to be assessed in each run. 
Note that by defining the flame speed as the inlet velocity required to reach a steady 
state, we are considering a displacement speed. 

As in the one-dimensional case, the mixture fraction is greatly modified from 
the time it is specified at the inlet to the time it reaches the flame. The range in 
mixture fraction at the flame surface is affected by several phenomena, including 
diffusion and the strain induced by the flame. Strain does not directly affect the 
mixture fraction, but does so implicitly by modifying the mixture fraction gradient 
in the lateral direction, which alters mass diffusion. The range of mixture fraction 
on the flame surface for all cases is shown in Fig, 9 as a function of the average 
mixture fraction. In addition to the reduction in mixture fraction range, the mini- 
mum and maximum values are no longer centered around the average value of the 
mixture fraction. The reason for this asymmetry becomes clear w'hen we examine 
the structure of the flames when exposed to gradients in the mixture fraction. 

5.1 Flame structure 

The reaction rates and streamlines for flames subjected to different levels of {Z) 
are displayed in Fig. 10. For ' Z) = ZsT — 0.5, we observe two leading edge flames 
within the domain. Since {Z) is at the stoichiometric value, we expect two equidis- 
tant leading edge flames and two equidistant troughs. As we decrease {Z) from »he 
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(Z) 

FlO I RE 9. Range in mixture fraction on flame surface as a function of (Z). The 
differem symbols correspond to different values of AZ at the inlet according to 
the following: • represents the homogeneous case ( AZ = 0 at inlet), + represents 
A Z = 0.2, o represents AZ = 0.4, and a represents AZ = 0.8. For the chemical 
scheme used in this case, Zsr — 0.5. 

stoichiometric value, this symmetry no longer exists. For the case with (Z) = 0.45, 
we still have two stoichiometric points on the flame surface, although they have 
moved closer together. For the other cases of (Z) = 0.4 and 0.35. stoichiometric 
points no longer exist on the flame surface. In these cases, the leading edge is 
located where the mixture fraction is closest to the stoichiometric value. 

The reason for the asymmetric nature of the minimum and maximum values of Z 
on the flame surface, as observed in Fig. 9, can be easily understood from the flame 
shapes in Fig. 10. Diffusion of species has a longer time to act before reaching the 
flame surface the farther the flame is from the inlet. Therefore, the difference in 
mixture fraction along a horizontal line between *he flame’s leading edge and inlet 
is smaller than this difference along a line passing through the flame trough. For 
the case of (Z) = 0.5. the maximum and minimum values of Z are both located 
in the troughs which occur at the same horizontal location, and we have symmetry 
in minimum and maximum values. As we depart from average stoichiometry, with 
(Z) < Z<iT • the trough with rich composition moves forward and the lean trough 
backwards, so that diffusion has less time to act in the rich branch as compared to 
the lean branch. Therefore, the mixture fraction in the lean branch moves closer to 
stoichiometry. 

Another factoi that affects Z on the flame surface concerns the role strain plays 
on species diffusion. The divergence of streamlines in front of the leading edge 
reduces the mixture fraction gradient along the flame surface at that location, thus 
inhibiting diffusion. The opposite occurs in the flame trough, where the gradient in 
mixture fraction steepens due to the convergence of streamlines, accentuating the 
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FIG I- RE 10. Contour plots or streamlines and reaction rates for simulations with 
= 0.4 and. (Z) = 0.5 top left . (Z) = 0.45 top right. (Z) = 0.4 bottom left, and 
(Z) = 0.35 bottom right. 
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FIGURE 11. Propagation speed as a function of mixture fraction. The speeds are 
normalized by the homogeneous case at stoichiometric conditions, Sj (Z.sr )■ on the 
left, and by the homogeneous case at the average mixture fraction, 5“({Z/j on the 
right. In addition to displaying the average mixture fraction of the run with the 
symbols, the range of mixture fraction on the flame surface is shown by the lines 
through each symbol. The legend for the symbols is provided in Fig. 9. 
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FKU'RF. 12. Flame wrinkling for the simulations. See Fig. 9 for a description of 
the symbols. 

diffusion process. 

As we pr«*gr»-ss towa ds lean mixture fractions to the point wlwre stoichiomet - 
ric conditions do not exist on the flame surface, the flame shape changes to the 
point wliero the spatial extent doubles, as the trough corresponding to rich mixture 
fractions disappears. This, in effect, alters tire parameter lz without changing the 
coinputatioiial domain. This doubling in lateral dimension has an effect on t In- 
flame sjkxxI as well as the flame shape, as is discussed iu the next section. 

5.2 Flame spe~..d 

When discussing the change in flame speed due to the inhomogeneous medium, it 
is useful to relate this displacement speed to that of the homogeiKous case at both 
tin- average and stoichiometric mixture fractions, as shown in Fig. 11. In these 
figures, both the average mixture fraction at the inlet and the range of mixture 
fraction on the flame surface are shown by the symbols and lines, respec lively. 
We begin discussion of the flame speed examining what occurs when the average 
composition is stoichiometric. Independent of the range in mixture fraction at the 
flame surface, the propagation speed remains that of the homogeneous case. This 
liehavior was previously observed (Ruetsch and Broadwell 1995) wlien studying 
confined flames. For this value of lz. the lateral divergence of streamlines due to 
heat release is greatly inhibited by the confinement, and therefore tlie heat release 
mechanism responsible for enhanced flame speeds, as in the case of triple Haines 
(Ruetsch ami Broadwell 1995). is absent. As we depart from stoichiometry in the 
mean, the flame shape changes, effectively doubliug //. and we quick!; ni< w into a 
regime where streamline divergence is much stronger in fr«mt of the leading edge 
An increase in flame speed is observed relative to S/.((Z}). and in some oases > oen 
relative to S'[(Z sr )■ It is interesting to note that Hames with lean coui|>ositions 
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Fl<il R£ 13. Average local reaction rate along flame surface normalized l»y tl»e 
homogeneous case at Zst > left ( and (Z) (right (. as a function of the average mixture 
fraction. 

along the entire length of the flame. designated in Fig. 11 by lines that tlo not 
cross Z — Zsi — 0 5. can achieve flame speeds greater than the homogeneous 
stoichioiiM-tric cbm - . 

As {Z\ further decreases. the reduction in reaction rate along the flame intensifies, 
and in spite of the streamline divergence the flame speed drops. As the flame 
speed drojts. and alcmg with it the inlet velocity in order to stabilize the flame in 
the computational domain, the mixture has a longer time to laterally diffuse as it 
approaches the flame. It is for this reason that the small range in mixture fraction 
at the flame surface is ol»served for very lean mixture, apparent from Fig. 9. and 
is why the flame speed collapses to the homogeneous case. 

Thus far we have concentrated on variations of flame s]»eed with the average 
mixture fraction. We now turn our attention to how the fluctuation in mixture 
fraction about the mean affects the flame speed. As we have already mentioned, at 
mean stoichiometry the degree of inhoinogrneity plays no role in flame speed. As 
the average mixture becomes lean, the flame si>eed mneases as long as tlie rom- 
{Misitiou at the leading edge stays near the stoichiometric value For flames where 
the coniixisitioii along the surface is always lean, the greatest sj>ecds in absolute 
terms occur when the range in mixture fraction is flu- larges*. This feature can 
Ik- explained if we re-examine the flame structure The streamline divergence tie 
, tends on the flame curvature, which itself is determined by the local burning rate 
hence sjK*cies romj*osition. Therefore, the greatest range in mixture fraction along 
the surface would genera* c the greatest streamline divergence and increase m flame 
sjwed This floes not hold when the composition along the flame surface crosses 
stoichiometric values. 

5 S Fuel consumption 

Having discussed the flame structure anti propagation, we now turn out attention 
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Fl<;t if 14, Ca.**- 3. Two d«nrusjo;,.ai. /« mmr»h, laminar 

flames. la s an isolated pair rilexn *1 - \Z) — \2; 2 • and nrh i Z ~ {Z ; 4- JiZ'2> 
pockets, of trig I/: l;lp ai, iijfiifltf array •►£ siijifti plljij^ 

Fieu** 13 n typical snapshot «f *4 Zf. Z. **. and If*. as 

obtained in ran A N-<*. that the g* i*er»li;**-*i reaction progress tariiblr defrued in 
(7t t* a guard market *4" i!k- premised Saiur fruit fjeeau-e it i- affected fry mixing, 
within the Immt gases, IV »- not a gpoot I ch«*ice to track »la* flame front At the top 
</ ili> the flame is <w« to interact with a fm-l lean |«*rkt< (Z — 0.3). during 

which it and i> cwtivee ted Amutraao. At tin- Iwttom of the figure, 

the flame crosses a fuel rich poefcet (2 — Z* t = 85l. accelerates. ami is ronvreted 
upstream. These variation- m tint local flame displacement -je-ed ir correspond to 
strong variations in the Wal flame structure, as .4*scrved in Case 1 They also 
c**rre$pond to flame -urfacc production 

As done in the steady state situation of ( as 2. w< now compare the relative 
weight of the two hasjr effects *4 partial premising a- indicates! in E<j. (20): the 
modification <*f rhe Ham** structure through r ' } s . and the generation of Haiti*' >ut- 
face due to wrinkling. H . Figure 16 compares the t**inp<>ral evolution of the relative 
contributions of the-* two terms to t he global react ion rat* from data obtained m 
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Fk.I Rt 17 Cast.- 3 h. iioi C Time evolution of the reduced global reaction rate If 

< ). the reduced flamt- surface area 1C i* ). and the reduced surface-averaged 

mav, burning rat** )■ Tune is mailt- noudimemtotud by tlic laminar flame 

time t\{ (Z) )?$(A{Z)’ 



»:««.§ *o t: u (♦ 


FKJI RE 18 Cast- 3a. run A Time nt^itkm of the surface- averaged flame str«*tch 

(h) s { h and its *w«» fomjMHMiits: tin- surface »w»r«! strain rate («|) 

{ ) and the surface- averages! ptopaRatHW term |«C.B; S l f Titne is 

made nondimensioual by the iaminai rlaiue time b\{(2) t/5fj [Z) l. 

run A. Data from run A indicate bdiavatt that is siimlai to the steady-state situ- 
ation m Case 2, Partial pn-mixing increases the global reaction rate. If > 1. and 
the magnitude of the increase is typically 30-40%. The dominant eKVs t of partial 
pretnixing is a production of Haim' surface area. (r') v =k 1 and If ~ II 

Figure IT presents similar results foi run C. After an initial transient phase, the 
flame res{M»nse readies a limit cycle with periodic time- variations. At the limit 
cycle, the global reaction rate is increased compared to the |>ei-fectly premised 
configuration, ff > 1 the magnitude of that increase is small, typically 10%: and 
this increase is related to flame surface production resulting fiom partial premixing. 
IV s# U 

As indicated by Fl«j. ( 13 h the production of flame surface area is measured by 
flame stietrh. and the s i 1 if ace a ver aged flame stretch ;x) s can be decomposed into 
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FlGl'RE 19. Test of Eq. (21): K* p vs (Avp/IzM.6l/Sl({Z))). o Case 3a (runs A - 
B) : • Case 3b (runs C - E); • Case 3a with heat losses (runs F - G); o A case with 
a single lean pocket. 

a strain rate term. (ar) s = (V.w — an : V«)s, and a propagation term, (u’V.n) s . 
Figure 18 presents the temporal evolution of these two components of flame stretch 
and shows that partially premixed effects on stretch are not limited to the propaga- 
tion term. A strong positive contribution of {ax) s is also observed. This contribu- 
tion corresponds to a modification of the flow streamlines upstream of the curved 
flame, as observed in Fig. 10 for the steady configuration of Case 2. 

It remains, however, that while the details of the temporal variations of {k) s 
depend on the effects of both hydrodynamic straining and flame propagation, the 
basic driving mechanism for flame surface production is the variation of the flame 
propagation speed w with mixture composition. A simple estimate of the global 
flainc stretch induced by partial premixing may then be expressed as follows: 


Kpp 


Aw 

h 


( 21 ) 


where Air is the amplitude of the variations of u> measured at the flame location 
(due to molecular diffusion and unsteady effects, Au> is somewhat smaller than 
Sl{\Z) + AZ/2) - Sl({Z) — AZ/2)), and lz is the size of the pocket. We use 
the peak value of ( k) s observed in the flame's response to perturbations in Z to 
estimate the global flame stretch. In nondimensional form, we get the following 
estimate for a Karlovitz number induced by partial premixing: 


t-pp ^ Att> £l((Z)) 

‘ ~ lz Sl((Z)) 


( 22 ) 


This relation is tested in Fig. 19 and is found to be satisfactory. Note, however, 
that the values of this Karlovitz number remain small. K pp < 0.2. 

In summary, partial premixing in Case 3 leads to both modification of the flame 
structure and production of flame surface area. In the absence of quenching, the 
dominant effect on the mean reaction rate is flame surface wrinkling. R' % H\ It 
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Mixture fraction Z 

Fl(U R* 20. Case 4A. Joiut probability density fuuetion of the reduc'd mass 
burning rate. r\ and the flame mixture fraction. Z Time = 4 /,/«*. 

is always positive. /?’>], but the magnitude of that effect as measured by an 
estimate of the partially preuiixed Karlovitz iiiuiiIkt remains small. A*/ < 0.2. 

Table 111 Initial conditions for Case 4 simulations 


Cas»- 

(o) 

iZ) 

o' 

r 

hi** 

imm 

«U 5|. 

b/^<Z, f ) 

Be, 

4A 

0.8 

0.049 

0.3 

O.OIS 

2 


1 .0 

2 

75 

4B 

0.8 

0.049 

0.3 

G.01S 

2 


2.3 

2 

23 


7. Case 4: 3D, aryi-inhomogeneous, unsteady, turbulent flame 

In this case, partial premixuig effects are compared to those due to the turbulent 
motions. The numerical configuration corresponds to a ptemixed flame propagating 
into three-dimensional, decaying, isotropic turbulent flow, with variable equivalence 
ratio. We refer the readei to Trouve A: Poinsot < 1094 1 for more information on the 
configuration, as well as the initial and boundary conditions. Tlic new feature in 
the present simulations lies in the initialization of the scalar field in the flow of fresh 
reactants: \ f . i’<>. an t Y\> are specified according to a model energy sjuxtrum. 
as proposed by Eswarau i; Pope <1988). The initial probaiiility distribution of 
equivalence ratio is a pdf with two peaks at o = 0.3 and o — 1.1. Because of 
turbulent mixing, this distribution quickly evolves to a Ciuassian pdf. Two different 
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FlGlRE 21. Case 4A. Time evolution of the reduced total reaction rate. If 
( ), the reduced mean mass burning rate, r* (o ), and the reduced total flame 

surface area. (W) ( ). Time is made non-dimensional by the initial, turbulent 

eddy turnover time, 



Figure 22. Case 4B. Time evolution of the reduced total reaction rate, If 
( — 1 ), the reduced mean mass burning rate, r' (o ), and the reduced total flame 

surface area, (W) ( ). Time is made non-dimensional by the initial, turbulent 

eddy turnover time. 

simulations were performed. The run parameters are given in Table III. In this 
table lz designates the integral length scale of the scalar field, u' the turbulent 
rms velocity. I, the integral length scale of the velocity field, and Re t the turbulent 
Reynolds number (based on u' and / t ). Cases 4 A and 4B correspond to strongly 
and moderately turbulent flames, respectively. Also, the present simulations use 
the single step reaction mechanism proposed by Westbrook & Dryei (19S1). 

In the simulations, partial premixing results in strong spatial variations of the 
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Figure 23. Case 4A. Probability density function of flame stretch, k. Stretch is 
made non-dimeusioual by the laminar flame time 6\{{Z))j Sl{{Z)). Time = 4/ t /u'. 

local combustion intensity along the turbulent flame front , consistent with the find- 
ings from the previous cases. In Fig. 20, this intensity is quantified by the reduced 
mass burning rate per unit flame surface area, r'. where r' is seen to vary between 
0.5 and 1.5. r' is also seen to correlate strongly with the local mixture composition, 
as measured by the flame mixture fraction. Interestingly, the correlation is approx- 
imately linear, so that departures of the mass burning rate in from the reference 
value m{(Z)) (obtained from a homogeneous, planar, laminar flame) tend to cancel 
in the mean when averaged over the whole flame. This tendency is confirmed in 
Figs. 21 and 22. which present the temporal evolution of the two components of the 
total reaction rate, written for the turbulent case as: 


ff = ?(W). 


In Cases 4A and 4B. tie: mean mass burning rate remains within 10% of unity, 
so r' as 1, and the total reaction rate is approximately projxrrtional to the flame 
surface area, R 1 as (W). 

There are two mechanisms responsible for the production of flame area in these 
turbulent simulations: the interaction of the turbulent velocity field with the flame 
surface, and the partial premixing mechanism described in Cases 2 and 3. Eq. (21) 
can be used to determine the relative weight of these two mechanisms. The following 
nondimensional number gives an estimate of the ratio of stretch resulting from 
partially premixing to stretch due to the turbulent motion: 


A' _ *«• l' Are b° L ((Z)) I, S,MZ)) 

T ~hu' S L ({Z)) l z *®((Z» «*' 


(23) 


where the turbulent stretch is estimated using the integral time scale of the tur- 
bulence. If (j =s lz, Nj may be further estimated as ( Z' /(Z) )( Sl/h'). Hence, A’r 
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scales as the inverse of the ratio of a characteristic turbulent flow velocity divided by 
a laminar flame velocity. AY is likely to remain small in most practical situations. 
At the initial time, AY ss 0.03 in Case 4A; and AY ~ 0 1 in Case 4B. 

This last point is illustrated in Fig. 23. Figure 23 presents a typical probability 
distribution for flame stretch, as obtained in Cast' 4A. Stretch is normal' ’>d in 
Fig. 23 by a laminar flame time so that stretch values can be directly interpreted 
as values of the flame Karlovitz number. K a . The simulation values of A'„ range 
from —8 to 4. These values are quite large and the simulated flame is beyond the 
domain of possible stretch resulting from partial premixing, (K pp < 0.2). Similar 
results are obtained in Case 4B. 

In summary, partial premixing in the turbulent case leads to strong variations in 
the local flame mass burning rate, but these variations tend to average out . r' % 1 . 
Due to the much larger values of turbulent stretch compared to partial piemixing 
induced stretch, the production of flame surface area by partial premixing remains 
negligible. AY <0.1. 

8. Conclusions 

Direct numerical simulations of premixed flames propagating into laminar or tur- 
bulent flow, with variable equivalence ratio, are used in this paper to study the 
effects of partial premixing on the mean reaction rate. The flamelet theory is shown 
to provide a convenient framework to descril>e partially premixed flames. 

Partial premixing leads to strong variations of the local flamelet structure, and in 
particular to strong variations of the mass burning rate per unit flame surface area, 
th. In the absence of quenching, these variations tend to average out and the effect of 
partial premixing on the mean flamelet structure remains limited, (m)y ~ »i /.( (Z) ). 
Note, however, that quenching induced by partial premixing has been observed in 
the present simulations, in the case of strong variations in mixture composition, 
characterized by large amplitudes (AZ > 0.2) or large length scales (Iz/^i > 10). 

Partial premixing induces flame stretch and, in the absence of quenching this 
effect, is dominant for laminar flames. It is always positive and will result, in the 
laminar case, in a partially premixed flame burning faster than the corresponding 
perfectly premixed flame. The magnitude of the effect of partial premixing on flame 
surface production is measured by Eq. (22). Typical values of the flame Karlovitz 
number are below 0 2. and this effect will be negligible in highly turbulent flames. 
This has been observed in the turbulent flames of this study, where wrinkling effects 
from partial premixing are small compared to wrinkling created by the fluid motion 
for the given initial conditions. 
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A dynamic subgrid-scale model 
for LES of the G-equation 

By A. Bourlioux 1 , H. G. Im 2 and J. H. Fersiger 3 


1. Introduction 

Turbulent combustion is a difficult subject as it must deal with all of the issues 
found in both turbulence and combustion. (We consider only premixed flames in 
this paper, but some of the ideas can be applied to the non-premixed case.) As in 
many other fields, there are two limiting cases that are easier to deal with than the 
general case. These are the situations in which the chemical time scale is either 
much shorter or much longer than the time scale associated with the turbulence. 
We deal with the former case. In this limit, the flame is thin compared to the 
turbulence length scales and can be idealized as an infinitely thin sheet. This is 
commonly called the flamelet regime; it has been the subject of many papers and 
the basis for many models (see, s.y., Linan k Williams 1993). 

In the flamelet model, the local flame structure is assumed to be identical to the 
laminar flame structure; thus the flame propagates normal to itself at the laminar 
flame speed, Sl- This allows the use of simple approximations. For example, one 
expects the rate of consumption of fuel to be proportional to the area of the flame 
surface. This idea allowed Damkohler (1940) to propose that the wrinkled flame 
could be replaced by a smooth one which travels at the turbulent flame speed, St- 
defined by 

St/Sl = Al/A p C 1 ) 

where Ai is the total flame surface area and A r is the area projected onto the mean 
direction of propagation. This relation can be expected to be valid when the flame 
structure is modified only slightly by the turbulence. A measure of the degree of 
modification is the Karlovitz number, Ka, Eq. (1) should hold when this parameter 
is not too large. 

More recent approaches have attempted to relate the turbulent flame s eed to 
turbulence intensity, u', which, presumably, characterizes the wrinkling of the flame. 
These result in relationships that typically take the form: 

?t/Sl = 1 + C(u'/Sl)°- ( 2 ) 

For the turbulent flow dominated by an inertial range, Pocheau (1992) derived a 
linear relation (Eq. (2) with a = 1). Earlier work (Clavin k Williams 1979) also 

1 CF.RCA, Universitc de Montreal 

2 Center for Turbulence Research 

3 Stanford University 
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predicted linear liehavior in the limit of high turbulence intensity: other author* 
)ia*<- produced theories that give different exponents ( Yak hot 1988, Kcrsteiu 4: 
Aslmrst 1992). hi §3. we shall use DNS to demonstrate that the linear relation is 
valid, at least in the limit appropriate to LES; we shall use the database of Trouvc 
4: Poinsot ( >994) an<l the zero heat-release data of im f 1996}. 

2. Large eddy simulation based on the G-equation 

The above ideas can be applied to modeling tin* small scales of the wrinkling and 
thus produce the basis for large eddy simulation, it can lie shown that a surface 
that moves at speed 5/ normal to itself in a moving fluid can be represented as a 
level surface of the G-equat;na (Kcrsteiu rt mi 1988): 

a 

+ qJ- (UjG) = St'VGi. (3) 

To perform large eddy simulation, the CequatiuH is filtered to jiroduce an equa- 
tioti for C. a quantity that is smoother than G. Tins equation contains, of course, 
terms representing effects of the scales that have lieen filtered out: these arc the 
subgrid scale terms that must be represented by a model ( Im 1995). In a simulation 
based on the filtered G-equ...ion, the propagating flame is considered a contour erf 
G. which must propagate at a speed. S. greater than the laminar flame speed: the 
increased speed plays the role of a subgrid scale i.-odel; alternative approaches to 
modeling will be discussed later. Tie- filtered G-equation can then lx- written: 

~ + («,G) = SiVG]. (4) 

ot 0x l 

where 

Si Si = 1 e C\u i Si ». (5) 

and u’ is the velocity u.n tuation characterizing the- uuievrfwd scales and C is a 
constant that can be presciibedoi calculated b\ the dynamic procedure. In an LES. 
u must be modeled as well ilowever. as ihe present study is an initial investigation 
of modeling the G-cquation. we shail calculate u' dinctly from the DNS velocity 
field Likewise, the filtered velocity field, u, is obtained direetiy front the DNS field. 
For later reference, we m.te that when the flame stretch and the Karlovitz number 
are not negligible, a diffusion like term that represents the effect of stretch (Matalon 
4: Matkowskv 1982) «m flame propagation should lie included on the RFS of Eq 
(3) or (4). 

3. A priori test of the flame area scaling law 

We now present an « priori test of a dynamic sui>g r id-scaie model for the turbu- 
lent flame speed; it is liasrd on the model introduced by Dourlioux rt mi (1996). 
C'onibming Eq ( 1 ) and F-q. (5). we obtain the following equation: 


S/St. — Ai./A = 1 *- C[u'jSt I. 


(C) 
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where .At is the flame area computed in a DNS. -A is the filtered flame area to be 
computed in an LES. and S is the flame speed used in the LE$. The la? ter was 
discussed above and should be selected to guarantee the correct overall burning 
rate. :.c S.A - Si A/ . £q. (6) is a useful subgrid-scale model if one can specify 
tlie mode! parameters appropriately. In this sect ton we firs! validate the linear 
relation. E« (6). and determine the constant C by using the resolved flame area 
.At computed from the DNS results. 

3. 1 Test procedure 

To check the validity of Eq. (6). *e process the DNS databases in tie following 
way 

1. I'?- tify a fiasne surface in the DNS G- field and compute its area At by triaugu 
iat*cii, 

2. Fihn sk G and « obtained from the DNS database at various filter sires > 2 A 
4A. . . . a e used, where ^ is the DNS mesh susej. 

3. For e*c: filter, compute «' as the square root of the subgrid kiurtic energy <i.r. 
♦be L > Qonr. of the difference between the resolved DNS velocity field and the 
filtered field*. 

4. Given the filtered G-field, identify- the “filtered flame surface' and compute its 
area .4. 

We ilea investigate the relationship between the ratio Aj,/A ami v' as a function 
of filter Sire. 


3.t DrUino 

We first consider premixed flames ir, homogeneous decaying turbulence { Tronvr 
L P«ur.>ot 1994 s. in the flame, there is a smooth transition of the rractkwi progress 
variable, r. from 0 (fresh mixture) to l i burnt gas). We begin by defining a flame 
surface. Fnikmung Ttimvr A: Pomsot { 1994 1 we choose the level surface with c — O.S 
as th. flame fhat and define G — r — O S. Heal release effects are included in thi*- 
DNS Since the viscosity depends strongly on temperature, the turbulence intensity 
varies significantly across the flame so one must be careful when computing the 
turbulence intensity s'; the value on the unburst side of the flam*- should be used 
lr. practice, we obtain u' by taking a 2-D Fourier transform of the velocity Sold on 
cross-sections ahead of the flame, averaging over the unburnt side of the domain 
Our tests show that the choice of averaging volume is not important as long as it 
is sufficiently far from the boundary. 

The second data set is the result of DNS of the passive G equation iu forced 
isotropic turbulence (Im 1996). There is no heat release in this simulation. Several 
simplifications are used in the test procedure: 

1 The G variable is available from the DNS ami can be filtered for « prion tests 

2. In t’n«‘ absence of heat release, any contour of G can l»e considered a flame sui 
face. Th" average front area can lie computed from the volume av, age of jVG'i 
(Kerstein ft ul 19$$) 
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Figue 1 Ratio of the resolved DNS flame area to the filtered flame area as a 
function of the subgrid kinetic energy DNS data by Trouve i: Poinsot ( 19041. 

3. The entire flow field can be used to estimate a* • one «loes not need to distinguish 

the ‘burnt’ and ‘auburn! ’ regious. 

5.3 Result' of the a prion test 

Results of a prior- tests applied to the database of Trouve ef a/. { 1994) are shown 
in Fig. 1. The ratio of the DNS flame area A i to the filtered flame area .4 is plotted 
vs. the suhgrid kinetic intensity u' at various times: the times show, are normalized 
hy the large eddy turnover time. The DNS data were obtained on a 128* grid: each 
circle is a data point, the field was filtered to grids of 04 J , 32 J . 16* (F-16 on the 
figure). 8 3 (F-8) and 4* (F-4). 

Figure 1 clearly shows that, if Eq. (6) is valid, its coefficient is strongly time 
dependent. There an- two reasons for this. Firstly, the flame is initially planar and 
a few eddy turnover times are required to reach an 'equilibrium' state. Secondly, the 
turbulence is not forced; its decay can be seen from the decrease of the turbulence 
intensity at the coarsest filter size (F-4) with time. Nevertheless, the results do seem 
to indicate the existence of a universal relationship after the flame is sufficiently- 
wrinkled: the change between times t=2.4 and t=4 is small compared to the change 
from t=0.4 to t=2.4. Even at large times, a distinction must be made between the 
behavior at small scales (the 64 3 , 32\ and 16 J filters) and the large scales. The 
linear fit (6) appears reasonable for the small scales but not tlie large ones. This is 
an argument in favor of LES: modeling may be more universal for the small scales 
than for the large scales. 

It: the passive database (Im 1996). the flame front is again initially planar but. 
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after several turnover times, the flame area levels out. Plots of the inverse of the 
filter*xl flame area vs. the turbulent intensity are very similar to those found fnmi 
tin* Trouve/Poinsot datalja.se. with linear behavior for small values and quadratic 
behavi«*r at UrpT scales. 

We next test tl»e dyuainic procedure; it is based on the dynamic nnxi.-l for non 
reactive flows. The parameter is adjusted using the smallest resolved scales of 
an LES, We shall in* address the question of estimating «' but focus instead ou 
estimating the sulrgrid flame wrinkling. Given .4| and .-la. the flame area at filter 
sizes A, and A>. and the corresponding sul>grid turbulence intensities. t/\ and it'.,. 
wr use Eq. i6i to obtain: 

All At - 1 + C*',. 

At ! A> - 1 -r C«2 

This system can Ik* solved to produce the absolved flaiue area Ai and/or th«* nuxlel 
con tant C dynamically. Tabie 1 gives the restdts for the flame speed 1 characteris'd 
by 1 1 Al ) obtained by applying the procedure described above to hit's data. The 
DNS field was filtered to 32* (F \ ) and 16 3 (Ft) grids. The modeled turbulent sjxx-d 
is compan-d to the exact value obtained from the DNS. The agreement is excellent. 
There is little wrinkling on the small scales and the enhancement erf the flame speed 
(the difference between turbulent and laminar speeds) is very small The table also 
gives the error in the enhancement, which is acceptable. In the next section, we 
will descrilje attempts to incorporate this procedure into a dynamic LES. 


Time 

7.i « 

8.0b 

8.37 

8.68 

S.99 

9.31 

5i, n 

1.0681 

1.0598 

1.0825 

1.0887 

1.1246 

1.0706 

Stia't 

1.0906 

1.0633 

1.0S04 

1.0801 

1.1069 

1.0672 

Ei (turbulent speed) 

-0.7% 

-0.3% 

0.2% 

0.8% 

1.6% 

0.33 % 

Ej (enhanced sjwcd i 

-S'* 

-6% 

3% 

11% 

16% 

5% 


Tab!* 1. A priori test of a dynamical model for S. 

4. LES modeling test with spectral method 

In this section, the SGS model presented in §2 is tested by applying it to flames 
in forcer! three-dimensional incompressible homogeneous isotropic turbulence; the 
simulations- are carried out using a spectral method. Heat release is neglected in 
this test so the G field behaves essentially as a passive scalar. 

The calculation procedure is as follows. The flow field is fully resolved on a 64 J 
grid using a pseudo-sj>ectral method and second-order Ruuge-Kutta time-stepping 
(Rogallo 10S1 j. The Reynolds number based on Taylor microscale is a)nmt 74. 
The turbulence is forced at the lowest wavenutnlier to maintain the kinetic energy 
constant. At every time step, the flow field is filtered onto a 32* grid; the resulting 
velocity field is then used in solving the filtered G-equation (4) 
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Figure 2. Spectra of turbulent kinetic energy and scalar fluctuations in tbe 64' 
DNS calculation with u'/Sl = 0.5. 

When the code was run with the model described above, numerical instability 
resulted. Investigation showed that the instability is due to an increase in the high 
wavenumber G-fidd. i t . to cusp and strong gradient formation. It is necessary to 
do something to stabilize the calculation; one possibility is to add a second order 
diffusive term. PV 2 G. to the RHS of Eq. (4). As mentioned earler. similar terms 
are used to represent the effects of flame stretch and curvature on the flame speed. 
In the present DNS. P/i< — 4 is used where v — 0.015 is the molecular diffusivity. 

Figure 2 shows the spectrum of turbulence kinetic energy and the scalar fluctu- 
ations, ( g 2 ) — (( G - G) 2 ) for u’/Sl = 0.5 obtained from the DNS. The turbulence 
was forced to allow attainment of steady state spectra in a few eddy-turnover times. 
We shall use this DNS field to construct the initial condition for the LES. 
Specifically, the following subgrid-scale models are tested; 

A. S - St . i t no subgrid-scale model is used. 

B S — 1 .08 St , where the constant 1.08 was obtained from the a pnon test. 

C. S/St = 1 + 0 41 1< It'/Si ). a curve fit obtained from the a priori test similar to 
Fig. 1: «' is computed from the DNS flow field. 

D S/St = 1 + C(u'/St) with the parameter C computed dynamically by filtering 
the G-field to 16* resolution and assuming that the model S/St = 1 +C(v'/Sl) 
applies at that level. The ratio S/S can be computed as the area of the constant 
G surface at the appropriate level of filtering. 

The predictions produced by all these models are compared with results obtained 
by filtering the 64* DNS G field The Markstein diffusivity T> used in all of the above 
LES was increased to twice the value used in the DNS to achieve stability. This 
can be interpreted as an extra subgrid-scale scalar transport required to represent 
the effects of the filtering A more rigorous treatment of this term is necessary 
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Figure 3. The contours of G obtained with various LES models after one eddy- 
turnover time; (a) G — 1.45 which is the average value and (b) G - 1.95. A single 

slice in 3-D is shown. In each figuic, DNS result: ; model A: ; model 

B: ; model D: . Flame propagates from right to left. 

in the future; for example, a dynamic computation of V can be appended to thc- 
computation of C. 

Figure 3 shows two G contours (1.45, 1.95) after one eddy turnover time for the 
various LES modeling strategies. Although the four fronts approximately repro- 
duce the smoothed DNS contour, the various models give different average flame 
locations. It appears that model B overpredicts the turbulent flame speed, while 
model A underpredicts it, as expected. 

The volume-averaged front location predicted by each LES model is compared to 
the DNS result in Fig. 4. All three LES models (B.C.D) overpredict th« average 
flame speed. However, gradual improvement is obtained as the level of complexity 
of the model changes from the simple a prion procedure to the more sophisticated 
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Flat Rt: 4. The volume averaged front location according to DNS and various 
LES models: inork-l A: : model B: : model C": ; model D: . 


dynamic model. It is interesting to observe that, although model A undcrpredicts 
the Haim* speed. it gives the l>est agreement with the DNS. 

It should be noted that the models used here are not complete. The supple- 
mentary subgi id-scale transport in the LES simulation was imposed by md hoc 
adjust tueiit of tin* diffusion coefficient, and was chosen mainly to achieve numerical 
stability of tin pectral method. Iiupiovement might Ik* obtained by introducing a 
Smagorbisky type im>del for the subgrnl transport with model constant determined 
dynamically. This is currently lx*ing investigated. 

5. Dynamic LES using a high order upwind scheme 

The numerical stability issue ad«bvssed in $4 is easily understood by examination 
of Fig. o which gives several contours G at t — 0.23. The major cause of instability is 
the formation of cusps, which are present even at this early stage of the computation. 
Another difficulty is the squeezing together of contours, resulting in high gradients 
that are difficult to capture numerically. To address those difficulties, we repeated 
some of the experiments of t|5 using a different solver for tin* G-equation, while 
retaining the sp**ctral velocity field computation. The G-cquation is now solved 
using a numerical strategy based on level-set technology (Osher k Set hi an 1988. 
Sussman ft «i. 1994: for combustion applications Zliu k Sethian 1992, Klein 1995). 
For the adwtioii term, we use a higher order upwind code developed by LeYeque 
<1993). The source term on the right hand side of Eq. (1) is solved with the 
procedure of Zliu k Sethian (1994). A reinitialization procedure is performed at 
every time step; the G- function is reinitialized to be the signed distance function 
with resjrect to the flame, using the procedure of Sussiuan ft «/. 1 1994). This meatis 
that only the G ~ 0 contour is considen d to be a flame. Figure 6 displays contours 
obtained with this nictltod: accuracy is maintained even when tiie flame becomes 
very distorted and no additional numerical viscosity needs to be added when the 





mmm ; 11 I ms nwimm is to iiitrcKiiiriiig a 

iti those poiiMs a* which the mrtbod «f :; lbf |»r*‘f«lii.ig..M*rii«*ii 
had. trouble. i.c. at «*§|» »»I in mwms of {»»■ |yadi«»t <f G. 

In Wig, "i, w*- the insult* »»f «* 3^ roapiitatioii with tins pr<*-edttf>' with 

the fully rrs*dv«( 64 18 caw* results, IV dame area is plotted as a fttncthut : 

of time h*r different lesolm. The >«4id liw is the If* 1 tES n>uir. titr dos-da-h 
ciimf is tir flame area in tins* tif ©-field obtained bj* filtering the 32* ©-field. 
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FlGl RE 7. Turbulent flame speed as a function of time from vaiious DXS/LES 
calculations obtained with higher order upwind scheme. DNS results: 64*. o ; 32*. 
d : 16*. v . LES results: 64 J . ; 32*. ; 16 J . . 

- Underestimation of tin* flame area on the 32* grid: by comparing the 32* LES 

( ) and 32 1 filtered DNS (o ) flame areas, it is clear that the upwind/reinitiaii- 

/.ation scliemc smooths the wrinkled front slightly This is to be expected from 
an upwind method - this effect is relatively small and could be controlled with a 
higher order method or a solution-adaptive integration procedure. 

- Poor extrapolation of the subgrid wrinkling: extrapolation from the 32 3 and the 
16* grids to the 64* grid magnifies the error which is relatively small on coarser 
grids: this is the major source of error. 

This error can be better understood by looking at Fig. 8. In the computations, 
the linear fit (6) was used for dynamic extrapolation — the plot in Fig. 8 indicates 
that, in the early stages of flame wrinkling, the linear fit is inappropriate: a square 
root fit would be more suitable. This is consistent with the « priori test results 
reported in §3. Longer computations are being performed to assess whether this 
effect will disappear as the flame becomes sufficiently wrinkled. 

6. Conclusions 

Large eddy simulation will be necessary if reacting flows in complex geometries 
are to be simulated. This paper is a first attempt at evaluating models of subgrid 
scale effects that could oc used in those flows. The laminar flamelet regime is 
considered in this paper such that the G-equation can la* used as the basis for the 
modeling. 

Since the effect of filtering is to smooth a wrinkled flame, a natural model is one 
in which the smoothed flame has a higher speed than that of the laminar flame. 
Simple models of this kind were constructed and tested using the a prion approach 
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FIGURE 8. Ratio of the resolved DNS flame area to the filtered flame area as a 
function of the subgrid kinetic energy «' at various filter levels. Results for passive 
G-field with higher order upwind method. 

and large eddy simulations. A prion tests show that a linear relationship between 
the flame speed and the subgrid scale turbulent velocity is reasonable. 

The models were then tested in two types of LES. In the first, the passive G- 
equation is solved along with the Navier-Stokes equations using a pseudo- spectral 
met nod. This approach is incapable of allowing heat release. Several versions of 
the model for the G-field were used including ones with a fixed constant and others 
with the parameter computed dynamically. These computations are numerically 
unstable, a problem that can be traced to the creation of cusps and high gradient 
regions. This problem can be eliminated through the addition of a diffusive term to 
the subgrid scale model. This can be justified in the same way that the Smagorinsky 
model is justified but, in this paper, the addition of the diffusive term was done in 
an ad hoc manner. 

In the other type of LES, the G-equation is solved using a high order upwind 
method and the G-field is reinitialized at each time step. This approach essentially 
introduces diffusion where required to prevent the formation of cusps and high- 
gradient regions and requires no explicit diffusive terms. 

The results show that the models are reasonable, but it appears that the LES 
models either overestimate (with a spectral method) or underestimate (with an 
upwind method) the turbulent flame speed. The reasons for this behavior are under 
investigation. 
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A new methodology to determine kinetic 
parameters for one- and two-step chemical models 

By T. Mantel 1 , F. N. Egolfopouios 2 L. C. T. Bowman 3 


In this paper, a new methodology to determine kinetic parameters for simple 
chemical models and simple transport properties classically used in DNS of pre- 
inixed combustion is presented. First, a one- dimensional code is utilized to in- 
formed steady unstrained laminar methane-air flame in order to verify intrinsic 
features of laminar flames such as burning velocity and trmpe- -e and concen- 
tration profiles. Second, the flame response to steady and unsu, y strain in the 
opposed jet configuration is numerically investigated. It appears that for a well 
determined set of parameters, one- and two-step mechanisms reproduce the extinc- 
tion limit of a laminar flame submitted to a steady strain. Computations with the 
GRI-mech mechanism (177 reactions, 32 species) and multicomponent transport 
properties are used to validate these simplified models. A sensitivity analysis of the 
preferential diffusion of heat and reactants when the Lewis number is close to unity 
indicates that the response of the flame to an oscillating strain is very sensitive to 
this number. As an application of this methodology, the interaction between a two- 
dimensional vortex pair and a premixed laminar flame is performed by DNS using 
the one- and two-step mechanisms. Comparison with the experimental results of 
Samaniego rt al. (1994) shows a significant improvement in the description of the 
interaction when the two-step model is used. 


1. Introduction 

During the past ten years, direct numerical simulation (DNS) of turbulent react- 
ing flows has been widely utilized to obtain physical understanding and precious in 
formation for modeling purposes. The recent articles of Poinsot. (1996) and Poinsot 
e.t al. (1990) can be consulted for a review’ concerning DNS of turbulent reacting 
flows. Although any kind of model is needed to solve the Navier-Stokes equations 
for a non-reacting system, closures have to he provided in order to model transport 
properties of the different species and chemical reactions as well. These two aspects 
can rapidly lead to tremendous needs of storage rapacity and CPU time even for 
the combustion of simple hydrocarbons such as methane. As an example, the re- 
cent detailed mechanism proposed by the Gas Research Institute (GRI) for methane 
combustion requires 177 reactions of 32 species. This kind of chemical scheme ran 
only be used in the computations of one-dimensional problems such as the study 

1 Renault Research Division. France 

2 University of Southern California, Department of Mechanical [Engineering 

.1 Stanford I'niversity 
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of strained laminar premixed flames (EgolfopouLs 1994a-b). We can, however, cite 
the two-dimensional numerical study of vortex- premixed laminar flame interactions 
performed by Hilka et al. (1994) using a detailed mechanism (17 species and 55 
reactions). Thus, in order to investigate turbulent flames propagating in the com- 
bustion regime of existing devices, the chemistry and transport properties have to 
be drastically simplified. Currently, a one- step irreversible chemical model is used 
to performed parametric studies of complex flows such as flame-vortex interactions 
(Poir.sot et al. 1991 ), three-dimensional decaying turbulence interacting with a pre- 
mixed flame (Trouve & Poinsot 1994), or a diffusion flame (Vervisch 1992). In order 
to take into account the highly diffusive behavior of some radicals, two-step mech- 
anisms have been used in numerical studies of turbulent diffusion flames (Vervisch 
1992) and flame- vortex interactions (Mantel 1994). The difficulty of these simple 
models is to find realistic transport properties and kinetic parameters which corre- 
spond to the studied medium. In the DNS code used by these various authors, the 
transport properties are modeled using a temperature dependence for the dynamic 
viscosity and constant Prandtl, Schmidt numbers, and calorific capacity. For the 
chemical models, the activation energy E a and frequency factor B for each reac- 
tion have to be estimated. Usually, a high activation energy in the range of 30 to 
60 kcal/mol is considered. For premixed systems, the kinetic parameter of these 
simple chemical models are chosen to match the laminar burning velocity Si alone. 
An a priori global art i vat ion energy must be taken high enough to be realistic b» 
low enough to reduce the number of grid points required to resolve the flame (ge. ■ 
ally the lowei limit of the range 30 to 60 kcal/mol). In fact, the asymptotic ana - 
of Williams (1985) shows that 6j ~ j~ l where tf is the thickness of the rca ion 
zone and i the Zel'dovich number defined by J — E a (Ts — T a ) / R° Tjf . Here R‘ 
and represent respectively the universal gas constant and the temperature of the 
fresh and burnt gases. Once the activation energy is imposed, the frequency factor 
is tuned to find the chosen laminar flame velocity. However, since an infinity of cou- 
ple ( B. E„) exists for a given value of Si, additional features of the laminar flame 
have to be verified. Thus, this technique has to be improved in order to predict 
other intrinsic characteristics of the flame such as concentration of reactants and 
temperature profiles, especially in the downstream end of the flame where reactions 
take place. 

The motivation of this study is to provide realistic kinetic parameters for one- and 
two step mechanisms classically used in DNS of premixed turbulent combustion. 
To do so, a new methodology allowing the determination of kinetic parameters 
is proposed. This methodology allows to verify the following quantities: (1) the 
laminar burning velocity, (2) the temperature and concentration of reactant (and 
intermediate species for the two-step mechanism) profiles, nd (3) the strain rate 
imposed to the flame in the opposed jet flame configuration leading to extinction . 

Points 1 and 2 are performed using the PREMIX code (Kee et al. 1994). which 
has been modified to accept artificial species, constant molecular weight, constant 
calorific capacities for all the species, and modified heat of formation to predict 
the adiabatic flame temperature. Point 3 is numerically investigated by studying 



Drtfrrtt:nahon of kinetic parameters for simple and co.r.plrz mcrAtaum.* 


151 


jaafMnca 



F»‘.;i BE 1. Omit erflow flame configuration 

the oounterflovr cvpjKwd jot dame configurati«>n (Egolfopoulos i994i. For these 3 
pwuis. computations using the GRI-roech 2.1 mechanism (Frroldarh et ei 1595) 
are perform** j and utilized as reference cases *5r comparison with one and t wo- step 
mechanisms. 

In order to validate this methodology or real configurations, the response of a 
premixed laminar flame to unsteady strain is numerically investigated in two differ- 
ent configurations using one- and two-step chemical models and simple trails j>or! 
properties: 

- the opposed jet flame submitted t an oscillating strain rate 

- tb*- vortex -premixed laminar flame interaction experimentally studied by Samanicgo 
rt ai (1996) 

In 'he first unsteady configuration, the effect of thermo- diffusive properties of the 
mixture is i fives* ated. It appears that this effect seems to have a strong influence 
on the unsteady behavior of the heat release rate. On tills configuration, both 
one and two-step models allow a good description erf the behavior of the flame, 
hi the case of the vortex -premixed laminar flame interaction, a significant effect 
of the diffusivitv of the intermediate species tin the heat release is observed when 
the- two-step mechanism is employed. Comparison with the experimental results of 
Samanicgo rt al. ( 1996) shows an improvement in the description of the interaction 
using the two-step model and simplified transport model. 

2. Lean premixed laminar flames submitted to a steady strain 

2. 1 Presentation of the. counterfiow flame configuration 

To study the ability of one- and two-step models to describe the resjumse of a 
laminar flame to stretch, the counterflow flame interaction configuration is chosen. 
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FlGl ir. 2- E'TiIntioiiof the laminar burning velocity and extinct »ou strain rate ver- 
sus the equivalence ratio :• : GRI-Oiech: : model: : E, = 35kral/niol: 

: E m - 60kcal/mol. 



FiGIRt: 3. Evolution of the activation energy in kacl/inol and frequency factor 

in cin.moi. s foe reaction ( 1 ) versus the equivalence ratio. : PREMIX code: 

: asympt;>tic analysis 

Such a configuration (see Fig. 1) has been widely studied both experimentally 
( Chung rt al. 1986. Law et al. 1986) rend numerically Fgolfopoulos 1994a.b). The 
main goal of these studies was to determine the extinction and flammability limits 
of laminar premixed flames Extinction strain rates and laminar flame velocity have 
be**n determined for a wide range of equivalence ratio for various air /fuel mixtures 
for premixed laminar. 

Here, this problem is treated using a odr solving die equatious of mass, inotueii 
turn, energy, and species along the stagnation streamline of the counterflow opposed 
jet flame configuration. Details concerning the equations and boundary conditions 
are given in Egolfopoulos (1994a). 

The conditions of our simulations arc those retained by Egolfopoulos (1994) 
The temperature of the unburnt mixture l methane-air ) is 300 K. and the distance 
separating tin* nozzles is 0.7 cm. 
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2.2 A one-step model for the combustion of lean methane -oxygen flames 

A new model for the combustion of lean methane-air flame is proposed following 
the methodology presented in the introduction. The global one-step reaction for 
lean methane-air combustion is: 


CH 4 + 20 2 - COj + 2H 2 0 (1) 

and the reaction rate for this reaction is expressed by 

RR = F[CH 4 )(02] 2 exp(-£./**T) (2) 

Computations are performed using the PREMIX code including reaction ( 1 ) and 
multi-component properties. The parameters B and E m are thus determined for 
each value of the equivalence ratio p. Figure (2) shows the evolution of St and 
K, wl for the global mechanism and for the solution obtained from the GRI-mech 
mechanism. The values for B and £. are presented in Table ( 1) as a function of o 
varying front 0.55 to 1. 

Taxt additional cases are presented in Fig. (2) by keeping constant kinetic param 
eters: (i) E m = 35 kevd/md; B = 4.1 10 21 (ii) E m — GQkcal/mol ; B = 6 10‘ 4 . These 
se:s (A parameters are determined for ^ = 1.0 and are kept constant for the other 
values of ♦. For these two cases, both St and h rr i are not correctly predicted. For 
some values of <*>, K tt , is even over-predicted by a factor of two (see Fig 2). 


0 

E . 

kcal/moi 

A 

cm/(mol s) 

0.55 

55 

2.1 10 24 

0.6 

54 

1.1 10 24 

0.7 

50 

3.1 10 23 

0.8 

40 

1 1 10 22 

0.9 

25 

9.1 10 19 

1.0 

15 

1.1 10 18 


Tabic 1 . Kinetics parameters for global reaction defined by Eq. ( 1 ) used in Fig. ( 1 ) 

The evolution of £ as a function of <P obtained in the present study can be 
compared with the asymptotic analysis of Clavin ( 1985), who proposes an expression 
for the laminar burning velocity St as a function of B and 3. 



2T n +\Lt 


,DM) 




1/2 


(3) 
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where 


/ X m e’ x dX 

(4) 

§|7 


v V 'BC:-.C%exp(-3/a) 

(5) 


Here, v, J'„ W are the stoichiometric coefficient, the initial mass fraction, and the 
molecular mass of the deficient species. The molar concentration of the oxidant and 
the fuel in the fresh mixture are denoted by C"* and C*’ u . In Eq. ( 4 ), n is the 
order of the reaction and .Y a variable of integration defined by X = d(l - 0) where 
6 — {T - r.)/(T» - T m ) represents the reduced temperature, 
hi the case of the global reaction (1), Eqs. (4) and (5) become: 

T = 2 (6) 

— = » , CH 4 rr^ s -BCo^ „Cci# 4 , *cxp(-$/a) (7) 

T r 

To estimate the thermal diffu&ivity in the burnt gases, we use the classical relation: 



with b = 0.76. 

Reporting Eqs. (6-8) into Eq. (3). we obtain: 
t PrW 2 

B = I 5 ^V2 — -(l-o^-^expld/o) (9) 

Due to the assumptions used in the asymptotic analysis ( constant calorific capaci- 
ties. thermal, and species diffusivities ). Eq. (9) constitutes a first approximation Cor 
B. The values for B given by Eq (9) are compared with the result obtained using 
PREMIX. Asymptotic analysis exhibits higher values for B compared to PRE- 
MIX. This is also noticed by Rutland (1989). who studied the propagation of a 
one- dimensional premixed laminar flame using a one-step chemical model and by 
considering constant transport properties. 

t.S Kinetics parameters of one- & two-step models for Icon premixed laminar flame 

In this section, the kinetic parameters for one- and two-step models are deter- 
mined fix the combustion of a methane-air premixed laminar flame with an equiva- 
lence ratio of 0.55 using the PREMIX code. Particular conditions fix the transport 
properties are considered The dynamic viscosity is expressed according Eq. (8) 
and constant Prandt) and Schmidt numbers are assumed. Calorific capacity is also 
assumed constant and the molecular weights of all the sjwcies are equal. To do 
so, the PREMIX code had to be modified to accept artificial species and modified 
transoort properties. 

The motivations of these choices are directly related to the DNS code applied to 
complex flows such as vortex- premixed flame or turbul«*nce-preniixed flame interac- 
tions. 
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2.3.1 The one-step model chemical model 

In this model, the chemistry is described by a single step irreversible reaction: 

A{ react wits) — » P( products) (10) 

The reaction rate of this reaction is expressed using a classical Arrhenius law 

«M* BCaexpl-EJILT) (11) 

For this simplest chemical model, 4 parameters appear: B. (A If), and Le * 

((AW) being the heat released by the reaction). Since He* and (AW) can easily 
be determined (by using binary diffusion coefficient for the Lewis number and by 
matching the folly burnt gas temperature for (AW)), we have to determine B and 

E.. 

2.3-2 The two-step chemical model 

The two-step mechanism initially proposed by Zd'dovkh ( 1948) consists of a first 
order chain branching reaction and a second-order termination reaction: 

A + X -* 2X (12) 

X+X-P (13) 

The use of a two-step mechanism significantly increases the number of unknowns 
Now. S parameters have to be determined: B| , Bj, £«,* E mj . (AW)|. (AW)?. Ic a, 
and Lt\ where (AW)i and( Aff)j represent tbe heat r ele as ed by the first and by 
thc second reaction. To reduce tbe number of unknowns, some realistic assumptions 
can be proposed: 

- the first reaction has a high activation energy and is thermo-neutral (Linan 1974) 

- the second reaction has a zero activation energy and liberates all the heat ( Linan 
1974 ) coefficients 

These assumptions lead to simplified expression for the reaction rates of the 
reactions (12) and (13). 


WW, =W,C A C x exp(-£:. 1 /W.r) (14) 

Wf?2 = (15) 

Moreover, since the H atom provides a crucial source of radicals and plays a deter- 
mining role in the submechanism H 2 — O 2 (Glassman 1967), we relate the interme- 
diate species of the two-step mechanism to the H atom Thus, from binary diffusion 
coefficients, the Lewis numbers for A and X are: Lc* = 1.0, Lf \ — 0.15. From 
these considerations. 3 parameters still have to be determined: By . W 2 , and E„ { . 

To determine the remaining unknowns of the one- and two-step mechanisms, the 
methodology previously described is applied. 
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FKURE 4. Tcn:|Mr*t.iie and A uta^ fraction obtain'd with the one-step model 
{reduced by its value iu the fresh gas) at the trailing edge of the flame. o : GRl- 

tuech (CH» mass fraction): : E m = 30kcal/iu<»l B — 1.82«8: : E n = 

45k>'al;'m<>! 4 93< 1ft F, = COkral/tmil B = 1# i3 i B i'i mot. si. 



X |oa| x | cm) 

FlGl HE 5. R'duced aifthan* 1 aud H cone: nitration and temperature profiles aer«jss 
the laminar Haim* front. : GRI-niech: : two step uicrlianisin. 

2.3.3 Result.* 

First, the influence of kinetic parameters of one- aud two-step models on tlie flame 
structure is analyzed. The flame structure is very sensitive to the couple ( B. E„ ) 
especially in the trailing edge of the flame (s«-e Fig. 4). Since both B ami E a vary, 
it is difficult to know which of these two parameters influences the gradients of 
temperature and concentration. The profiles of $( «, = V< n,/lcn,.« in the burnt 
gas side seems to be very critical in the opposed jet r< Hibernation. When the flames 
interact between them, incomplete combustion by leakage of the fuel can lead to 
sudden extinction. This is jiarticularly true for the case E„ - 30 keal/mo!. B — 
1.82 10 s mt»l~ , s - ' for which the spreading of the CH| profile is more pronounced. 
For these values, the one step model predicts an extinction strain rate of 
whereas the experimental results give I\ r .-p — 200s 1 i Egolfojmulos 1904a). 

This ran he explained by noticing that for high activation energy, the thin reaction 
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FlOlRE 6 . Evolution of the heat release integrated across the flame front ( reduced 

by the unstrained value) in function of the strain. : GRI-rnech: : one- 

step mechanism; ; two-step mechanism. 



FtOi'RE 7. Evolution of the strain rate in function of time for different frequencies. 

; 1 Hz; ; 40 Hz; : SO Hz. 

zone is located at the downstream end of the temperature and concentration profiles 
(since the reaction zone is proportional to /J -1 ). Thus, for larger values of E». 
low strain rates only affect the preheat zone. As the strain rate increases, the 
temperature and concentration profiles are steeper, and the reaction zone starts to 
be affected by the strain. This effect is emphasized in the twin flame configuration 
where the distance separating the two reaction zones is a key parameter in the 
processes leading to extinction. The determination of the extinction strain rate 
(in ihe opposed jet configuration) depends directly on the good prediction of the 
position of the reaction zone in function of the inlet mass flow rate and, consequently, 
the strain rate. 

Figure ( 5 ) represents the flame structure using the two-step mechanism. Here, the 
concentration of the intermediate species is also of interes* because of the quadratic 
dependence on V‘x on the heat release rate (see Eq. 15). The maximum value of X 
is chosen by matching the maximum value of the H atom concentration given by the 
GRI mechanism. Once B\ and E, t are chosen to match the & and ♦ 4 profiles, the 
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maximum of ♦ \ is directly related to the frequency factor of the second reaction 
B>. We also observe a sjiace shift of the coni|»ared r«» the 4</y profile This could 
he overcome by decreasing B\ in order to change the production of X. However, 
tile decrease of B\ directly leads to a thickening of the fiante in the burnt gas side 
of the flame and. consequently, to a different response of the flame to strain. Thus, 
a compromise between the profiles of 6. $ and has to be found in order 
to obtain the right extinction strain rate in the opposed jet flame configuration. 
Finally. Fig. (6) shows the flame response to a steady strain rate obtained for the 
one- and two step • .vdels and the comparison with the solution given by the GRI 
mechanism. Heie. the heat release rate integrated across the flame (normalized 
by the unstrained value) is presented Both the one and two-step mechanisms 
allow «s to find the correct extinction straiu rate (within 10'/t of error). We also 
notice that the Lewis number effect is also observed by using the simple transjrort 
properties described in section (2.3). Since the Lewis mnnl>cr based on the limiting 
species (here CH* ) is less than unity (Lf.\ = 0.95). a positive stretch applied to 
the flame increases the heat release As the stretch increase-., the reaction zones 
are pushed toward the stagnation plane, and reaction cannot lie sustained due to 
shorter residence time (Law 1988). 

3. Lean premixed laminar flames submitted to an oscillating strain 

y. 1 Analytic of the flame rrnpon.it 

The response of a laminar premixed methane-air flame to unsteady straiu is 
numerically studied using one and two step chemical models. The unsteadiness of 
the flow is obtained by imposing a sinusoidal velocity field at the inlet boundaries. 
The amplitude of the velocity variations is 20 '/i of the mean value inlet velocity. 
Three different frequencies for the velocity fluctuations are studied (1. 40. and 
SO Hz). The strain rate applied to the flame varies from 70 to 1G0 s -1 . corresponding 
to Karlovitz number varying from 0.33 to 0.75. Here, the Karlovitz number is 
defined by A’« = r r A where A’ is the strain rate anti r r a chemical time scale 
defined by r c — o,/Sj . o „ being the thermal diffusivity in the fresh gases. The 
order of magnitude of the Karlovitz numlier is typically representative of the fiamelet 
regime defined by the Klimov- Williams criteria (An < 1). 

The time evolution of the heat release rate integrated across the flame (non- 
dimensionalized by tin* unstrained value) is presented Fig. (8). As a first obser- 
vation. no phase shift is observed between the one- and two-step chemical models 
and the solution given by the GRI mechanism. The slight asymmetry between the 
slopes corresponding to the extension and relaxation observed by the GRI mecha- 
nism is also described by the two-step model. Figure (9) represents the iieat release 
amplitude (normalized by its steady strained value) for different frequencies. The 
amplitudes of the fluctuations are underestimated by the simple models even if the 
tendency is well reproduced. As previously observed by Egolfopoulos (1994a). at 
low frequencies the flame behaves like in the steady case whereas at higher frequen- 
cies. the amplitude of the fluctuations decrease. The attenuation of the heat release 
amplitude at higher frequencies is explained by the fact that the disturbances are 
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FIGURE 8. Evolution of the heat release integrated across the flame front {reduced 

by the unstrained value) in function erf time ( Le a — 0.95). : GRI-mech; 

: one-step mechanism; : two-step mechanism. 



i 


(Mai 


Figure 9. Evolution of the heat release amplitude (normalized by its unstrained 
value) in function of the frequency. © : GRI-mech; + ; one-step mechanism; o ; 
two-step mechanism. 
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rapidly attenuated by diffusion effects (Egolfopoulos 1994a). 

S.t Response of a flame wttk unity Lewis number to an oscillating strain 
We also notice that the heat release rate given by the two-step mechanism is 
always lower than the results given by the one-step mechanism. This can be ex- 
plained using the asymptotic analysis of Seshadri k Peters (1983) who studied the 
structure of a planar premixed laminar flame submitted to stretch. Considering 
a high activation energy for the first reaction, the authors derived an asymptotic 
expansion for the temperature. They found that the first order temperature can 
be expressed as a function of stretch and Lewis numbers for the reactant and the 
intermediate species: 



Le A ~ 1 

Ua 


+ 



l - Le\ 

Le x 


/o l 


+ 


2X1 

Le x I 


(16) 


The subscript 0 refers to the axial coordinate where Yx is maximum, / 0 is a 
function always positive, A‘ is a non- dimension alized stretch, and (—AHj) is the 
non-dimensional ized heat of reaction of the recombination step. The relation (16) 
points out the respective roles of the diifusivities of the reactant and of the interme- 
diate species. Considering only the first term on the RHS of Eq. (16), for positive 
stretch the temperature increases for Le A < 1 . For Le A = 1 , the temperature 
remains constant equal to the zero order temperature regardless the value of the 
stretch. This recovers the classical conclusions of the role played by the Lewis num- 
ber of the reactant on the dynamic of stretched flames (Clavin 1985, Law 1988). 
The second term on the RHS of (16) enhances the effects of diffusivity of the inter- 
mediate species on f he dynamic of stretched flames. Since radicals are mostly very 
light species, they have high diifusivities leading to Lewis numbers significantly less 
than unity (here Le \ 0.15). Thus, in the case of positive stretch, the diffusivity 

of the intermediate species tends to decrease the temperature and, consequently, 
the local laminar flame speed. This result points out that even for Lt x = 1 the 
flame can be sensitive to stretch effect and exhibits local variations of the laminar 
flame speed not only due to compression of the reaction zone. 

Moreover, under some circumstances, a positive stretch can produce a decrease 
of the heat release rate when the Lewis number of the reactant is slightly less than 
unity. This is observed in Fig. (8) for the frequency 1 Hz and Le A = 0.95 where 
the normalized heat release rate goes under unity. 

In order to characterize the effect of a slight variation of the Lewis number, the 
response of the flame to unsteady strain is analyzed by imposing the Lewis number 
for the reactant equal to unity. This slight variation of Lt\ has a strong consequence 
on the flame response. Figure 10 shows the evolution of the heat release integrated 
across the flame front for Le A = 1.0 and for 1, 40, and 80 Hz. The results issued 
from the one and two-step calculations are in opposition of phase compared to 
the solution given by the GRI mechanism. Due to the compression of the reaction 
zone, the integrated heat release is less than unity for both one- and two step- 
models. Moreover, for the two-step mechanism, the diffusion of the intermediate 
species also contributes to the decrease of the heat release as previously explained. 
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Figure 10. Evolution of the heat release integrated across the flame front (reduced 

by the unstrained value) in function of time ( Lc^ = 1.0). : GRI-mech; : 

one-step mechanism; : two-step mechanism. 

This behavior is well summarized on Fig. 11, in which the scatter plot of the heat 
release rate versus the strain rate is represented for all the frequencies ( 1 , 40, and 
80 Hz). Very clear correlations are observed, and different signs for the slopes are 
found between the cases Lca = 0.95 and Lt^ = 1.0. 

This seems to indicate that the thermo-diffusive properties of the mixture is a 
first order parameter in the behavior of strained laminar flames. 

4. Vortex-premixed laminar flame interaction 

The configuration investigated here concerns the interaction between a two-dimensional 
vortex pair generated by acoustic excitation and a V-shaped air- methane premixed 
laminar flame stabilized on a heated wire. A counter-rotating vortex pair propa- 
gating itself by mutual induction interacts with an initially planar premixed flame. 
Figure 12 shows the vorticity and heat release fields during the interaction ( t = 5ms). 

Here, the Lewis number based on the reactants is taken equal to unity. This prob- 
lem has been extensively studied both experimentally (Samaniego et al. 1996) and 
numerically (Mantel 1994). Here, a lean methane-air flame is investigated (equiva- 
lence ratio = 0.55). The initial conditions for the simulations are obtained from the 
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FIGURE 11. Scatter plot of the integrated heat release across the flaine front 
(reduced by the unstrained value) vs strain rate. 


experiment. The characteristics of the interaction are Vp/Si = 66.8, */df = 25.7. 
and D/Sj — 104.8, where I p, Si represent respectively the displacement velocity of 
the vortex pair and the laminar burning velocity: and s. A/, and D are the distance 
between the center of the vortices, the laminar flame thickness, and the distance 
separating the vortex pair from the laminar flame. 

Details concerning the geometry and liagnostic techniques can be found in Samaniego 
et al. ( 19°G). Information concerning the equations solved in the DNS code and 
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FIGURE 12. Vorticity (top) and heat release rate (bottom) fields at t = 5ms of 
the interaction (from Mantel et al. 1996). 

the computational configuration are presented in Mantel (1994). 

Since radiative heat looses effects have been found negligible during this interac- 
tion (Samaniego 1996, Mantel 1994), adiabatic conditions for the flame are taken 
for the simulations. Figure 13 shows the time evolution of the flame length (non- 
dimensionalized by its initial length). Comparison with the experimental results of 
Samaniego (1996) points out that the dynamic of the interaction is well reproduced 
by the simulations. The time evolution of the minimum heat release rate integrated 
along a normal to the flame and encountered along the flame is also shown Fig. 13. 
As long as the interaction goes on, the vortex pair increases the flame length and 
leads to a decrease of the heat release rate at a location in front of the vortex 
nan This is qualitatively well described both by one- and two-step mechanism. 
In this configuration, the two-step model allows a significant improvement in the 
dc; cription of the decrease of the heat release rate. 

5. Conclusions 

This paper presents a new methodology to determine kinetic parameters of one- 
and two-step chemical models classically used in DNS of premixed combustion. By 
using a one-dimensional code in which simple chemical models and simple transport 
properties are implemented, the kinetic parameters are determined in order to verify 
( 1 ) the laminar burning velocity, (2) the temperature and concentration profiles, and 
(3) the extinction strain rate of t, laminar flame in the opposed jet configuration 
(counterflow flames). To do so, the results issued from these simple models are 



164 


T. Man*tl, F. N. Egolfoyoulos & C. T. Bowman 




FIGURE 13. Time evoluion of the flame length (top) and minimum heat release 

rate integrated across the flame. : one-step mechanism; : two-step 

mechanism. 


compared in detail with results obt ..ned from the GRI-mech 2.1 mechanism and 
multi-component transport prope ties. 

Applications of these simple mechanisms and transport models on two unsteady 
configurations show good behavior of these models. In the case of a flame submitted 
to an unsteady strain, both one- and two-step models describe qualitatively wt>l the 
dynamic of the flame and the heat release amplitude for different frequencies. In 
this configuration, no obvious improvement is obtained with the two-step model. 
However, the Lewis number based on the reactant seems to be a determining pa- 
rameter for laminar strained flames. A slight variation of the Lewis number from 
0.95 to 1.0 leads to a completely different behavior of the flr . . 

The interaction between a two-dimensional vortex pair wi:h an initially planar 
premixed flame is also analyzed by DNS using the one- and two-step chemical 
models. In this case, comparisons with the experimental results of Samanicgo et ai 
(1996) shows that the two-step chemical model allows a better description of the 
interaction. However, further work is needed to investigate the effects of a slight 
variation of the Lewis number on the behavior of the flame during the vortex-flame 
interaction. 

This methodology can be improved by studying a configurat ion of laminar strained 
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flaute more representative of turbulent premixed flames. This concerns the conn 
terflow flame configuration, but with hot products ou one side and reactants on 
the other side Further work is in progress to « xamine tlie I avior of simple and 
transjvort model*. 
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Evaluation of joint probability density 
function models for turbulent nonpremixed 
combustion with complex chemistry 

By N. S. A. Smith 1 2 3 , S. M. Frolov’ AND C. T. Bowman 1 


Two tyjR> of mixing »h- rraluaJcil in (ixuHriimi with a joint scalar 

jwobalMliiy density function tut *t hod for turbulent lamjireiiiixed combustion. Moth 1 
calculation 1 * arc iua*lc ami compared to simuiatioii results for homogeneously dis- 
tributed met ham- air reaction zones, mixing and reacting in decaying turbulence 
within a twt»- dimensional enc|««sed domain. The cotu|>arison is arranged to ensure 
that both the simulation and ntodel calrnlafitnis a) make use of exactly the same 
chetnical mechanism. b) do not involve nou-unity Lewis uuiuIkt transport of species, 
and c ) are free front radiation loss. The uitKlified Curl mixing sub-model was found 
to provide sujieriot predictive accuracy over the siinph 1 relaxatiou-to-inean sub- 
model in th< , ase studied. Accuracy to within 10-'20’,{ was found for global means 
of major sj**'ch i s anti temperature; laiwever. nitre, oxide prediction accuracy was 
lower and highly dejtcndetit on tin 1 choice of luixit -ub-modei. Both mixing sub- 
models were fouud to produce non-physical mixing lieliavior for mixture fractions 
removed from the immediate reaction zone. A suggestion for a further modified 
Curl inixiug sub-tiio<ki is made in connection with earlier work done in the field. 


I. Introduction 

A large numlter of practical combustion systems can lw- said to operate in a 
noupreinixed turbulent regime. Under th«-sc conditions, fuel and oxi<li/er react 
concurrently as they are mixed together through the cascade of scab's from turbulent 
stilling down to molecular diffusion. The nonpremixed mode of combustion is 
distinct from the premixed mode in that the projiagatiou of reaction fronts through 
a flammable mixture is not encountered. This is by virtue of the concurrence of 
mixing of reactants to a flammable state, and reaction. 

When put in the context of the partially premixed flame study's discussed else- 
where in this volume, nonpremixed combustion refers to all the phrnometia that 
occurs after the passage of any initial igniting flame fronts. The bulk of chemical 
activity in gas turbine combustors, compression ignition internal combustion en 
gincs. and a great many other classes of devices, occurs downstream of stabilizing 
flow structures in a purely nonpremixed mode. 

1 Center for Iiirfmlenr,- Research 

2 \ \ Viimkw Institute for f "hemica! f’hwrs Moscow . Russia 

3 Stanford l iioersity 
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Tlie critical design issues facing gas turbine combustor and diesel engine designers 
at (trcsnit center on reducing pollutant formation in order to meet present and 
future emission regulations. In order to understand and lie able to predict the 
occurrence of unwanted byproducts, such as oxides of nitrogen (.VO, ) and soot, 
it is essential that allowances be mad*' fot the interactions which occur between 
finite rate chemical reactions and turbulent mixing processes. Nitric oxide ( A r O) is 
a sj>eciev whose formation in flames is limited by chemical kinetic rates which are 
slow in comparison to typical mixing rates, and thus cannot lx- adequately predict e< l 
using a model assumption of mixing- limited chemistry. 

Many methods have l#ni pro|>osed which seek to accurately predict the inter- 
action of finite n.te cliemistry and turbulent mixing. One of the most promising 
groups is the Joint Probability Density Function j JPDF ! methods as employed by 
Pope (1981. 1985. 199(11 and others (see Chen &: Kollmaun 1988. 1992. 1994). The 
variants of the JPDF method have Ucu used to succ«*ssfully predict nitric oxide 
fonnation in turlmleut jet diffusion flames of hydrogen (Chen &: Kollmaun 1992. 
Cheu ft a/. 1995. Smith ft ol. 1993). Tlie effectiveness of the JPDF model in these 
exj»erimental comparison^ for hydrogen an<( osImt tost-, involving hydrocarbon fuels 
(Chen 1996) make it a prime candidate for incorjx»ration in design tools for use 
with more practical combustion systems. 

Correa and Pojh- ! 19 52 * haw already begun to take steps towards implement- 
ing JPDF methods m a computational framework more suited to practical calcula- 
tions. They show* si reasonable agmuieut between the predictions of a hybrid JPDF 
u iet iu m! in an elliptic flow solver, with exjx-rimental data gathered behind a bluff 
Ixxly stabilize<l flame. Oik* difficulty with tin- ex}M*riu:eutal comparison of Correa 
and Pope ( 1992 ; and those of the jet flame experiments descrilx’d a)x>ve is that 
there an- a nuinlxr of other models and approximations ihat must be iucorixirated 
in order to prcxlure »i~«-fiil piedictions. but these other imxlels make it difficult to 
ascertain the inherent accuracy of the JPDF method. 

Where only a srolar JPDF method is employed (as in the studies cited), a tur 
bulence nu »de| must lx- tis«-d to solve for tin* turbulent flow field. In the jet flame 
study's, radiation modeling can lx* problematic •Smith f t ai 1993. 1996) and thus 
make it difficult to evaluate the |>crforiiiance of the JPDF model directly. Further, 
since the JPDF mode! cannot lx- eas..y employed with large chemical reaction mech- 
anisms. due to computational constraints, it is often necessary to employ reduced 
chemical descriptions of the full reaction set. This modeled abbreviation of a client 
ical system also introduces uncertainty when comparing with physical experiments 

Extraneous modeling issues can lx* swept aside if direct numerical simulation 
(DNS) is used as an evaluation fool. With DNS it is {xtssible to construct an 
idealized numerical exjxriment where unwanted physical effects can lx* excluded by 
design. For the case of mixing and reaction of fuel and oxidizer pockets in decaying 
isotropic turbulence, the flow field is at its simplest, radiation losses can be dropped 
from consideration, and commonality lx*tween the modeled and simulated chemical 
reaction schemes can lx- ensured. 

The purjxise of this -• idy was to compare JPDF nnxlel predictions with DNS 
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observation- for the nonpremixed combustion of methane and air in decaying tur- 
bulence. Tlie rhemirai iia-rlumisni employed in Ixrtli the DNS and in the JPDF 
mode! calculations included prompt ami thermal XO formation pathways and no 
allowed an evaluation of the model's XO prediction capabilities to Ih* made. 

2. Joint scalar PDF equations 

Given a chemical system of .V sj>eo»es it is (M>ssil>le t > construct a chemical compo- 
sition vector. where each coordinate corres}H>n<ls to a |K*ssihle sjwvies mass fraction. 
It is then |>ossilde to <lefiitc the probability F that the instantaneous composition 
vector at a time t at a sample (mint is in the immediate vicinity of < . 


Fti'i cv: 1 1 — Prob{fi < Ci < t'i 4- <h‘i i\v < o.v < tv + «/t \ } ( 1 i 


Tlie tleiisify weighted joint scalar prol>ah ; hty density function. /. in roni|>ositioii 
space is then defined as the partial derivative with resjK-ct to the species dimensions. 
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tv ) = 
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Ft»r homogeneous flows, the evolution ;>f the joint scalar PDF is theu given by the 
following <see C'n ti and Kollmanu 1994). where Qi is the instantaneous reaction 
rate of the Fth sjieoies at time t. ami \n is the joint scalar dissijratioii rate for the 
1th ami fth sp«s ■ 
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0o t 
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(3) 


The influence of chemical rea* 'ions on the temjroral evolution of the joint calar 
PDF similar to a convective velocity field in comjtosition spare. Dis.-.ij>ation 
of scalar fluctuations through mixing, as rrprcsnirod by the second right hand 
side term, lead to reductions in ’be variance-* ami covariances of the sperm's and a 
sharpen;..^ of the joint PDF at the mean comjxisitu u. 

As chemical sy stem >f practieal intert-sf can have an extremely large nmnljer of 
itnjarrtant sjaries, the dimensionality of the joint PDF can also la- large. Stochastic 
in* ids recommend themselves as r.e solution method of choice in these cases 

(Pope 1981 j. 

In a Monte Carlo approach, a large numl>er of st<a-hastic j>articl«*s are operated 
u{K»n by model processes in a Lagrangian frame of reference. The model processes 
are designed in such a way as to cause the joint PDF of all the particles to behave 
according to the evolution equation above. 

Each stochastic particle has a definite location in coitqiosifion space at any given 
time. The evolution of the ith chemical cotn|>onenf of the jth stochastic particle 
can be expressed in terms of a chemical leaetioti source term. Q\ ami luohvuSat 
mixing term. ri> J r as given fwlow. 
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at 


= Qi + rh i 


( 4 ) 


A s'guih; cm- o ’vantage «>f the JPDF metliod ov« other models is that the chem- 
ical source terms Q* can be evaluated exactly without noil for a model. The 
difficulty with the Lagrangian formulation lies with the t nut meat of the molecular 
mixing terms mi* 

2. 1 Molecular mixing model.* 

A wide variety of molecular mixing models have l>een pn»j*>sed for tiij in the 
past (see Pope 1981. Ch«n and Kell maun 19941 The simplest useful model is a 
deterministic relaxation- to- the-meaii (RTM ) expression as given I alow. where * 
denotes a turbulent mixing frequency. 


m* =s ,*;(< $, > -o \ ) (C l 

The deterministic RTM model has the adjutage of being simple to implement 
within a complex practical calculation and allows the mixing and reaction terms of 
the stochastic eqratious to lie solved simultaneously. AH particles are operated on 
!»v both the molecular mixing and reaction models at all stages «f tin* computation. 
A disadvantage of the RTM model is that it does not predict tin* correct mixing 
behavior of two i’u*ds :n an isotropically decaying turbulent field. Instead of causing 
a mixture fraction PDF to tend towards a Gaussian distribution with increasing 
time, the RTM mode! allows the flatness of the PDF to increase without bound. 

More sophisticated mixing models have been derived from the Curl coah-scenre- 
dispersion models for droplet mixing. Whereas the original Curl mixing model gives 
rise to discontinuous joint PDFs, the modified Curl model proposed by Janieka > t 
at (1979). and Dnpazo (1379). yields the d«*sired continuous joint PDFs. Mixing 
is modeled by ••jK’rating on a small imiidw-r of oartie’es at each time >tep of the 
calculation. Particle pairs arc chosen at random I»mu the complete particle enseui 
bli . and are caused to mix with one another to a randomly varying degree o. The 
resultant comp' rations of the ;th and ith particle aftei utixiuc interaction are given 
by tlw following. 
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= ‘10 J , -*■ ~(l - ol(c/f 
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(Cl 
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The number of random |>article pair selections that must !«■ made per timestep 
of tin calculation is given by the following (see Pope 1982 !. where B is a con 
staut number that depentls or, the pair selection scheme, and _7>f is the timestep 
nouditnensionalizc by the mixing frequency. 


• patr a 


= B^rt.X 
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Tlx* use of random particle interaction ( R P I ) nnxlels provides a framework for 
the implementation of schemes that reflect more of the physical nature of mixing. 
Alt example of the lienefit that can la* derived from RPI models can la* found in 
the “particle age" modification sugge.st«*tl l»y Pope ( 19S2). This uHxiel can lx* tuned 
to enforce asymptotic Gaussianity on conserved scalar PDFs in decaying isotropic 
turhulence. 

One potential drawlwu-k incurred in using particle interaction models is that the 
mixing process can *hen no longer be solver l simultaneously with the chemical re- 
action process. The two process's must lx- decoupled. and rhi> can cans*- problems 
where the rates of mixing and reaction are both very large relative to the inverse 
of the timestep. Stich problems are likely to occur when combustion occurs in the 
flamelet regime (ms- Anand Pojx* 19S7K 

Both the RPI model ami the simple RTM model were employer! in .IPDF cal- 
culations against the DXS data. The results of this comparison are presented in 
Section 4. 

3. Simulation conditions 

Due to resource and time constraints, the direct numerical simulation was limited 
to a two-dimensional calculation of uotiprcmixed combustion in a decaying turbulent 
field. 

As the .IPDF method is inherently statistical in nature, it was desirable to max- 
imize tin i mini xt of DXS data |x»;nts in the domain that eould lie included in a 
single -.tatistical s»-t. To this end, tin* simulation was j*erfonn«xl with an initially 
isotropic turbulent velocity fkdd and distribution of fuel and oxidizer jax-kets. Tin* 
initial distribution of chemical sjiecies was determined from a phase scrambled E~ k 
sjx-ctrum for a conserved scalar, known as mixture fraction £ (see Fig. 1 ). 

Mixture fraction is a normalized scalar that is equal to unity where all of the 
lix al has mass originated from the nominal fuel source, irrespective of its reacted 
state, and zero when* ali the local mass has originated from the oxidizer source. 

Given the distribution of tin* conserved scalar, mixt ure fraction ( ( ). reactive scalar 
profiles were map|x*d onto the domain according to adiabatic «*quilibrium profiles 
in mixture fraction space I sec Fig. '2 1. 

Zones on the domain with a stoichiometric mixture fraction = 0.0551 were thus 
assignor 1 a sjx*cies and temperature comi«>sition mrres|xmding to adiabatic equi- 
librinm conditions at stoichiometric. Domain regions with higher or lower mixtun 
fraction values were given corn spnndingly richer or leaner blends of equilibrated 
fluid. 

Xote rha* the richest mixture fraction allowed in the initialization of the simula- 
tion domain was < < > = 0.15. This mixture fraction is beyond the rich flammabil- 
ity limit of methane air mixtures at standard tenijx rature and pressure. Of all the 
species present in tlx* simulation, only nitric oxide (SO) was initialized as being 
zero at all mixture fractions. 

By initializing the simulation using the method described above, the flame zones 
wen effectively ignited simultaneously. allx*it artificially, prior to run time. This 




FIGURE 1. Initial distribution of the conserved scalar Dark regions denote fuel 
rich zones £ = 1 while light regions denote fuel lean zones £ = 0. 


a zr> 


Figure 2. Adiabab 
space. Symbol key 


ua- « 


0 • 


5 . 0 05 

•j', i 


> 

* \ 4 


A 

Sg 




0 05 0 1 

Mixture fraction 


0t5 


quilibrium sjrecies mass fraction profil<*s in mixture fraction 

’) z , x CO. o C'0 2 . & H.O 


was done te> avoid a potentially long transient period where (presumably} triple 
flames would propagate along the unburnt flammable ribbons between the fuel and 
oxidizer pockets away from the ignition points 

In order to avoid the establishment of intense pressure waves as a result of map- 
ping flame zone temperatures onto an initial cold flow field, the local densities were 
adjusted everywhere to maintain a uniform initial pressure field. The existence 
of large density gradients after initialization caused a short period where the flow 
field reorganized to preserve continuity. It is difficult to draw a parade! in beh wior 
between the decay of turbulent motions in the reacting case and the we! 1 known 
trends u» inert grid turbulence The former case i> subject to dilatation, variable 
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FlGl Ri: 3. Variation in simulated global mean quantities with calculation time. 

viscosity, and l»aroclinic torque effects that are absent in the latter. 

Unfortunately, it was further found that it was not jM»ssible to pe rform simulations 
with a combination of periodic boundary conditions and the initialization technique 
described above. Xo satisfactory explanation for this restriction has been found. 
It was fouud. however, that the calculation could proceed without hindrance if the 
domain was instead bounded by adiabatic slip walls encompassing a small filter 
zone with initially damped wall- normal velocity. 

Under the simulation conditions described above, tire flow and mixing fields on a 
cential jmrtion of the grid (210 2 ) were found to be statistically homogeneous. All 
of these {mints were then used in each of the statistical sample's taken periodically 
throughout the temporal evolution of the simulation. With the passage of time, tur- 
bulent motions caused parcels of fuel and oxidizer to be converted into chise prox- 
imity while molecular diffusion fed the reaction zones present at the fuel/oxidizer 
interfaces. 

Unmixedness, U. is defined here as the global variance of mixture fraction nor- 
malized by the maximum possible variance, which is given by the product of the 
differences between the global mean and tlte maximum and minimum jmssible val- 
ues of conserved scalar. Unmixedness is thus equal to unity when no mixed fluid is 
present, and zero when all fluid has been mixed to a uniform state. The gradual de- 
cay in the unmixedness of the conserved scalar is plotted along with nondimmsional 
scalar dissipation rate an 1 mean pressure i:i Fig. 3. 

It is evident that the molecular mixing processes promoted by turbulent stirring 
rapidly mixed the conserved scalar towards uniformity, but that at the end of the 
simulation the unmixedness was still substantial at approximately U — 0.3. As a 
result of the increase in the characteristic turbulent time scale and the decrease in 
local conserved scalar gradients, the scalar dissipation rate can be seen to decrease 
with time. 

The simulation was carried out using a Fickian assumption for the molecular 
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transport of the species, as traces, in a background gas ( .V > ) . All species were 
assign'd uniform Lewis numbers erf unity in order to allow a fair comparison with 
the JPDF model predictions. The JPDF model is not strictly valid where significant 
differential molecular diffusion between tin* species is present . 

As the reactions proceeded, more anti more fuel and oxidizer were consumed and 
progressively more sensible enthalpy was released into the system. The release of 
heat in the confined system caused the mean pressure in the domain to double over 
the course of the simulation (see Fig. 3). The change in global mean species mass 
fractions during the course of the simulation can be seen in Fig. 4. 


Oil: HZO 



0 0 0014 0 00279 

Time (msec) 

Flf.t’RE 4. Variation in simulated global mean species mass fractions with calcu- 
lation time. 


The turbulent Reynolds number determined use of the mean molecular viscosity 
( recall that the local temperature variations give rise to a seven-fold variation in 
local dynamic viscosity) slowly from approximately 30 down to 20 over the duration 
of the simulation. 

The simulation conditions correspond physically to a small area of intensely mixed 
fluid of the order of 3 millimeters on each side. In some ways the simulation con 
ditions may be analogous to the kind of conditions experienced inside high power- 
density combustion devices of practical interest. The DNS domain might he thought 
of as representing a single computational cell in a much larger grid used in a prac- 
tical model calculation. In this sense it is of some interest to observe how well the 
•lPDF model performs in this single cell, as it could well have implications for use 
of the model in a large multi cellular calculation. 

With the assumption of isotropy, the JPDF model reduces to a dimensionally 
degenerate case devoid of mean gradients. The case is similar to those studied 
bv Correa (1993) and Chen (1993). except that it is unsteady, whereas the earlier 
studies were for steady combustion. 
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S.l Chemical reaction mechanism 

An eight step reduced chemical mechanism for methane combustion was provided 
by Frolov (1996) for use in both the DNS and JPDF calculations. The mechanism 
consists of global steps which do not make explicit use of any radical species, such as 
hydroxyl (OH), methyl (CH%). and so on, but instead employs tuning factors for the 
fuel oxidation and prompt NO, steps. These tuning factors are incorporated into 
the pre-exponential coefficients in the Arrhenius expressions and make allowance for 
variations in local equivalence ratio, fuel species, and pressure. The tuning constants 
were derived by Frolov (1996) from comparison of the reduced mechanism with full 
mechanism calculations in counterflow laminar premixed flames. 


CH A + 1.50 2 -* CO + 2 H 2 0 

(/) 

CO + H 2 0 -> C0 2 + Hi 

(Ilf) 

CO 2 + ffj -* CO -f h 2 o 

(Ub) 

2H 2 +Oi^ 2 H 2 0 

(III) 

2CO + Oi -* 2COi 

(IV) 

CH t +0 2 + N 2 - CH a + 2 NO 

(V) 

A 2 + 02 -> 2NO 

(Vlf) 

NO + NO - N 2 + 0 2 

(VIb) 


The Arrhenius rate constants corresponding to the above reaction steps are given 
below where .4,. n, and E, denote the pre-exponential factor, temperature index, 
and activation energy for reaction number i, and p is the local pressure in bar. 


No. 

Ai(mol, L,s) 

n. 

E,(kcal/mol ) 

I 

-4i/p 

0.0 

50.0 

Ilf 

1.0 x 10 l2 /p 

0.0 

41.5 

lib 

3.1 x 10 ,J /P 

0.0 

49.1 

III 

7.0 x I0 i3 /p 2 

0.0 

21.0 

IV 

8.5 x 10 ,2 /p 2 

0.0 

21.0 

V 

As Ip 2 

0.0 

50.0 

Vlf 

1.7 X 10 17 

-0.5 

136.0 

VIb 

4.1 x 10 15 

-0.5 

93.3 


The pre-exponential factors for reactions I and V are functions of the local equiv- 
alence ratio ii. Frolov (1996) determined the appropriate values of Aj and .4s at 
a range of equivalence ratios from $ — 0.67 up to 0 = 1.54. The pre-exponential 
factors vary nonlinearly over the range such that the lean limit values are orders 
of magnitude greater than the rich limit values. The values under stoichiometric 
conditions for each is Ai = 2.57 x 10 li L/(mol s) and .4s = 7.03 x 10 13 L 2 /(mol 2 a). 
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At the suggestion of Frolov (199G). linear interpolation between tin* known values 
for .4] and .4s was used to determine Valin's for intermediate mixing states. 

At this stage there are some questions as to the aeeuraey of the chemical mech- 
anism descril>ed above, since it appears to give quantitatively inaccurate values 
for unstrained laminar flame speed and extinction strain rate. However, as Ixrth 
the DNS and JPDF computations employed the same chemical mechanism, the 
quantitative accuracy of tin- mechanism is not an issue in comparing one with the 
other. 

4. Comparison of predictions and simulation data 

The JPDF model calculations were in each case initialized directly from the do- 
main of the DNS data base. Each of the 2. (KM) stochastic particles used in the 
model were assigned conqujsitions selected at random from the domaiu. Special 
care was taken to ensure that the initial particle distribution in composition space 
gave rise to the same statistics as was found in the simulation. As the particles 
used in the model were of equal mass, this required that the number of potential 
particle assignments for each domain cell be proportional to the local fluid density. 

An assignment table was constructed for the purpose of particle initialization, 
where there was an equal probability of a particle Ix'iug assigned the com;M>sitiou 
of any entry in the table. The uumlter and composition of the table entries was 
determined from the simulation domain, such that a very low density cell would 
only provide a single entry whereas a high density eel! would provide a number of 
repeated entries, each with the same composition as the originating cell. As the 
central jx>rtion of the simulation domain consisted of approximately 45.000 cells 
and the ratio of the mean cell density to the minimum cell density was of order 
2 -■ 3. this gave rise to a table containing around 100, (MM) entries. Of that uumlx-r. 
2.000 wore select**! at random, without replacement, for particle assignment. 

Model calculations were then allowed to proceed according to Eq. 3. with a 
revised mean pressure calculated after every time step. Mixing time scales were 
drawn from the DNS for use in the model calculation. 

4-1 Global mi : an behavior 

Global mean species yields anti pressure were predicted using KTM and RP1 
mixing sub models (see Section 2.1) within the JPDF model. 

Typical model predictions for mean pressure, initialized from the initial DNS 
data, are plotted in comparison with the DNS pressure record in Fig. 5. The RTM 
prediction displays too slow an initial pressure rise, indicating a too modest sensible 
energy release raft'. Towards the end of the simulation period, the RTM-motleled 
mean pressure rises at a rate greater than tiiat seen in the DNS. 

The random particle interaction model prediction tends to lie substantially closer 
to the DNS curve than do the predictions of the RTM model. At its worst the RTM 
model exhibits an approximate 20'X discrepancy below the DNS curve, while the 
RPI model exhibits a maximum undcrprcdic.ion on the order of lOVt. 

The model predictions for mean carbon dioxide {('()>) mass fraction formation 
reflect the predicted mean pressure behavior (see Fig. G|. Carbon dioxide is one of 
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FIGURE 5. Comparison of simulated and predicted mean pressure rise, chemical 
description of Ht/N j-air combustion. Symbol key : + - JPDF-RTM, x - JPDF- 
RPI, o - DNS. 



FIGURE 6. Comparison of simulated and predicted overall mean CO 2 production. 
Symbol key : + - JPDF-RTM, x - JPDF-RPI, o - DNS. 

the principal exotaermic products of hydrocarbon combustion, with the release of 
sensible energy being closely linked to its oxidation from carbon monoxide (CO). 

The carbon dioxide mass fraction curve predicted by the RTM mixing mode, 
displays the same tendency as the corresponding mean pressure curve. The initial 
formation of CO% proceeds at a slow rate before sharply increasing towards the end 
of the simulation. 

As was the case for the mean pressure, the RPI prediction for CO2 formation 
does not display this kind of sharp increase. Instead the curve has the same kind 
of gradual decrease in slope that can be seen in the simulation data. 
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Carbon monoxide iCO) is in great abundance at the beginning of the simulation, 
having b«-en initialized using adiabatic equilibrium values at « »ch value of mixture 
fraction. These equilibrium values are not normally encountered in flr mes since any 
substantial level of molecular transport tends to move CO into react ion zones at 
leaner mixture fractions, where it is consumed 

As a result of the initially high levels of CO. it acts primarily as a fuel species in 
the simulation. It is oxidized to form CO 2 . releasing heat in the process. Typical 
predicted mean mass fraction curves for carbon monoxide are compared with the 
simulation in Fig. 7. It is again evident that the JPDF model usiug the RTM 
mixing sub model tends to underpndict the initial reaction rate, but displays a 
sharp increase in reactant consumption towards the end of the simulation. 
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Fig IRE 7. Comparison of simulated and predicted global meric CO r isumpti*. 
Symbol kej : + JPDF RTM. * JPDF RPI. o DNS. 

The prediction of nitric oxide (A’O) formation is particularly difficult given its 
high sensitivity to local temperature and oxygen concentration. The equilibrium 
concentration for NO under hot combusting conditions is orders of magnitude 
greater than what is usually observed in practice. Uulike the major species, the 
formation of NO is limited rot by the rate of mixing but by the chemical kinetic 
rate at which mixed species will react. 

Typical JPDF model predictions for mean nitric oxide mass fraction, derived 
using RTM and RPI mixing submodels, are compared with simulation data in Fig. 5. 
The profiles from all three sources exhibit increases with time, which indicates the 
level of NO is far below its equilibrium conditio.- The second derivative with 
respect to time of all three profiles is positive over the course of the simulation. 

The significance erf small differences in model as- imp t ion- ou NO prediction is 
highlighted by the fact that lie RTM and RPI curves straddle the observed DNS 
curve. The nitric oxide formation rate predicted by the RTM submodel is substan 
tially less than the simulated rate, whereas the RPI predicted rate is somewhat 
greater. 
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FlGl Ut: 8- Comparison of simulated and predicted global mean .V O formation. 

Symbol key : + - JPDF-RTM. < JPDF-RPI. o DNS. 

4-2 Bekomor ta mixture fruction spore 

The comparison of global mean statistics presented above indicates that substan- 
tial differences in model predictions arise from the choice of mixing submodel. 

The characteristic differences that arise due to the choice of mixing model ran lie 
seen in Fig. 9. which depicts a typical comparison of the instantaneous scatter of 
stochastic particles in mixture fraction and CO; mass fraction space. The compar- 
ison of particle scatter is made at the end of the calculation (# = 2-SOtws). bearing 
in mind that the particle scatter was identical at t = 0. 



Ftot'Rt. 9. Comparison of predicted COi -mixture fraction distribution of stochas- 
tic particles at time t = 2.80ms. The RTM (upper) profile has been uniformly 
shifted bv an offset in C()j mass fraction of 1.0 for the sake of clarity. The RPI 
(lover) profile is unshifted. 
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Despite the fart that lx»th distributions iiave the same < tverail mixture fraction 
mean and variance, the range in particle values is much great. : in the case of the 
RPI-modelcd ilistributiou. This is because, in coutrast to RTM where all particles 
mix at every step, the RPI model only mixes a relatiwly small random selection 
to a {totentialiy large degree. Tbr random nature of tin- RPI mixing model allows 
unselected particles to remain far from the mean of the distribution. As a result, 
the kurtusis of the RPI-predicted mixture fraction distribution tends to be higher 
than that predicted by the RTM model, and for that matter the DNS data (not 
shown). 

In addition, the qualitative forms of the two distributions are quite different. 
Tie- RTM-predicted distribution exhilnts far less scatter than its RPl-|»redicted 
counterpart at any given mixture fraction. This is liecause iu the RTM model, 
all particles relax towards the mean position in comj »osif ion space at a rate which 
depeuds only on the mixing frequency (same for all particles) and tie- distance 
between the particle and the mean position. Thus two particles that are initially 
very close together will leith proceed towards the glofial mean composition though 
they will never interact. In the absence of chemical reactions, tin RTM mixing 
model causes the initial profile to rout rart with time in a self-similar fashion towards 
tin- mean position. Thus the distribution phitted iu Fig. 9 is virtually a contracted 
image (f the initial particle distribution, albeit somewhat perturbed by chemical 
reactions. 

Inis self-similar behavior is in contrast to tin- RPI model wliere parlide-to- 
jwrticle interactions are what drive t he overall distrihutu u towards tin* mean po- 
sition ir composition sjwcr. Unlike with the RTM process, two |>articles which 
are initially very close in ronipositi<Mi space may diverge substantially during the 
course* of a single mixing step, as a lesult of random interaction with *rtli«-r par- 
ticles. Conversely, two particles which are in close proximity in mixture fraction 
space may haw widely different reactive sjiecies conijmsitions as a result of tlieir 
different individual time histories. 

This is not jiossible under the RTM mixiug model where nearby particles auto- 
matically haw very similar time histories. The trap dories of all particles through 
spare are constrained to approach tin- overall mean. 

Under RPI. differences iu particular reactive sjw-cie-. com|>ositioiis will la- most 
pronounced in Mints where the reaction rates pertaining to the particular speca-s 
are slow « unpared to mixing rates. In the case of cariioii dioxide ( Fig. 9). scatter is 
greatest at mixture fr actuals corresponding to very rich and wry lean stoichiome- 
tries where the ('()/ influencing reactions are coiujiarat ively weak. 

The degree of freedom of movement of particles through c<mi|>oMttou space has 
implications for the accurate prediction of reactive s|a-cn-s yields. Due to the non 
linear nature of non isothermal chemical reactions, small fluctuations in local tem- 
perature and speci«-s concentrations can lead to large changes m the production 
rates of species and sensible energy These changes in kinetic rates then have an 
ini|>act on the mean behavior of the system through mixing. 
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Figure 10. Comparison of predicted conditional mean normalized CO mass 
fraction profiles at time t — 2.80ms. Symbol key : + - JPDF-RTM, x - JPDF-RPI, 
o - DNS. 


4-t.l Conditionally averaged statistic* 

Conditional statistics were determined from both the predicted and simulated 
data by subdividing mixture fraction space into one hundred Inns of equal width. 
Conditional means and root mean square deviations were computed within each bin 
for each data set at various calculation times. 

The general behavior of the conditional mean profiles drawn from the simulation 
is one of a slow relaxation towards chemical equilibrium at an elevated pressure, 
after a rapid perturbation from tlie initial condition. The initial perturbation of 
the system resulted from the relatively strong mixing processes at the beginning 
of simulation which served to transport reactive scalars rapidly through mixture 
fraction space. As the level of turbulent mixing decayed with time, the degree of 
scalar tram-port decreased, thereby allowing the chemical system to return towards 
chemical equilibrium. 

Characteristic trends in a return towards chemical equilibrium, (see Barlow et al. 
1989. 1990) include upward relaxation in the conditional mean profiles for major 
product specks (CO*. HjO) and temperature around stoichiometric. There is also 
a corresponding downward relaxation in fuel and oxidizer levels. Nitric oxide levels 
at stoichiometric increase rapidly, having been orders of magnitude below chemical 
equilibrium at the time of initialization. 

Shortcomings in the current particle mixing models are apparent when predicted 
conditional mean profiles are compared with the simulation. The profiles for CO 
(normalized by the initial adiabatic equilibrium value at stoichiometric ) at time t - 
2.80 ms are plotted in Fig. 10. The elevated levels of CO at lean mixture fractions 
on the part of the models are anomalous and are not present in the simulation. The 
degree of this lean profile elevation decreases with increasing computation time, as 
the intensity of the turbulent mixing decreases. 
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FIGURE 11- Comparison of predicted conditional mean normalize*! temperature 
profiles at time t = 2.S0ms. Symbol key : + JPDF-RTM, x - JPDF RPI. o - 
DNS. 


The equations for the diffusive transport of reactive scalar mass fractions in mix- 
ture fraction space (see Klimenko 19%) indicate that the negative curvature of the 
conditional mean CO profile in mixture fraction space must result in a local de- 
crease in the CO mass fraction profile. Similarly, chemical reactions should drive 
conditional mean CO levels downward. There is no obvious physical explanation 
as to how the observed elevated profiles could have been produced from the initial 
condition. 

A similar anomalous effect can be seen in the normalized conditional mean tern 
peraturc profiles in Fig. 11, where the modeled mixing processes have caused the 
lean portion of the temperature profile to be depressed below the expected equi- 
librium line. The temperature depression is more substantial at earlier times and 
seems to be responsible for the early underprediction of mean pressure rise seen in 
Fig. 5. 

It is evident that the profile deviations are due to shortcomings in both the RPI 
and RTM mixing models. In effect, the models allow particles to mix towards a 
mean position that can be very far from their local region of composition space. 
Thus, in the case of the RPI model, particles at very lean mixture fractions are 
just as likely to mix with other particles at very rich mixture fractions as those 
immediately adjacent to themselves. The RTM model effectively allows the same 
interaction by constrainmg particles to mix along trajectorh-s towards the overall 
mean position. 

In reality, a fluid parcel is not free to mix with any other fluid parcel; it is instead 
bound to interact with those in its immediate vicinity in com]>osition space. Parcels 
in a fluid continuum cannot jump between separated locations in composition space, 
given a certain time step, without having an impact upon the intervening composi- 
tions. In the case of the conditional mean CO profile of Fig. 10. the elevated levels 
on the lean side of the reaction zone can only exist if the CO values at stoichiometric 



PDF models for turbulent combustion 


183 


5 °°; 

i j\ 


i 

t 



Figure 12. Comparison of predicted conditional mean NO mass fraction (pput] 
profiles at time t = 2.80m.s. Symbol key : + - JPDF-RTM. x - JPDF-RPI. o 
DNS. 

are more elevated still. There is no possibility of counter-gradient transport in the 
simulation given the assumptions employed. 

Turning to the prediction of nitric oxide (A'O) formation, a comparison of condi- 
tional mean profiles from the models and the simulation can be made from Fig. 12. 
It is clear that in all cases the formation of NO is strongly centered on the high 
temperature reaction zones around stoichiometric. Of the two predictions, those of 
the KPI model seem to best match the simulation profile at lean and rich mixture 
fractions in capturing the transport of NO to inert zones in mixture fraction space. 

An explanation for the significant discrepancy between the two model predictions 
for NO can be found in the difference between the conditional mean and variance 
profiles of temperature. Throughout the calculations, the particles in the vicinity 
of the reaction zone have a slightly higher conditional mean temperature under the 
RPI model than the RTM model. Further, the level of conditional variance in the 
temperature under the RPI model is many times greater than what is observed 
under the RTM model. 

The RPI model predicts a slightly higher conditional temperature variance than 
the simulation, around stoichiometric, while having conditional mean temperature 
values similar to the prediction. Given the high nonlinear sensitivity of NO forma- 
tion to temperature, it is reasonable to speculate that this difference in conditional 
variance may be the cause of the observed NO discrepancy. 

5. Discussion 

It is reasonable to assert that the RPI mixing model as described above seems to 
jK'rform better than the RTM mixing model under the conditions examined. The 
overall prediction of mean species yields by the RPI- JPDF combination is superior 
to that seen for the RTM-JPDF combination in the tests conducted. 
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The RPI model seems to incorporate significant conditional root mean square 
deviations in reactive species levels in mixture fraction space. This in turn may 
allow better prediction the formation of thermochemically sensitive sjx*cies such as 
SO. Indeed, in cases where highly noulinear phenomena such as extinction behavior 
is to be predicted, the RTM approach would be unable to capture the significant 
contributions made by particles that are far from the c<»nditional mean profiles. 

Both models, however, seem to suffer from a “long range mixing” problem. That 
is to say that particles are allowed to freely mix with other particles that are far 
removed in mixture fraction span-, without having any effect at all on particles that 
lie in the intervening space. 

The Kolmogorov scalar scale (»/*). defined below (where r* is the Kolmogorov 
time scah\ and \ is the mean scalar dissipation rate), describes the characteristic 
fluctuations in a conserved scalar which are present at the smallest eddy sizes, i.e. 
the level of scalar fluctuations which are diminished by molecular diffusion alone. 

fU=(\r t ) ,/J (9) 

After making ail assumption about the relationship l>etween the scalar dissipation 
rate, the scalar variance, and the turbulent time scale, it is ]>ossiblc to express 
approximately as given l>elow. 


nt oc<t' 2 > xrt iRt] 1 * (10) 

As the turbulent Reynolds number (/?»,) in the simulation jK-rformed in this 
study was rather low. the Kolmogorov scalar scale was on the order of one fifth 
of the entire range of mixture fraction space. In practical turbulent reactors, one 
might expect this value to be substantially lower. 

Using the Kolmogorov scalar scale as a guide for the case studied here, it seems 
unlikely that any particle would be able to mix on a molecular level with any other 
particle that is any further than At; = 0.03 distant. 

It may l>e appropriate to attempt to modify the RPI mixing model presented here 
so as to limit the range in mixture fraction space over which particles are* allowed 
to interact. In so doing, a greater number of particle interactions would be required 
in each time step so as to correctly model the overall decay rate in mixture fraction 
variance. 

Chen and Kollmann ( 1994) suggest a modified RPI model which better represents 
molecular diffusion by limiting the range over which particles can interact. No men- 
tion of a criteria for this critical range was mentioned, but jw-t haps the Kolmogorov 
scalar scale could be used in this capacity. To the Ix'st of the authors" knowledge, 
this scheme has yet to fa- implemented for testing. 

6. Comments 

This preliminary work has served to illustrate the effective differences between 
different mixing sub-models employed in a scalar JPDF model for nonpremixed 
turbulent combustion. 
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The simulation conditions were admittedly difficult to model, given that the non- 
premixed reaction zones were initially quite thin compared to both the physical and 
mixture fraction scales of tin* domain. Nevertheless, practical multi cellular calcu 
lations using JPDF methods will likely involve discretizations with cell Reynolds 
and Dainkohler numbers of the same order as that encountered in tin* simulation. 
In that regard, the insight obtained here could be of some use in selecting a mixing 
sub-model for practical usage. 

It would seem that of the two mixing sub-models tested, the Random- Particle- 
Interaction (RPI) model proved both to be more accurate in prediction, and also 
to exhibit more of the qualitative characteristics of the mixing processes observed 
in the simulation. Both mixing sub- models were found to exhibit non-physical 
behavior in the sense that particles were free to interact over too wide a range in 
mixture fraction space. 

The RPI model seems to be best suited for modification to include some limitation 
on mixing interaction distances in mixture fraction space. The implementation and 
testing of this modification as described in the discussion and by Chen anti Kollmann 
( 1994) is a project for future work in this area. 

Further, as computational resources become available it would be valuable to 
simulate a three dimensional case of the conditions studied here. This would be done 
to determine if imfmrtant effects have been neglected in the current simulation and 
would have the advantage of carrying a much larger ntunber of statistical sample 
points in the analysis. 
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Effect of chemistry and turbulence on NO 
formation in oxygen- natural gas flames 

By J.-M. Samaniego 1 , F. N. Egolfopoulos 2 AND C. T. Bowman 3 


The effects of chemistry and turbulence on A’O formation in oxygen- natural tur- 
bulent diffusion flames gas flames have been investigated. The chemistry of nitric 
oxides has l>ecu studied numerically in the counterflow configuration. Systematic 
calculations with the GRI 2.11 mechanism for combustion of methane and A'O 
chemistry were conducted to provide a base case. It was shown that the 'simple' 
Zeldovich mechanism accounts for more than 75% of N-j consumption in the flame 
in a range of strain-rates varying between 10 and 1000 a~*. The main shortcom- 
ings of this mechanism are: 1) overestimation (15%) of the NO production rate 
at low strain-rates because it does not capture the reburn due to the hydrocarbon 
chemistry, and 2) underestimation (25%) of the NO production rate at high strain- 
rates because it ignores NO production through the prompt mechanism. Reburn 
through the Zeldovich mechanism alone proves to be significant at low strain-rates. 
A one step model based on the Zeldovich mechanism and including reburn has been 
developed. It shows good agreement with the GRI mechanism at low strain-rates 
but underestimates significantly N j consumption (about 50%) at high strain-rates. 
The role of turbulence has been assessed by using an existing 3-D DNS data base of 
a diffusion flame in decaying turbulence. Two PDF closure models used in practical 
industrial codes for turbulent A’O formation have been tested. A simpler version 
of the global one-step chemical scheme for NO compared to that developed in this 
study was used to test the closure assumptions of the PDF models, because the data 
base could not provide all the necessary ingredients. Despite this simplification, it 
was possible to demonstrate that the current PDF models for A’O overestimate sig- 
nificantly the A'O production rate due to the fact that they neglect the correlations 
between the fluctuations in oxygen concentration and temperature. A single scalar 
PDF model for temperature that accounts for such correlations based on laminar 
flame considerations has been developed and showed excellent agreement with the 
values given by the DNS. 


1. Introduction 

This study is an investigation of the effects of chemistry and turbulence on nitric 
oxide formation in oxygen-natural gas flames. The choice of oxygen as the oxidizer 
is related to current interest in use of oxygen for high temperature combustion in 

1 Air Liqiiitle. Centre etc Recherche Claude- Delorme, France 

2 University of Southern California. I.os Angeles. CA 

3 Stanford University, Stanford, C'A 
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industry. In terms of SO emissions, oxygen is advantageous rompared to preheated 
air in high-temperature processes such as those encountered in the glass and steel 
making industry due to the low nitrogen content. However, molecular nitrogen still 
is present in certain amounts in the natural gas (0.5% for Algerian gas to 11% for 
Groningue gas) and in the oxygen stream. In the latter rase, the nitrogen content 
depends on the production method: from virtually 0% for cryogenic oxygen to o% 
for vacuum swing absorption. Other sources of nitrogen tor oxygen-natural gas 
combustion include air leaks into the furnace. Despite the relatively low levels of 
.VO emissions from oxy combustion, ever more stringent emission standards require 
a better understanding of SO formation in oxy-flames. 

The chemical mechanisms controlling A’0 formation are well known (Fenimore 
1971, De Soete 1974, Miller ic Bowman 1989, Drake Ac Blint 1991, Bozelli r.t al. 
1993. Bowman 1992). Nitric oxide is formed from two sources: molecular nitro 
gen. .Vj. and fuel -bound nitrogen. Iu the case of oxygen-natural gas flames, the 
only source is molecular nitrogen since natural gas. whatever its origin, does not 
contain nitrogen-bound sjwcies. In this case, the three main pathways for SO for 
mation are the Zeldovich. prompt, and V 2 0 mechanisms, and the main pathway 
for SO destruction is the reburn mechanism. The Zeldovich mechanism is based 
on 0-atom attack of A’ 2 through O + V 2 = A’0 -t- .V. and is active both in the 
flame zone and the postflame zone. It is strongly dependent on temperature due 
to the high activation energy. EztUottck- of the A^ consuming step (Eztidonck = 
76.5 kcal/molc). A particular case of the Zeldovich mechanism is the equilibrium 
Zeldovich mechanism, where 0-atoms are in partial equilibrium with molecular 0 2 . 
In this case, a global one step reaction for SO formation can l>e derived w'ith an 
overall activation energy, = 138 kcal/moh. The prompt mechanism 

is active only within the flame zone since it requires the presence of CH t radicals 
for consumption of molecular nitrogen, mainly through CH + S 2 = HCN 4- S. 
Subsequent elementary reactions lead to the formation of SO. This mechanism is 
weakly dependent on temperature due to the low activation energy of the main A’ 2 - 
consuming step (E pr( ,mpt — 20 kcal/mole). The V 2 0 mechanism is due to reaction 
of 0-atoms with A’ 2 in a three-body reaction, i e. 0 + .V 2 + M = .V 2 0 + A/, with 
the subsequent reaction of A’ 2 0 to form mainly through 0 + .V 2 0 = A’0 + SO. The 
reburn mechanism is responsible for consumption of _Y0 within the flame zone to 
produce .V 2 . and it is controlled by CH. CH? , and C'H j radicals. 

These various mechanisms are present in air flames and must be accounted for 
to predict accurately the level of nitric oxide emissions. The usual picture for SO 
production in air flames can be split in two parts: 1) production in the flame zone 
through a balance between the prompt, A 2 0, and reburn mechanisms - in this 
zone, the Zeldovich mechanism can be neglected; 2) production of SO in the post- 
flame zone by the Zeldovich mechanism alone. The picture is different in oxygen 
flames since in this case, the destruction rate of A* 2 is controlled by the Zeldovich 
mechanism, with a small contribution of the prompt mechanism (Samaniego et. al. 
1996). The main reason is that the higher temperatures of the oxygen flame tend 
to increase the destruction rates of A’ 2 , and this acceleration is more pronounced 
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for the Zeldovich mechanism due to its higher activation energy. As a result , the 
Zeldovich mechanism becomes faster than the prompt NO mechanism in the flame 
zone of an oxygen flame, while it is slower than the prompt NO mechanism in the 
flame zone of an unpreheated air flame. However, it is not clear whether the NO 
production rates can be derived from the Zeldovich mechanism alone since reburn 
may be taking place as indicated by the high HCN concentration levels observed 
in the numerical study of Samaniego et al. (1996). Furthermore, it is necessary 
to clarify the role of non-equilibrium atomic oxygen since it is unclear whether the 
partial-equilibrium assumption holds (Samaniego et al. 1996). 

The effect of turbulence on NO emissions in jet diffusion flames has been studied 
extensively (Peters A: Donnerhack 1981, Turns & Myrh 1991, Chen Ac Kollman 1992, 
Driscoll et al. 1992). The turbulent mixing process results in temporal fluctuations 
in temperature and species composition which influence the NO formation rates. 
Since the relationships between NO formation rate, temperature, and species are 
highly non-linear, NO emissions cannot be predicted from mean temperature and 
species concentrations alone. Therefore, accurate predictions of NO formation rates 
require the knowledge of temperature and composition fluctuations. Modelers have 
derived PDF formulations that account for the effect of these fluctuations on the 
turbulent NO production rate (Janicka Ac Kollmann 1982, Pope A: Correa 1986, 
Correa A: Pope 1992). The closure of the turbulent source term for NO is made 
possible through the use of a joint PDF which, in the case of Zeldovich NO with 
the partial equilibrium assumption for atomic oxygen, can be expressed as: 


M = J *[02! ,/J lA2]exp(-E/f^)P([0 2 ],[A' 2 ],T)d{0 2 ]d(Nydr (1) 

where P([02], {A 2 ], T) isajoint PDF of oxygen concentration, [02], nitrogen concen- 
tration. [.V 2 ]. and temperature, T. Usually, the nitrogen concentration is considered 
constant and [,V 2 ] is takeu out of the PDF. Furthermore, in practice, [0 2 ] and T 
are assumed to be independent variables and the joint PDF, P, can be expressed 
as the product of two single- variable PDF's, Pq 7 and P^, such as: 


P([0 2 ],T) = P Ol ([O 2 ])Pr(T) 

In such a case, the turbulent N 0 production term becomes: 


( 2 ) 


d[NO) 


dt 


= Jt[.V 3 


[( / m' 


')(/■ 


/2 P Oj ([02])d[0 2 ] ) ( / exp{-E / RT)P r (T)dT J (3n) 


In some cases, the same term is calculated from a single PDF by assuming that 
[O 2 } fluctuations can be neglected: 


</[.V0] 

dt 


-- k[Nm 


!»(/ 


exp (-E/RT)P T lT)dTj 


(36) 
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In both cases, this final assumption has a limited domain of validity since it 
presumes that the oxygen concentration fluctuations are not correlated with the 
temperature fluctuations. This may be valid in the post-flame zone where the 
combustion process is completed, but it is highly questionable in the flame zone 
where '.he temperature and oxygen concentration levels are obviously correlated. 
Since the amount of NO produced in the flame zone of oxygen flames can be very 
significant, it is expected that such PDF modeling approaches are inapplicable. 

The goals of this study are to derive a simple chemical model for N O formation in 
oxygen diffusion flames and to propose a model for the closure of the turbulent NO 
production term based on a PDF approach. For this purpose, two complementary 
numerical approaches are used, one addressing the effects of chemistry, and another 
addressing the effect of turbulence. 

2. Effects of chemistry 

2.1 Numerical approach 

Concerning chemistry. NO formation mechanisms are investigated using the 
counterflow flame problem. The counterflow configuration is often used to address 
chemistry-turbulence interactions with detailed chemistry, and it is well known that 
the strain-rate modifies the chemical pathways through reduced flame temperature 
reduction and residence times (Hahn and Wendt 1981. Haworth et al. 1988, Drake 
and Blint 1989, Chelliah et al. 1990. Mauss et al. 1990. Vranos tt al. 1992, Takeno 
et al. 1993, Egolfopoulos 1994a, 1994b, Nishioka et al. 1994, Samaniego et al. 
1995, Egolfopoulos k Campbell 1996). In such a geometry, the flow field is that of 
a strained flame where a jet of oxidizer impinges upon a jet of fuel. The oxidizer 
is a mixture of oxygen and nitrogen. Various mixtures are used: 100% 0 2 and 0% 
N 2 ; 95% 0 2 and 5% N 2 ; 21% 0 2 and 79% N 2 . The fuel is a mixture of methane 
and nitrogen. Two different mixtures are used: 100% C H* and 0% N 2 : 95% C 
and 5% N 2 . 

The numerical simulation is conducted by solving the steady and unsteady equa- 
tions of mass, momentum, energy, and species concentrations along the streamline. 
Details on the set of equations and numerical method can be found in Egolfopoulos 
(1994a and 1994b), and in Egolfopoulos k Campbell (1996). The chemical scheme 
that is used for combustion of methane is the latest GRI 2.11 mechanism, which 
accounts for 49 species and 277 reactions. Calculations are performed without ra- 
diative losses as it has been demonstrated that radiative losses from C0 2 . H 2 0 , 
CO. and CH\ play a negligible role in counterflow oxygen flames (Samaniego et al. 
1996). 

2.2 Results 

The objective of this study is to check whether the ZeMovich mechanism alone 
is capable of predicting with sufficient precision the rate of formation of NO in an 
oxyge:> flame. In order to do so, two sets of calculations have been carried out. one 
with the full mechanism which includes all NO formation routes, and one with the 
three reactions of the Zeldovich mechanism, namely: 
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FlCl RK 1. Computed velocity profik‘ along the stagnataMi streamliuo of a rou::- 
inflow Oj/C H 4 flame for a strain-rate of 25 s' 1 . 



Fl<;< RK. 2 Computed profiles of temj>erature (■'. oxygen mass fraetion ami 
methane mass fraction (A) in a counterflow Oj/C H\ flame for a strain-rate of 2o 


} and CH 4 mass fractions 
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o + .Vi = so * s 

(Rl) 

s +o 2 = so+o 

I/J2) 

S + OH = SO 4- U 

<R3t 


F«*r mechanisms. a scries of about 400 steady strained flames is calculated 
for strain-rates varying from 10 to 1000 *'*. The strain rate is defined as the 
maximum velocity gradient in the oxidant stream. Figures 1 and 2 depict the flattie 
structure for a strain-rate of 25 s' 1 . which is typical of all the strain-rates computed 
in this study. This result is obtained with the hill GRI 2.11 mechanism, and it is 
almost identical for die Zcldovich calculations miut tl»e SO chemistry does not 
significantly impact the fuel chemistry The horiz*«jtal axis is the co-ordinate along 
the stagnation streamline, with oxidant being fed at x = 0 cm and fuel being fed at 
/ = 1.03 mi. The ued velocities in this case are l* = 20 rw/ s for both streams. Tfc** 
velocity profile exhibits a stagnation point Hr- 0.74 on (Fig. 1). The velocity 
decreases from the <«v|rti nozzle feed, then itK teases due to thermal expansion 
and decreases again until crossing the stagnation point. The velocity profile has a 
similar behavior on tlie fuel side, and asymmetries are due to the different molecular 
weights of Oj and C H t and to chemical effects. Figure 2 depicts the profiles of mass 
fractions of Oj. CH^. and temperature. The maximum temperature b reached at 
i = 0.56 cm which corresponds to the flame zone. Tlie consumption of oxy gen and 
methane are almost complete at x — 0 65 cm. a location slightly on the fuel sioe 
relative to the maximum temperature. This can be attributed to the fact that some 
recombination reactions, which are exothermic, occur on the oxygen side. Figure 3 
depicts the profile id SO mass fraction, l.vo. in the rase of the full and Zrldovirh 
mechanisms, and in this case both mechanisms give similar maximum values but 
slightly different profiles in the fuel side. 

To allow com|>arisan with well known results, a series of strained unpreheated air 
flames also has been calculated. Figure 4 depicts tie* maximum SO mass fractions, 
l.vo.imi- as a function of strain-rate fix the oxygen and air flames, and for the 
Zcldovich and full mechanisms. In all cases. l\» Mf decreases with increasing 
strain-rate, ami tliis can be attributed to reduced residence times. In the case of 
the oxygen flame. l\o is well predicted by the Zckiovich mechanism alone. In 
contrast, in tlie case of the air flame. Y\o.m*r is umkTpredjcted by the Zeldovich 
mechanism by one to three orders of magnitude. The diff«*n*iicc in behavior between 
the air ami oxygen flames can lie explained on the basis of tin* flame temperature 
as indicated in Samauiego rt ml. (1996 b Oxygen flam<*s an* much hotter than air 
flames and. as a consequence, the Zeldovich mechanism, which is highly sensitive to 
tem{>erature. is predominant over the prompt mechanism: in contrast, air flames are 
not as liot ami the prompt mechanism is predominant over the Zeldovich mechanism 
at all strain-rates (Drake A: Blint 1989. Xishioka et «/. 1994b 

A further coni|>ahsou between full and Zeldovich mechanisms for the oxygen flame 
is performed by plotting the integral of the .V* consumption rate. J( — df.Vjj/rf# kfr, 
as a function of strain-rate for both calculations. The reason for harking at this 
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Fleam: 3. Computed prufiles of SO mass fraction m a countfrflwr ()* / C H A Ahum 
with 3*a St addition in both streams for a stiain-rate »if 23 s _l . Filled syiiiIjoIs: 
full GR! 2.11 mechanism. Open symbols: Zddmicfa mechanism alone 



FlGl RK 4. Eff«s-t of strain-rate on maximum SO mass fraction □: Full GRI 
2.11 mechanism for a OtjCH 4 countcrfkm* diffusion flame with o'-f Sj addition in 
Urth streams. ■: Zehlovich mechanism alone for a OtjCH\ counterflow diffusion 
flame with 3*>i Sj addition in both streams. £: Full GRI 2.11 mechanism for an 
unpreheated AtrjCHi couuterflnw diffusion flame. 4 : Z«4dovicfi mechanism alone 
for an unpreheated Air/CH f counterflow diffusion flame. 
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FiGl'RE S. ESrrt uf stnin-ntf oo mtrgn^d roosumptioo ntcof .Y;. □: Full GRI 
211 mechanism for a Oj/Cif« ew ateft a r diffusa* 9amr with 3/? X 3 addition in 
both streams. ■: Zeldovirit mechanism door lor a Ot/CHt cuunterflow diffusion 
flame with 5% \j addition in both streams. 



FlClRE 6. Profile of ,\*2 consumption rate in a strained Oi /CH t couuterflow 
diffusion flarue with 3% A’j addition in both streams for a strain-rate of 25 s" 1 . 
□: Full GRI 2.11 mechanism. ■: Zeldovich mechanism alone. 
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Ftct'llE 7. Profile of .Vj consumption rale in a strained 0 2 /CH t couutcrflow 
diffusion flame with .V 2 addition in both streams for a strain-rate of 106-5 . 

O: Full GRI 2.11 mechanism. I: Zeldovicli mechanism alone. 


quantity rather than the flux of SO is that reburn, i.e. production of X 3 from 
SO and other nitrogen-containing species, can be clearly identifled. Figure 5 de- 
picts that, in both cases, the consumption rate of Aj is positive and decreases with 
strain-rate. Furthermore, the Zeldovieh approach shows two weaknesses: 1 ) at low 
strain-rates, it overpredicts the consumption of ,V 2 . and 2) at high strain-rates, it 
underpredicts it. Overprediction erf .V 2 consumption at low strain-rates is evidence 
that reborn through the hydrocarbon chemistry is active in these cases, and under 
predietion at high strain-rates indicates that S 2 consumption through the prompt 
mechanism is significant. 

The discrepancies between the full and Zeldovieh mechanisms may be explained 
by analysing the profile of d\.X 2 \/dt at low and high strain-rates. Figure C depicts 
the profiles of «/}.V 2 ]/rff for both mechanisms and the profiles of temperature, oxygen 
mass fraction, and methane mass fraction far a strain-rate of 25 s ~ 1 . For both mech- 
anisms. d\Si\jdt is negative on the oxygen side and positive on the fuel sick'. On the 
oxygen side. .Y> is consumed to produce NO and other nitrogen-containing species 
and the two mechanisms give similar results. This indicates that S 2 consumption 
is mainly due to the Zeldovieh mechanism via the reaction O 4 .V 2 — * .Y0 4- ;Y and 
that the prompt and reburn mechanisms are not active. On the fuel side, S 2 is pro- 
dured. which is evidence of reburn, and there is a significant discrc|>ancy bet went 
tire full and Zeldovieh mechanisms. In this case, tire Zeldovieh pathway predicts 
some relmrn through the reverse reaction (.V 4- SO -* O 4- S 2 ) but misses the 
rebiirn through hydrocart ion cheniistry which is accounted for by the full GRI 2.11 
reaction mechanism. The picture is different at higher strain-rates. Figure 7 depicts 
the profiles of </J.V 2 ]/c/f for both mechanisms and the profiles of temperature, oxygen 
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mass fraction and methane mass fraction for a strain-rate of 1065 s~* . In this case, 
d[.V 2 ]/<ft is always negative everywhere in the flame for both the Zeldovieh and full 
mechanisms, indicating that there is no reburn. However, the full GRI 2.11 scheme 
predicts higher consumption rates of JV 2 everywhere in the flame zone both on the 
oxygen side and in the fuel side. On the oxygen side, most of the ,V 2 is consumed 
via the Zeldovieh mechanism, but additional reactions are also taking place. On 
the fuel side, the full mechanism exhibits a ’’bump” that is missed by the Zeldovieh 
mechanism and which is due to the "prompt" reaction, CH + .V 2 -* N + HCS. 

Therefore, the following picture can be drawn for oxygen flames: 1) the amount 
of X t consumption and, consequently, XO production decreases by about 50% for 
strain-rates varying between 10 and 1000 s* 1 ; 2) in this range of strain-rates, the 
Zeldovieh mechanism predicts jV 2 consumption within ± 25% compared to the full 
GRI mechanism: 3) at low strain-rates, the Zeldovieh mechanism overpredicts X 2 
consumption by about 15% because it does not account for reburn through the 
hydrocarbon chemistry; 4) at high strain-rates, the Zeldovieh mechanism under - 
predicts the JV 2 consumption by about 25% because it does not account for ,V 2 
consumption through the prompt mechanism. 

1.3 da mnll one- step model for .V 2 consumption 

The next step consists in deriving an overall one-step reaction mechanism for X 2 
consumption based on the Zeldovieh mechanism alone. The proposed model (model 
1 ) includes reburn and considers the following reactions: 


NO + .V = JV 2 + O (HI) 

IV + 0 2 = 0 + NO ( JZ2) 

N + OH = H + NO (R3) 

ff + 02 = OH + 0 (R4) 

H + OH + Af = H z O + M (R5) 

0 + 0 4- A/ = 0 2 + A/ (H6) 


The model is based on the following: 1 ) reaction 2 plays a negligible role ( its net 
reaction rate is 1 to 2 orders of magnitude less than tliose of reactions 1 and 3): 2) 
atomic nitrogen is in steady-state (d(,V)/dt = 0); 3) reactions 4 to 6 are assumed in 
partial equilibrium. After some algebra and considering A’-atom conservation, one 
finds: 


■ft <# tf|JV0) + l^[0»l 


with 




[*2 Q\\Q\ 

A4A 5 {0 2 ] 


( 5 ) 
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FlGI'RE 8. Effect of strain-rate on integrated consumption rate of X 2 in a () < fC 
counterflow diffusion flame with 5% X 2 addition in both streams. Solid line: Full 
GRI 2.11 mechanism. • : Zeldovich mechanism alone. A: model with no rebum. 
A: model with rebum. 




k\ih 2 o]{o 2 \ 

h\[o\ 


( 6 ) 


[Oj = 



(7) 


where bracketed quantities refer to concentrations, and where k is the specific re- 
action rate. K is the equilibrium constant, subscripts refer to reaction numbers, 
superscript '+’ refers to forward rate of reaction, and superscript refers to back- 
ward rate of reaction. 

An alternative model (model 2) with no reburn effects and with the partial equi- 
librium assumption for atomic oxygen can be derived by assuming k* = 0. One 
obtains: 


4-voi i 

dt 


- _9 


Uo rebum 


dt 


I no rebum 


= 2-^ 77 (0 2 )*/*[.V 2 l 


(S) 


These global one-step models are compared with the full GRI 2.11 and the Zel- 
dovich mechanisms by focusing on the evolution of the spatially-integrated X 2 con- 
sumption rate with strain-rate (Fig. 8). This figure also depicts the rallies erf 
/(-rf[A* 2 |/rff )</.r ^e full GRI 2.11 and Zeldovich mechanisms. As in Fig. 5. ail 


models lead to a decrease of the integrated consumption rate of X 2 with strain- 
rate. Model 1 has a behavior similar to the Zeldovich mechanism except that at 
strain-rates greater than 200 s _l it underpredicts X? consumption. This is due 
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to the fact that for the higher strain-rates the partial equilibrium assumption for 
atomic oxygen fails. Compared to the full GR1 2.11 scheme, model 1 overpredicts 
Nj consumption at low strain-rates by about 15% due to the *a: t that it does not 
account for rebum through the hydrocarbon chemistry. At high strain-rates, it un- 
derpredicts iV 2 consumption by about 50% due to the fact that it does not account 
for the prompt mechanism and for non-equilibrium effects of atomic oxygen. Model 

2 overpredicts significantly .V 2 consumption at low strain-rates and behaves like 
model 1 at high strain-rates. The over p rediction of A 2 consumption is due to the 
fact that no reburn mechanism is included, neither that of the ZHdovicL mechanism 
alone, nor that of the hill GRI 2.11 scheme. This shows that inclusion of the reverse 
step. ,V -f A O — * AT 2 f O. is essential in getting correct estimates of S 2 consumption 
at low strain-rates. 

3. Effect of turbulence 

3.1 Numerical approach 

Concerning turbulence, the closure method is investigated by post-processing the 
3D data base of a turbulent diffusion flame developed by Vervisch (1992). This data 
base was the result of a direct numerical simulation of a turbulent non-premixed 
flame in decaying turbulence. The flow field was resolved accurately by solving 
the full Navier-Stokes equations. The flame was modeled by a one-step irreversible 
reaction. O + F — » P. where O is the oxidizer, F is the fuel, and P is the product, 
and the reaction rate follows an Arrhenius formulation: 

w = kpYopYFexp(-E/RT) (9) 

where «'■ is the reaction rate, Jt is the pre-exponential factor, p is the density. V'o is 
the oxidizer concentration, V "p is the fuel concentration. E is the activation energy. 
R is the gas constant, and T is the temperature. The formalism that was used 
was that of Williams (1985): the quantities were non-dimenskmalized in such a 
way that the heat of reaction was expressed in terms of a temperature jump, a = 
( 7» -T* )/T» and the activation energy was expressed in terms of a Zeldovich number. 

3 = E(T)> - T, )/RTi l . The values of these parameters are: o = 0.8 and 3 = 8. The 
pre-exponential factor was selected such that the initial global Damkohler number 
was equal to one. This number is defined in Chen et al. ( 1992) as: 



where l t is the integral scale of turbulence, uo is the rms velocity, and 6ft is the 
flame thickness. The Damkohler number expresses the ratio between the initial 
eddy turnover time and a characteristic chemical time. Furthermore, the molecular 
weights of the fuel and the oxidizer were taken to be equal. 

At time t = 0. the flow field was initialized with a given spectrum for turbulence 
and with a planar laminar diffusion flame located at the center of the computational 
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domain. The calculations were earned out on a 129 x 65 x 65 grid. The resulting 
data base is composed of a series of eight diffeient time intervals: th y correspond 
to times 0. 2.1. 4.4. 6.S, 9.2, 10.0, 14.7, 17.2, where time is non-di mension*' i /ed by 
the acoustic time. t m — L/c (c is the speed of sound in the fresh reactants m d L is 
a reference length). 

The approach for testing various modeling formulations consists of computing 
at each time-step the volume- average of and comparing this value with 

that given by the various closure models. To compute d[A r j]/df, a chemical model 
is needed, and we use model 2 in this section. The reason for not using model 1 
is that it is necessary to have the NO concentration for this model. However, the 
data base does not provide this information, but provides the oxidizer mass fraction 
and the temperature field, and, therefore, only model 2 can be used. Consequently, 
reburn is not accounted for. Since the objective is to assess closure formulations, it 
is expected that model 2 is sufficient. In this case, the consumption rate of N O is 
expressed from Eq. 8 as follows: 

<HNO] [Yo 1 , T/T , 

dt ~ VTr exp (“ T */ T ) (ll) 

where Yo/T is assumed to be proportional to [02 J, 1 IT is assumed to be pro- 
portional to [.VjJ. and T a is the activation temperature. In this data base. T is 
non-dimensional and varies between 2.5 and 12.5; therefore, T a is non-dimensional 
and is set equal to: 


T m = 


EEiniMnum(cal/mol) 12.5 
R(cal/mol/K) * T*(A') 


( 12 ) 


Here, we take 7» = 3000 K in order to reproduce the temperature sensitivity of 
V 2 consumption occurring in an oxygen-methane flame, and this leads to T m = 
287.5. Consequently, the exact turbulent production of NO in the direct numerical 
simulation is taken to be: 


4V0] , 

^ |ex*ct — 


N Z N,N S ^ N *' N *’ Nt 7-1/2 exp * 


(13) 


where N r . N t and N. are the number of points in directions 1 . y and r, respectively. 

S.t Results 

The PDF closure models of Eq. 3a, referred to as JPDF for joint PDF. and Eq. 
3b. referred to as SPDF for single PDF, are assessed by comparing their predictions 
with the actual A’0 production rates as estimated from Eq. 13. The predictions 
by JPDF and SPDF are computed as follows: 

4V0J 

dt 


JPDF 
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time 


FIGURE 9. Time-evolution of turbulent NO production term. The terms are 
non-dimenskmalized by the exact value at t — 0. • : Exact term. 4 : Joint PDF. 
4: Single scalar PDF. 




rf(.VOJ 
dt 

SPDF 

yHyJ exp(T./rij 

{im 

Figure 9 shows a comparison between the predictions of JPDF, SPDF, and the 
exact d[NO\/dt. In all cases, the production rate of N O starts increasing and then 
decreases at later times. This can be explained as follow’s: at initial times, the flame 
surface is wrinkled by turbulence, leading to an increase of flame surface area and, 
therefore, to an increase in NO production; at later times, the flame is strained 
by the turbulent flow field and is locally quenched, as can be seen in Chen et cl 
(1992), thereby reducing the rate of production of NO. The JPDF and SPDF 
models overestimate significantly the amount of NO production rates, with JPDF 
being slightly better than SPDF. The reason for this overestimation is that [0 2 ] 
and T are assumed to be uncorrelated. This can be seen as follows (for simplicity, 
we consider [A r 2 J as constant): 

^51 ^ (0 2 ]«/’exp(r./T) = ((0 2 ) , / J )*exp(-T./T) (15) 

where ([0 2 ]'/ 2 )* is a weighted average of with: 

(10, r.- = 



(16) 
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where V is the volume on which is conducted the averaging procedure, here, the 
computational domain. Equation 16 is a weighted average which is strongly biased 
towards the high temperatures and, therefore, strongly biased to low values of [O 2 ), 
due to chemical reaction and dilatation. Consequently, we obtain: 


([o 2 ] ,/2 r < in) 

Furthermore, we have: 

(0^<ioJ /2 (18) 

By combining Eq. 15, 17, and 1$ and assuming that („V 2 ] inhomogeneities do not 
modify the relationships, one finds: 


/jA 2 ][0 2 ] ,/2 exp( -TJT)dV < ^Jtxp(~T./T)d\^ 


< W 10 2 ) ,/2 expt-T./DrfV (19) 

Therefore, not accounting for the correlation between (0 2 J and T leads necessarily 
to an overestimation of the turbulent production term of NO. In addition, the error 
is dependent on the averaging volume as is apparent in Eq. 16. In the case of Fig. 
9, the averaging volumes over which are computed mean quantities are y: planes 
as indicated in Eq. 14a and 14b, and this corresponds to a case that minimizes 
the error. Additional computations have been carried where a single averaging 
volume corresponding to th e whol e computational domain has been used, and the 
corresponding estimates of d[NO]/dt by the SPDF and JPDF models are 20 times 
higher. 


S.S A model based on laminar flame structure 

To improve the predictive capabilities of PDF formulations for NO formation, a 
correlation between [0 2 ] and T is sought assuming a laminar flame structure. The 
goal is to express [0 2 ] as a function of temperature. Figure 10 shows the correlation 
between Yo and the reduced temperature 6 at time t = 0 in the data base, where 
6 is defined bv: 

T - T 


The relationship has two branches, one with high values of Yo corresponding to 
the oxidizer side, and one with low values of Yo corresponding to the fuel side. 
Matching the oxidizer branch leads to the following fit: 


Ko = 1-09x0 


( 21 ) 


and the fuel branch is fit by: 


Yo = 0.05 x 0 


( 22 ) 
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FIGURE 10. Relationship between $ and Yo across the planar laminar diffusion 
flame at time t = 0 in the data base. 
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Figure 11. Time-evolution of turbulent NO production term. The terms are 
non-dimensionalized by the exact value at t = 0. • : Exact term, o : proposed 
single scalar PDF model. 


Combining Eq. 13, 21, and 22 leads to the following alternate single PDF model: 


4 * 0 ) | 

dt 


I model 


i v \( 

= 2 ^ 


v/1 - 0.90 

J3/2 


J3/2 


') 


exp(-T a /D (23) 


Figure 1 1 shows the evolution of the turbulent production term of NO for the new 
single PDF model. The agreement is very good and the predictions of this new 
model are insensitive to the choice of the averaging volume. 

This test shows that this new model is promising and can be applied in practical 
codes that use single PDF formulations for NO production. In the case of an 
oxygen-natural gas flame, reburn should be accounted for and concentrations of 
02, HjO. and NO should be included. Therefore, correlations between [Oj] and 
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T, [HiO] and T'.and [A r 0j and T should be derived from, for example, a library of 
laminar strained flames. 

In practice, this PDF model would be able to predict the amount of NO produced 
in the flame zone; however, it would not be appropriate in the post -flame zone since 
[Ot\ and T are no longer correlated. Therefore, two models should be used, one for 
the reaction zone, similar to that developed ir. this paper, and one for the post -flame 
zone of the kind of the SPDF or JPDF models. 

4. Conclusion 

The effects of chemistry and turbulence on the rate erf production of nitric oxide 
in oxygen-natural gas diffusion flames has been investigated. 

It has been shown that, due to the high temperatures encountered in these flames, 
the Zeldovich mechanism is dominant and accounts for more than 75% of the rate of 
production of NO over a large range of strain-rates. The limitations of predictions 
based on the Zeldovich mechanism alone have been identified, at low strain-rates, it 
overpredicts Si onsumption, which is the source of NO, due to the fact that it does 
not account for reburn, and at high strain-rates it underpredicts JV 2 consumption 
due to the fact that it does not account for the prompt mechanism. Despite these 
shortcomings, the Zeldovich mechanism is satis 'tory for predicting NO formation 
rates within 25% and an overall one-step mecha.. un that accounts for reburn and 
which assumes partial equilibrium of atomic oxygen with Oj has been developed. 
This simple model gives the same results as the Zeldovich mechanism at low strain- 
rates but leads to further underprediction of iV 2 consumption due to the fact that 
it cannoc reproduce non-equilibrium effects. 

The effect of turbulence is to generate fluctuations of temperature and species 
concentrations as well as straining effects. It has been shown by postprocessing the 
3D DNS data base of Vervisch (1992) that usual closure models based on single 
scalar PDF s or joint PDF’s lead to significant overpredictions of NO formation 
rates. The main reason is that these models do not account for the intrinsic cor- 
relation between oxygen concentration and temperature in the reaction zone of a 
diffusion flame. A new single scalar PDF model incorporating such a correlation 
has been developed. The model assumes that the relationship between oxygen and 
temperature is that of a laminar diffusion flame. The predictions of this model are 
in excellent agreement with the results from the DNS, and it ts expected that it can 
be imt'lemented in practical codes that use single scalar PDF’s for NO formation. 
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Asymptotic solution of the turbulent 
mixing layer for velocity ratio close to unity 

By F. J. Higuera 1 , J. Jimewex 2 and A. Uun 1 


Thf equations describing the first two terms of an asymptotic expansion of the 
solution of the planar turbulent mixing layer ior values of the velocity ratio close 
to one are obtained. The first term of this expansion is the solution of the well- 
known time -evolving problem and the second, which includes the effects of the 
increase of the turbulence scales in the stream-wise direction, obeys a linear system 
of equations. Numerical solutions of these equations far a two-dimensional reacting 
mixing layer show that the c orrec t ion to the time- evolving solution may explain the 
asymmetry of the entrainment and the differences in product generation observed 
in flip experiments. 


1. Introduction 

Time evolving simulations of the mixing layer are believed to capture many im- 
portant features of the dynamics of this flow, and are widely used because they 
are simpler to implement, less expensive, and less subject to uncertainties coming 
from approximate boundary conditions than the alternative space -evolving Simula 
lions. Some Ira tu res of the real flow, however, are outside the framework of the 
time evolving simulations. In particular, it is known that an incompressible mixing 
layer does not entrain equal amounts of fluid from each of the two free streams (Di- 
motakis. 1986 and re fe rences therein) and that, when the free streams carry passive 
scalars, the average composition in the molecularty mixed fluid in the mixing layer 
is nearer to the composition of the fast stream than to the composition of the slow 
stream. While it is not dear to what extent the second of these features is a conse- 
quence of the first or of some asymmetry of the process leading to molecular mixing 
inside the layer, nooe of the two can be captured by a time-evolving simulation, 
owing to the intrinsic symmetry of this artificial flow. 

The amount of molecular mixing and the variation of the mixed fluid mean con 
centration across the layer depend on the Reynolds number, the degree of develop 
ment of the layer, and the Prandtl or Schmidt number of the scalar: these factors 
determining in particular the extent to which free stream fluid is transported across 
tlie layer hv the large scale motions before being molecularly mixed ( Konrad 1976; 
Baft 1977: Mungal k Dimotakis 1984; Koochesfahani k Dimotakis 1986: Karasso 
k Mungal 19% ». but the asymmetries mentioned above occur in any case. 

! t T. S. InjfnwTO Ammaulirm. t'PM, Madrid 
2 Center for Turbulence Research 




308 


F. J. Htfucrt. J. Jtmenez & A. Lindn 


The effect erf the scalar field asymmetry is specially obvious when the species 
carried by the two streams are reactive and lead to a diffusion flame inside the mixing 
laser, in which a unit of mass of a stream (the fuel stream say) reacts with 5 units 
of mass of the other (the oxidizer stream). Then, flip experiments, consisting in 
exchanging the reactive species between the two streams and lawping constant their 
concentrations and all tin- other operating conditions (Mungal I: Dimotakis 1984; 
Koochesfahaui 1’ Dimotakis 1D8C: Karasso tz Mungal 1996), clearly show that the 
amount of product generated by the chemical reaction is larger when the reactant 
that is uiorc consumed (the oxidizer if S > 1) is carried by the fast stream. 

To study the effect of these asymmetries, a correction to the time-evolving mixing 
layer formulation is worked out here using an asymptotic expansion far small differ- 
ences of the two stream velocities. The analysis fallows the lines of Spalart (1986. 
19$$). The new- formulation is applied to a constant density two-dimensional reac- 
tive mixing layer with an infinitely fast, diffusion controlled reaction. In this limit, 
and assuming in addition that the Lewis numbers erf the tiro reactants are equal to 
one, the chemical reaction can be easily accounted few following the evolution of a 
linear combination erf the mass fractions of the reactants (the mixture fraction Z) 
which takes the values 0 and 1 in the oxidizer and fuel streams and is transported as 
a passive scalar. The mass fraction erf the product (also with Lewis number equal to 
one) is a piecewise linear function erf Z given by (6) below 'see. e.g.. Williams 1965). 

2. Formulation 

The turbulent mixing layer is a statistically statiewiarv low and, asymptotically, 
after an adjustment region, it is also statistically self-similar. Our aim here is to try 
to take advantage of tlm»- two properties to simplify the numerical computations. 

The large length aud time scales of the turbulence are proportional to the stream- 
wise distance x in the self-similar state, and the variation of these scales is inex- 
tricably linked to tin- dynamics of the layer, bring brought about by the process 
responsible for its evolution (vortex pairings in the classical view). This feature 
makes the numerical simulation costly because a long and wide stretch of the layer 
must be simulated in order to see the approach to its seif-similar state. 

The opening angle of tin- mixing later is often small. Formally this is true when 
the velocities erf the two streams are close to each other, but in fact the angle is 
fairly small in any case On one hand, this feature makes the numerical simulations 
even more expensive, liecause a very long stretch is needed to see the initial sire of 
a typical vortex grow by a given factor. On the other hand, this feature is the basis 
of a well known simplification of the numerical treatment, based on the fact that 
the changes of time and length scales are small, and can be taken into account as a 
perturbation, over distances of the order of the size of one or a few vortices. 

This is so because for a layer growing by pairings of the large vortices, for which 
each vortex must undergo a number erf these discrete events to approach the self- 
similar state, a small angle amounts to a small ratio of the size of a vortex to the 
distance it travels In-tween successive pairings. But then, since the sparing of the 
large Male vortices is not much larger than their size, there are many neighboring 
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vortices to the left and to the right erf a given vortex with sizes not very different 
from its own size, and it seems reasonable to think that the evolution of a vortex 
and of its nearest neighbors between successive pairings depends on the details of 
the evolution of only a number of other neighbors, whereas the effect of the rest of 
the mixing layer can be taken into account using a kind of mean field approximation 
without regard for individual features erf the far vortices. 

Since the vortices move with a velocity intermediate between the velocities of 
the two streams, these conditions can be better put to use in a reference frame 
moving with that intermediate velocity. In this reference frame the evolution of 
a vortex can be described following the detailed dynamics of the flow over a span 
containing only a limited number of neighbor vortices. Here, using periodicity 
conditions in the stream- wise direction amounts, of course, to a temporal simulation 
of the flow, but the equations describing the small perturbations due to the growth 
of the turbulent scales can be easily worked out and solved along with those of 
the temporal simulation. It is worth recall jug, however, that a definite error of 
a different type is always associated to the use of periodic conditions because the 
self- similarity and stationarity of the flow are statistical properties not applicable 
to individual realizations. Hopefully, the importance of this error decreases as the 
number of vortices included in the simulation increases. 

Restricting the computations to a finite span in the moving frame imposes a 
limitation on the time during which the evolution of the flow may be followed, 
owing to the growth erf the vortices. In principle, a long span is required if the 
initial conditions are not close to the final self- similar state and a large number of 
pairings is necessary to approach that state. In practice, such a long span could 
perhaps be avoided carrying out computations on a shorter one for a moderate 
lapse of time and then replicating the results one or a few times in new adjacent 
spans, introducing appropriate phase shifts and a slight decrease of resolution before 
continuing th>- computation 

Consider then a plane self- similar mixing layer between two incompressible streams 
with velocities l r i and U 2 < i r i- Assume that e = (l T \ - U 2 )/(l’i + U 2 ) < l to en- 
sure that the angle of the layer, defined in any convenient way, is small of 0(f), 
though, as was mentioned before, this angle is probably small for any c. The aim 
is tc follow the evolution of a few adjacent vortices, of initial characteristic size 6 
say. during a time of order t e = 2&/(Ui — U 2 ) corresponding to a few pairings. The 
growth of the mixing layer thickness is taken into account switching to the variables 
(x*. q. :*). where q = y*/(ex°) and (x*,y*,x*) are the usual Cartesian coordinates. 
The statistical properties of the flow imply then that the x-averages coincide with 
the time averages and both are functions of q only. Next, introducing a reference 
frame moving with velocity V m = (Ut + U 2 )/2, the solution is sought in the form 

v* = V m (i + fv), p* = pUl n e 2 p, with x * = U m t c {t + ex). (1) 

where tlie non-dimensional variables (v,p) are of order unity and the distances 
an<l time are sealed with t> and t c . respectively. In terms of those variables the 
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Navier-Stokes equations and the equation for the mixture fraction are 


G.V, - = 0 

i + ex 

= -G,p + ^V 2 t* t 
aZ + (e.G,)Z = ^V 2 Z 


( 2 ) 


where G — (d M , l/(t + tx)dq, d t ) is a symbolic vector, v = {u,e - q(l + tu ), tv). 
the Laplacian operator acting on each component of the velocity is V 2 = 0„+(l + 
e 2 q 2 )/(# + <x) 2 ^ l ,+d I . -2eq/(f + «x)d,, + 2<*r//(# + «j-) 2 d,. Re = (17, -V 7 )6f2v, 
and Pr is the Prandtl number. The solution of (2) can be sought as a power series 
in e. of the form (v. p , Z) = (v 0 , po, Z©) + efvj, p t . Z \ ) + • • 

Carrying this expansion into (2) we find, at leading order. 


Go, fo, = 0 

9» |! o, + Go, )i*o, = —Gq,Pq + 

dtZo 4- ( ro, Go ; )Zq = RrPr^^° 


(3) 


where G© = (d T . l/fd,, d ; ), v 0 = (u 0 . r© - »/, «r 0 ). and Vj| = d„ 4- l/t 2 3„ + d tt . 

At the next higher order linear equations are obtained for ( V| ,p, , Zj ) having some 
forcing terms proportional to x (arising from the expansion of the denominators in 
(2)) and other that do not contain z explicitly. The solution of these equations 
is of the form (vi,j»j.Z , ) — x(v I0 .pio- Zio) 4- (vn.pn, Z lt ), where, as can be 
easily verified, (vi©,pio,Zio) = <^(v©,p©,Zo) in order for the time averages to be 
independent of x. and (vn.pn, Zn) satisfy 


G©, i/ii, 4- dtUo - jftftio = 0 

3|t’U. + ( «’ 0j Go, )»'l I , + (Vll^Go^ H’O, = ~ Go.Pll + — Vgfn, + Pi 

&tZ\\ + (eojGo, )Zn + (i/iijGoj )Zo + u©d«Zo — ^d,Zo = 

jf e p r ( V o2,. +2d r ,Zo - ^—d tn Zo^ 

whereF = -«o3,Vo+i7U 0 /#3,Vo+2/^e(d,fV 0 -i?/f ^,v 0 )+(-3 lPo +^/f 9,po. 0. 0). 
The velocity at this order is therefore v = Vq + f(x d, v 0 4 Vi i ), which can be written 
as v 0 (x. rj. t 4 fx) 4- ev n , and the pressure and mixture fraction are analogous. 
The first term admits a simple interpretation: as far as it is concerned the state of 
development of the flow is proportional to x, being slightly more evolved downstream 
of a point than it is upstream. Thus, even if periodic lxmndary conditions are used 
as an approximation for the leading order problem (3). as will be done in the 
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following section, this first term is not periodic. The effect of the second term will 
be discussed later. 

Applying i- and t-averages in suitable carder to Eqs. (3) and to the continuity 
equation in (4) yields 


due 

dt) 


= 0 


d dUa 

— (55^) - 

at] at] 


0 


5-K*+lh) = o 


(5) 


*1 

dv u 


dZ 0 

dq 
du o 



0 

0 


where the bars denote averaged variables. The first of these equations gives n 0 = 0 
(a constant v Q has no effect cm the dynamics; it can be set equal to zero by an 
(){() change in the orientation of the x axis). The last equation in (5) implies 
that the mean normal velocity is of order e relative to the variation of the stream 
wise velocity, as could have been expected for a region of 0(c) aspect ratio. Using 
the second equation to eliminate qduofdq and integrating, this equation yields 
ci i — no >'o = constant. Since u 0 co = 0 for q — * ±oo, the normal velocity r,, tends 
to the same constant value on both sides of the mixing layer, and this constant can 
be set equal to zero as for vq- Ther e fore the mixing layer does not introduce any 
perturbation in the free streams to this order and the ingestion of fluid by the layer 
is due only to the linear growth with x of its upper and lower apparent boundaries. 

Since the orientation of the x-axis is well determined by the conditions vq = t»j = 0 
outside the mixing layer, the upper and lower boundaries can be defined on the 
basis of the usual thicknesses. For example, using the scaled momentum thickness 
A m = (Ci — u*X«* - Ui)dy*/[ex*(Ui - Ui) 2 \ and the scaled product thickness 

A, = /^. Y f (Z)dy'j(ex*), where Y P (Z) is the product mass fraction given by the 
piecewise linear function 


v ' = {o- 


Z/Z. 

Z)/(1-Z t ) 


for 


o < z < z, 

Z t <Z <1 


( 6 ) 


with Z , — 1/(1 + 5), the scaled upper and lower boundaries are 

1 i /±<» f r±<*> 

A*=±-y (1 - u 2 )dij = ±~ {1-uDdq^-J u 0 t*n dq + 

±rK 


±f = ± I ~Y,(Z)dt] 
Jo 


( 7 ) 


and A m = A+ + A", A p = A+ + A;. 
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Figure 1. Sketch of the apparent boundaries and entrainment process. 


3. Results 

The two-dimensional forms of Eqs. (3) and (4) were numerically solved to find 
the effect of the first order corrections an the growth rate and the asymmetry of the 
layer. For this purpose the variable y = rft, which is the non-dimensional normal 
distance divided by the factor 1 + (x/t. was used instead of i/. The equations then 
take the form 

V • v 0 = 0 I 


dt v 0 + V • (v 0 v e ) = -Vpe + ^V 2 v e 


dtZ* + V • (voZg ) = 


RfPr 


V 2 Z» 


( 8 ) 


V • V|| = —dtu 0 

dtVjj + V - (vovn + v,,v 0 ) = — Vpti + ^V 2 Vn + ^8 

dtZ\\ + V - (v 0 Z|| + V||Zo) = RePr^ 2 ^ ** ^ J 


(9) 


with R = — «o v o + 2/R(d t *o — (po, 0), and were solved with the boundary con- 
ditions v 0 ¥ • = Vn = Zn = 0 and Zo = (1, 0) for y — » iroo. and periodicity 
conditions in the stream-wise direction. The use of periodicity conditions is an 
approximation for which the only possible justification seems to be that in the 
present variables they are compatible with the spatial growth of the turbulence 
scales, and that, hopefully, they do not distort the solution too much if the period 
is sufficiently larger than the size of the vortices during most of the simulation. The 
initial conditions for the leading order variables were the hyperbolic tangent profiles 
u 0 = tanh 2y and Z 0 = .j(l + tanh 2y) plus perturbations proportional to the most 
unstable linear mode and one or two sub-harmonics with different amplitudes and 
phases. The variables Vn and Z \ j were initially zero. In the simulations Pr = 1 
and Re — 500-1000, based on the initial vortidty thickness. 

With these conditions, v 0 . Zo — 1/2 and p\ t change sign under the transformation 
(x,y,t) — * ( —x, -y.t) while Vjj, Zn. and po are left invariant. The mixing layer 
grows symmetrically in first approximation, leading to A+ o = A~ # = A m# /2, 
whereas the correction to the growth rate is antisymmetric: A+, = -A~ , , = A,„, 
say (the same relations hold for the product thickness when 5 = 1). Here A m „ and 
A m , are the slopes of straight lines fitted to 6 mo = i (1 - ul)dy and = 
— | / u °° k 0 «] i dy. The fluxes crossing the upper and lower apparent boundaries of 
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FIGURE 2. Momentum thickness ( - — ) and upper and lower boundaries 

( and , respectively) for e *s 0.45 (r = Uj/Ui — 0.38), Rt - 500 

and Pr = 1. 

the layer, scaled with cU m z m , are (see Fig. 1) = (1 ± «)A* = (A„, ± «(A* e + 

2A W , ) + • j ■ _. where the momentum thickness is used for definiteness, and the 
entrainment ratio, defined here as E = d + /d~* « 

F = l + «fl + 2^1 +0(« 2 ). (10) 

l A m ,J 

The total momentum thickness 6 m * and the upper and lower apparent 
boundaries, $£ = ^m,/2 + e6 m , and = 6 m ./2 - ef m , respectively, are given in 
Fig. 2 for a representative case displaying a pairing. The numerical results show 
that the layer opens more towaid the slow stream ( A m| < 0), but this effect is over- 
balanced by the higher speed of the fast stream resulting in a E slightly greater 
than one. 

Figure 3 shows the product thickness for S = 1 and for S = 8 and 1/8. The 
last two values correspond to a flip experiment in which the fuel and the oxidizer 
streams are exchanged. The results show that the generation of product is higher 
when the reactant that is more consumed is carried by the fast stream. 

Both results are in qualitative agreement with the experimental data. Quantita- 
tive comparisons are meaningless given the two-dimensional character of the present 
simulations. 

The explanation of these results can be traced, of course, to the form of the 
forcing terms on the right hand sicks of Eqs. (9). These terms depend only on 
time derivatives of the leading order solution, and the signs of some of them can 
be easily guessed. Thus, since the antisymmetric profile of u 0 (y) (the bar meaning 
here r-average) gets thicker with time, —d/tto in the continuity equation is more 
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FIGURE 3. Product thickness ft* 5 = 1 ( ; not affected by the asymmetry) 

and for S * 8 ( ) and 1/8 ( ), corresponding to a flip experiment, for 

f = 0.45, Re = 500 and Pr = 1. : common value for S = 8 and 1/8 when 

f = 0. 

often positive than negative in the upper part of the layer, which amounts to a 
distribution of sources, and vice versa in the lower part, which amounts to sinks. 

For the same reason, -<^u£ should be positive, on average, everywhere in the 
layer, and the numerical results show that this is also true of the whole forcing term 
-d t (u$ + po) + 2/Rt d rt uo in the r-momentum equation. This amounts to a force 
pushing the fluid in the stream- wise direction and leading to a u M predominantly 
positive. Therefore the average velocity uo + can approaches its asymptotic value 
+ 1 in the upper stream faster than its asymptotic value - ’ in the lower stream, 
which explains the results in Fig. 2. 

The forcing term in the equation for Zn has a complicated structure with bands 
of alternate signs . On average, however, it is positive (as cculd have been expected 
of the term -ft(uoZo), due to the increase of thickness of the profile of Z# with 
time), leading to a Z\\ with a banded structure but predominantly positive. Hence 
the region of Z near 1 in the upper part of the layer is wider than the region of 
Z near 0 in the lower part. This provides an explanation for the results in Fig. 3 
because the upper region is responsible for a larger fraction of the product than 
the lower region when 5 is small and the average position of the flame is shifted 
toward the upper side, while the lower region is responsible for a larger fraction of 
the product than the upper region when 5 is large and the average position of the 
flame is shifted toward the lower side. 

Since the forcing terms depend only on the leading order solution, they could 
perhaps be evaluated from the results of a three-dimensional time-evolving simula- 
tion (as that of Roger k Moser 1994), which would give indications o.. whether the 
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above observed trends hold also for that more realistic case. 

Finally it may be noted that the condition « < 1, used here as the basis of a 
formal expansion, may not be necessary for some of the results to hold. As was 
mentioned before, the angle of the layer is moderately small for any value of t 
because the eddy turn over time is always shorter than the time between pairings, 
and this alone provides the required scale separation. 
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The effects of complex chemistry on triple flames 

By T. Echekki 1 and J. H. Chen 1 


The structure, ignition, arid stabilization mechanisms for a methanol (CHjOH) air 
triple flame are studied using Direct Numerical Simulations (DNS). The methanol 
(CHjOH)-air triple flame is found to burn with an asymmetric shape due to the 
different chemical and transport processes characterizing the mixture. The excess 
ftH. methanol (CH 3 OH). on the rich pretnixed flame branch is replaced by more 
stable fuels CO and H 2 which bum at the diffusion flame. On the lean premixed 
flame side, a higher concentration of Oj kales through to the diffusion flame. The 
general structure of the triple point features the contribution of both differential 
diffusion of radicals and beat. A mixture fraction -temperature phase piane descrip- 
tion of the triple flame structure b proposed to highlight some interesting features 
in partially premixed combustion. The effects of diff ere n tial diffusion at the triple 
point add to the contribution of hydrodynamic effects in the stabilization of the 
triple flame. Differentir 1 diffusion effects are measured using two methods: a di- 
rect computation using diffusion velocities and an indirect computation based on 
the difference between the normalised mixture fractions of C ami H. The mixture 
fraction approach does not clearly identify the effects of differential diffusion, in 
particular at the curved triple point, because of ambiguities in the contribution of 
carfKiu and hydrogen atoms' carrying species. 


1. Introduction 

Triple flames arise in a number of practical configurations where the reacting 
mixture is partially premixed. The flame has three branches reflecting the extent of 
premixedness of the fuel and oxidizer. On the fuel side, a rich pretnixed flame forms, 
while 011 the oxidizer side, a lean pretnixed flame forms. Behind the two branches, 
a diffusion flame forms where ‘excess' fuel and oxidizer burn. The premixed flame 
branches provide both a source of i~»ctants (excess from the primary j remixed 
flames) for the diffusion flame and a mechanism for its stabilization and ignition at 
the triple point (the location where the three branches meet). 

During the last two decades a number of studies of triple flames have been car- 
ried out to understand the mechanisms of stabilization and their structure using 
simplified models of chemistry anu transport (Hartky & Dold. 1991: Kioni rt «/.. 
1993; Lakkaraju. 1996: Ruetsoh rt al., 1995; Domingo L Vervisch. 1996: and Wich- 
man. 199.';). Recently, computations by Terhoeven & Peters (19%) have shown 
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the significance of ccmph-x chemistry and realistic transport to the structure and 
stabilization of triple methane-air flames. 

In the context of complex chemistry and transport eft-cts. a number of questions 
pertaining to the flame structure, ignition at the triple point and propagation remain 
unanswered. The structure of the premised flame an the rich and lean brandies is 
expected to be asymmetrical because of the inherent asymmetry in the flammahility 
limits, reacting mixture composition, and burning rates of the flame. In the diffusion 
branch, the primary fuel may not be the original fuel that bums on the ptemixrd 
side- In the computations of Terborven i' Peters ( 1996). only a small fraction 
of the primary fuel, methane, survives near the triple point. Instead, more stable 
molecules such as CO and Hj provide the n ee d e d fuel to buru in the diffusion flame. 

Moreover, the diffusion flame is anchored to the pn-mixed branches at the triple 
point by both pi cheating and diffusion of radicals including H. O. and OH. These 
radicals diffuse at rates which are significantly different from diffusion rates of beat 
and result in differential diffusion effects at the triple point . The coupling of cur- 
vature and differential diffusion effects at the triple point may also display itself 
in enhanced burning rates and, therein', enhanced propagation of the triple point. 
The same differential diffusion effects along with chemistry determine the structure 
and location of the diffusion branch of the triple flame. 

The object of this study is to determine the structure and mechanisms of ignition 
and stabilization of triple methanol *CH l OH )-air flames in a laminar free shear 
layer configuration using detailed chemistry ant! a realistic transport model. The 
dance of methanol as a fuel presents some advantages with regard to the complexity 
of the chemical system and the numerical treatment The full range of flammability 
may be adequately described using C ( chemistry. It displays some of the inter- 
esting features in its structure which are common among hydrocarbons (e.g. the 
two-layer structure corresponding to fuel and radical consumption, and Hz and 
CO oxidation). In the following sections, the governing equations and numerical 
configuration are described. A discussion of the triple flame structure and the con- 
tribution of chemistry and transport to its ignition and stabilization is presented. 

2. Governing equations and numerical configuration 

The triple flame in a laminar mixing layer between methanol (CHjOH) fuel and 
air as oxiduer is computed using DNS with a C i mechanism for chemistry ( Warnatz 
rt «/.. 1996). The numerical scheme is based on the solution of the Navier-Stokes. 
species, and energy equations for a compressible ga> mixture with temperature de- 
pendent properties. The «>quatians are solved using an eighth-order explicit finite 
difference scheme (Kennedy 4: Carpenter. 1994) fix approximating spatial derive 
fives and a fourth order low storage R tinge- Kutta scheme for time advancement 
(Kennedy k Carpenter. 1996). A modified version of the Navier-Stokes Character 
istic Boundary Conditions (NSCBC) procedure originally developed by Poinsot k 
Lelc i 1992 t is used to account for variable specific heats ;Card rt *1 . 1994). The 
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FlGl'RE 1. Numnkal coofifantioD. 

boundary conditions are non- rejecting in all directions- The species mass diffusion 
is modeled "vi:fc a Lewis number formulation and a prescription of the Lews num- 
bers for the < tifc w a » species (Smoofce I: Gioruigigli. 1991). The values of the Lewis 
numbers lor the species is given in Table 1. The Prandtl number, Pr — is 

set to a constant of 0.708. 

For the Ci methanol (CHjOH) mechanism, conservation equations for fifteen re- 
acting species are considered (see Table 1 ). and the mass fraction of Nj is obtained 
through the relationship Y m — 1. where N = IS. The computa t i o nal con- 

figuration is shown in Fig. 1. The initial mixture is preheated to 800 K. The field 
is initialised with stoichiometric one -dimensional Same profifes which are modified 
spatially over a buffer domain of thickness L to reflect the d es ir ed inlet composition. 
The inlet conditions are maintained constant during the computations. The inlet 
velocity is fixed at the stoichiometric flame speed, Sj,; no attempt to stabilise the 
flame is made. The methanol, o x yg e n , and its corresponding proportion of nitrogen 
(in air ) in the buffer domain are based on self-similar solution profiles of the mixture 
fraction, i They are pr e scri bed as follows: 

'U.y .1 =0) = (1 -{.«> jl-exp|- ( L ^) 

{> -**[-(£}}}■ •**(!) +< - 

Here, ( is the mixture fraction expressed as fblknrs: 
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where the subscripts F and O denote tike fuel and oxidizer streams, respectively. 
Z* is expressed in terms of tbe ele m e nt al mixture fraction (three elements make up 
the reacting species: C. H. and O). Z, as follows (Warnatz et •/.. 1996): 


z* = Y* a 


( 2 ) 


The element mass fraction. Z„ is defined as Z, = ° = 1, -V. 

where p t<1 is tbe mass proportian of tbe element tin the species a (e.g for hydrogen 
atom in methane.it is 1/4). In terms of the specirs mass fraction. Z* may be written 
»s Z* = ft' a 1*„. where fi m a = A #*« 



r 

L* 

Hr 

0.30 

Ot 

1.11 

0 

0.70 

OH 

0.73 

H z O 

0.83 

H 

0.18 

HOr 

1.10 

HjOj 

1.12 

CO 

1.10 

COj 

1.39 

CHjO 

128 

CHO 

1.27 

CH z OH 

1.30 

CHjOH 

1.30 

CHjO 

1.30 


Table l. Lewis Numbers of Reacting Species. 


In Eq. 1. denotes the stoichiometric mixture fraction; t is the characteristic 
thickness of tbe mixing region in the y direction; A is the buffer region charac- 
teristic thickness. In the spatial and temporal variations, the rate of variations of 
mixture fraction profiles in i are specified as Gaussian functions with characteristic 
thicknesses, A. For hydrocarbon fuels. Bilgcr et ml. { 1990) propose 2/HV . 1/(2M *« ) 
and 1/H'o as coefficients 3, (Eq. 2) for the carbon (C). hydrogen (H). and oxygen 
(O) elements Here. BV- and H'o are the atomic weights of C. H. and O. 
The proposed coefficients have been used in turbulent methanol diffusion flames 
by Masii et « l . (1992). Tbe stoichiometric mixture fraction for the methanol air 
mixture based on these coefficients is = 0.1 JC. 
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A single computation is carried out with a mixture fraction characteristic thick- 
ness of 6/Sf = 3.5. The flame thermal thickness, 6?, corr esp onds to the stoichio- 
metric ptemixed methanol-air flame and is defined as follows: 

, t> - r. 

F (dT/drU«, 

where the subscripts a and b refer, respectively, to the unburnt and burnt gases. 
The buffer domain size, t/lf, and its characteristic thickness. A/lf, are 5.4 and 
0.7, respectively. The computational domain is 501 by 351 grid points. 

3. Numerical diagnostics 


The DNS yields detailed information about the flow field and various scalars char- 
acterizing the structure of the triple flame. In this section, diagnostic approaches 
used to identify the pertinent features of the triple flame are described. 

S. I Rcoctu>% flow onmljfsis 

The primary objective of reaction flow analysis (Warnatz et a/., 1996) is to iden- 
tify the primary reactions which contribute to the production or consumption of a 
particular species or to the rate of beat release . 

S.i QuontUottve analysts of dsfferentsoJ diffusion effects 


Differential diffusion represents a iron-negligible phenomenon in hydrogen and 
hydrocarbon flames in regions of strong curvature. It contributes to the enhance- 
ment of the burning intensity due to the strong chemical role played by hydrogen 
atoms and molecules in these flames and their fast rate of diffusion To identify 
the strength of differential diffusion effects, in particular at the triple point in the 
flame, two approaches are considered. Hie first is based on the computation of the 
diffusion velocities of the various reactive species in the mixture which represent 
a direct measure of differentia! diffusion effects. From the formulation described 
earlier, the diffusion velocity of species, a, may be written as follows: 


— D a S 


1 9b a 

YadZj' 


a - I,-- 


<V-1. 


An alternate and indirect method of identifying strong differential diffusion effects 
is to compute the difference between elemental mass fractions (Bilger, 1981: Bilger 
& Dibble. 1982: Drake & Biint, 1988; Smith et at, 1995). In the present work, 
the difference. :c,h, between elemental mass fractions of C atom and H atoms is 
computed: 

2C.H ~ Zc ~{h. 


where 


Zc = 


Zc — Zc.o 
Zc.F - Zc.o 


Zc 

HC.CHtOH 


0/- 


Zh - Zh.o 
Zh.f - Zh.o 


Zh 

PH,CH,OH 
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A difrrent formulation of the differential diffusion parameters is to compute corre- 
lations between £c and 

It is important to note that there is a fundamental limitation in the interpretation 
of th" difference between and £h in terms of differential diffusion effects alone. 
The contribution to these quantities comes from carbon-carrying and hydrogen- 
carrying species in which the particular C and H may not play a significant role in 
its transport properties. 

3.3 Flame prmpmfmtxmn 

The propagation of the flame may be tracked by evaluating a displacement speed 
of the front relative to the flow field. This quantity may be evaluated exactly from 
the numerical results when a flame surface is tracked with a particular scalar isocon- 
tour (such as hydrogen molecule mass fraction). An expression for the displacement 
speed. S 4 . based on tracking a constant mass fraction contour may be obtained 
(Ruetsrh et ml., 1995) by writing the Hamilton- Jacobi equation and substitution of 
the governing species equation: 

pSt = p.s:= (pD 0 + -’*] - (3) 

In this e xpr e ssi on. Sj is the density- weighted displacement speed. In this general 
fonn. the displacement speed measures the velocity of a scalar iso-contour (i.e. the 
flame- front) relative to the local gas. The value of S 4 depends on the location in 
the flame where it is measured. The use of the product pS 4 or SJ tends to reduce 
thermal expansion effects due to the choice of the location where S 4 is measured. 
Under strictly one-dimensional planar flame condition, this quantity is constant. In 
the reaction zone, the value of the density- weighted displacement speed, SJ, reflects 
primarily the chemical contribution. However, with the exception of perhaps a 
narrow region in the reaction zone, pS 4 is subject to additional effects resulting 
from the processes in the preheat zone. 

A measure of the triple flame stabilization mechanisms is its speed relative to 
the cold gas. It may be evaluated using the same approach adopted by Ruetsch 
L BroadwcU (1995). This speed contains both the contributions from chemical 
and hydrodynamic- diffusi ve effects (Echekki. 1992 k: 19%; Poinsot et ml.. 1992). 
To evaluate the hydrodynamic-diffusion contribution, the velocity, V/, of the triple 
point relative to the unburnt gas is evaluated. V’/, at the leading edge of the flame, 
mar be evaluated using the following relation: 

V f - (Sw - u/) + u 9 , (4) 

where m j is the gas velocity at the flame location where the displacement speed is 
computed. The term —S 4 -f «/ represents the Lagrangian speed of the triple point. 
The speed u 0 is the unburnt gas velocity at the inlet of the computational domain 
prior to the onset of lateral flow expansion and cross-stream diffusion effects. Note 
that, although S 4 and ii/ vary along the flame, the combined speed. -S 4 + «/. is 
constant in the flame under steady flow conditions. 
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In what follows, a description of the general structure of the methanol {CHjOH ) 
air triple flame is given in terms of reactant, radicals, and heat release rate profiles. 

4.1. Reactants and products profiles 

Figure 2 shows the isocontours of the major species (reactants and products) 
mass fractions in the triple flame. The figure shows no leakage of the fuel beyond 
the primary premixed flame (Fig. 2c). Beyond the premixed flame front, inethanol 
(CH 3 OH) is decomposed into more stride fuels which include CO, Hj, and H. On 
the lean side. 0 2 survives through the premixed flame and diffuses towards the 
stable reactants from the fuel side. A reduction in the fuel concentration across 
the premixed flame has also been observed by Terhoeven Sc Peters (1996) in their 
methane-air flame, albeit to a lesser extent. In addition to its oxidation by radical 
species in the C| chain, methanol pyroiyzes in the preheat zone (Seshadri rt a/., 
1089). 

The reaction rates governing the premixed flame chemistry exhibit additional 
asymmetries, as shown in Fig. 3. The oxidation of methanol proceeds down the 
C,’ path: CHjOH - CH 2 OH - CH 2 0 -» HCO -* CO - COj. The oxidation of 
met hanol through HCO occurs in the premixed branches, whereas the remaining 
oxidation steps are present in all three branches. In addition to CO, the stable 
molecule H 2 , which is produced on the rich premixed flame side, is also oxidized 
in the diffusion flame. All fuels in the premixed and diffusion flame are being 
oxidized primarily by radical species H, OH, and O. While H and OH play a more 
important role in the oxidation process on the rich premixed branch, oxidation 
reactions involving O atom play a more significant role on the lean side. 

The reaction rates governing the premixed flame chemistry exhibit additional 
asymmetries, as shown in Fig. 3. For example, the peak production rates of H 2 
and CO occur on the fuel rich side due to the consumption of H atom and OH by 
hydrocarbon intermediates. A further asymmetry appears in the inclination of the 
diffusion flame towards the lean premixed flame. This inclination may be primarily 
attributed to the rates of diffusion of H 2 relative to 0 2 such that the reaction zone 
of the diffusion flame is at the stoichiometric mixture. The consumption rate of 
CO, as shown in Fig. 3e, also exhibits some inclination towards the lean branch. 
CO is consumed primarily by OH in the water gas shift reaction, an important 
reaction contributing to the overall heat release; the asymmetry is due to the peak 
production of OH occurring on the lean side due to the elementary chain branching 
reaction. 0 2 + H ^ OH + O. 

4-t. Radical profile* 

Figure 4 shows the radical profiles for H, O, OH, and CH 2 O in the flame. This 
figure shows that O and H atoms peak at the triple point. OH. on the other 
hand, peaks behind the primary reaction zones of the premixed flames and along 
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Figure 2. Major species mass fraction profiles (a) H*. (b) 0 2 . (<*) CH 3 OH. (d) 
C0 2 , (e) CO, and (f) H 2 0. 


the mean reaction zone of the diffusion flame branch. The radical OH has a slow 
recombination rate compared to 0 and H atoms and, therefore, accumulates and 
peaks in the diffusion flame. 

Figure 5 shows the the contribution of the different reactions to the production 
and consumption of H, 0, OH, and CH 2 0. The radicals H, O, and OH are produced 
behind the fuel consumption layer near the burnt gas side of the flame, and diffuse 
upstream towards the unburnt gas to react in the fuel and radical consumption 
layer. The molecule , on the other hand, is produced in the fuel and radical 
consumption layer and is consumed in the region of radical production in the H 2 
oxidation layer. The convex shape of the triple point flame towards the burnt gas 
focuses H 2 towards its oxidation layer. The peak production of H 2 in the triple flame 
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FIGURE 3. Major species reaction rate profiles (a) H 2 . (b) 0 2 , (c) CHjOH. (d) 
COj. (e) CO, and (f) H 2 O. Production rates: ; consumption rates: . 

occurs at the triple point region on the rich side of the premixed flame. It results 
primarily from the break up of the fuel and its reactions with radicals, especially 
H. The primary mechanism for H 2 consumption results from radical production (in 
the H 2 oxidation layer) through the following reactions: 

h 2 + oh^h 2 o + h, 

and 

H 2 + 0 5 * OH + H. 

The latter reaction is a significant chain branching reaction which plays a major 
role in the rate of flame propagation and radical production. By the focusing 
of H 2 towards its oxidation (consumption) zone, the rate of radical production is 
enhanced and the propagation speed is increased. An additional chain branching 
reaction which is responsible for the bulk of production of 0 and OH is the follow ing 
reaction: 


0 2 + H ^ O + OH. 
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Figure 4. Minor species mass fraction profiles (a) H. (b) O, (c) OH, and (d) 
CHjO. 



Figure 5. Minor species reaction raV.- profiles (a) H. (b) O. (c) OH. and (d) 
CHjO. Symbols as in Fig. 3. 
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While the H atom in this reaction is defocused at the triple i>oint by the same 
mechanism that focuses H 2 . the net effect is the enhanced concentration of radical 
species at the triple point. The enhanced activity in this region also contributes to 
the ignition and anchoring of the trailing diffusion flame. 

4-3. Parameterization of triple flame structure 

The two-dimensional structure of the triple flame and the variation of the de- 
gree of premixedness in the reacting mixture suggest that at least two phase-space 
parameters may be required to fully describe the triple flame structure. Figure 6 
shows overlays of the mixture fraction (Bilger et •/., 1990) profiles with H> reac- 
tion rate and temperature. The consumption rate of H 2 is used to illustrate the 
alignment of reaction rates in the diffusion flame with isocontours of the mixture 
fraction. The mixture fraction changes monotouically across the diffusion flame. 
This suggests that the mixture fraction may be a useful progress variable in this 
branch. Temperature plays a similar role in the premixed branches. In this section, 
we choose temperature and mixture fraction to parameterize the flame structure. 
The two parameters, ( and T, effectively span the entire range of reaction and 
mixedness. The mixture fraction is a measure of the degree of mixedness, while the 
temperature is a measure of the extent of reaction. 

Figures 7 and 8 show the mass fractions and reactions rates for the major species 
in phase space, while the corresponding figures for the minor species are shown in 
Figs. 9 and 10. Overlayed on these figures is the maximum consumption rate of O 2 
in the premixed (thick solid lines) and the diffusion (thick dashed lines) branches. 
The maximum consumption rate of O 2 . the only reactant which is consumed in 
the premixed and diffusion flames, is used to demarcate the three branches of the 
flame. These figures highlight the different topologies of the flame which may not be 
apparent in physical coordinates, particularly if the flame is distorted significantly 
by the flow field. Shifts in concentration or reaction peaks on the lean and rich 
sides and the delineation between diffusion and premixed branches are made more 
pronounced using this parameterization. Similarly the delineation of reactions and 
species that are present in the premixed branches versus the diffusion flame is made 
more clear. For example, 

1. the peak production rates for formaldehyde (CH 2 O), H 2 and CO occur on the 
rich side of the flame in the premixed branch, while the peak consumption of 
H 2 and CO persists to very lean conditions; 

2. the peak consumption of H occurs on the rich side, whereas the peak consump- 
tion of 0 atoms occurs on the lean side of the flame; 

3. the peak concentrations of CH 2 O. ?xist well into the rich side; 

4. the peak radical concentrations for O and H exist near the triple point and on 
the lean sides respectively, whereas OH peaks in the diffusion flame; 
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FIGURE 6. Overlay of mixture fraction profiles with H* reaction rate (left) and 
temperature (right ). The wide solid line denotes the stoichiometric mixture fraction 
isocontour. The mixture fraction isocontours are shown in dashed lines. 



FIGURE 7. Major species mass fraction for H^. 0*, CH^OH, CO 2 , CO and H^O 
in £-T phase space. The hold solid line demarcates the premixed branches. The 
bold dashed line demarcates the diffusion branch. 
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5. while Oj exists behind the premixed flame, there is no leakage of methanol or 
formaldehyde behind the premixed branches. 

5. Propagation of the triple flame and its stabilization 

In this section, the values of the propagation speeds are reported using the mass 
fraction of H 2 to track the flame surface. Other scalars yield similar results. The 
ratio of density- weighted displacement speed, Sj, to the laminar stoichiometric 
flame value, Sr., at the leading edge of the triple flame is 1.13. Since Sj is measured 
in the reaction zone, its enhancement relative to the laminar value is primarilj 
attributed to an enhancement in the burning intensity of the flame (Sec. 3.3) due 
to the coupling of differential diffusion with curvature. 

Another quantity of relevance to the stabilization mechanism of the triple flame 
is the flame speed relative to the unburnt gas, Vj (Sec. 3.3). The ratio, VjfS £>= 1 . 
based on H 2 mass fraction is 1.79. The approximately 80% enhancement in V/ may 
be attributed primarily to hydrodynamic-diffusive effects associated with lateral 
flow expansion and cross-stream diffusion. Ruetsch et al. (1995) show that the 
ratio, Vf/St.a= i* may be approximated by the square-root of the inverse density 
ratio across the flame, y/pZ/pb, or by the temperature ratio. y/Tb/T u . In the current 
computation, the quantity y/Tb/T u ~ ^2300/800 ~ 1.7 compares well with the 
computational values for V//Sl,+= 1 after subtraction of the cherr 'cal contribution. 

6. Differential diffusion effects 

In the previous sections, we have identified some contributions to the triple flame 
structure which result from differential diffusion effects: (a) the inclination of the 
diffusion branch towards the lean premixed branch, (b) the enhancement of the 
displacement speed, and (c) the ignition at the tr >le point. There are a number of 
approaches in the literature which attempt to quantify these effects. In this section, 
two approaches to investigate differential diffusion effects are compared. Figure 11 
shows correlations of the elemental mixture fractions based on C and H in the 
triple flame. Elemental mixture fractions may only be modified by transport since 
reaction does not modify the atomic composition of a mixture. The figure shows 
that on the unburnt gas side, the values of and are the same, and that both 
reflect the local unburnt gas composition of the methanol (the correlation is shown 
by the diagonal line of (c vs. £h). In the reaction zone of the premixed branches, 
is smaller than (//, although this difference is not significant and it reflects the 
production of relatively fast diffusive species such as H 2 . The difference between the 
two quantities is reversed behind the rich branch. There, the greatest contribution 
to £c comes from CO, while the main contribution to is from H 2 0 and H 2 . In 
this region, the deficit in H may be a result of the diffusion of H 2 and H towards 
the diffusion flame. On the oxidizer side of the diffusion flame, is lower than 
£h ■ In this region, the main contribution to is from H 2 O. and for (,c is C0 2 . 
There is no distinct behavior at the triple point from and £// contours. The 





Triple flames 


231 


T <K» T(K) 



FlGtlE 10. Minor specie reaction rate for H. O, OH. and CHjO in ( T phas** 
space Symbols as in Fig 7. 




FlGl RF 11. Correlation of C and H elemental mixture fractions Left: - in- 

tight- ic vs. i H . 


principal limitation of the mixture fraction approach as a measure of differential 
diffusion effects is now more apparent; the value of the elemental mixture fraction 
does not tell us whether the higher or lower element composition in a given region 
is a result of its transport by a species which is fast or slow diffusing. Hydrogen, for 
example, may be present in both HjO or Hj • but the two species have very different 
diffusivities. At the triple point, minor species such as H atom may not contribute 
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' k;; *t 12. Musk* wioatifs of H and CO normalised by the stoichioinrinr 
oor diEKTOkmal flanr *pred. Left: \'h/Si.; right Y,o/Sl 

significantly to the dnuratal mixture fraction despite- their important ix>ie in the 
ffcrraistn’ of the flame. 

Another indkatioo of the role played by dAsutul transport and its coupling 
with curvature mar be demonstrated by the magiuttxks of the diffusion velocity of 
H and CO shown in Fig. 12. This figure shows that the maximum di ff usi on velocity 
is found near the triple point of the flame. This velocity corresponds to more than 
a two-fold increase for H relative to the remaining premised branches. The increase 
i:i t i» diffusion velocity of CO is only 30% . The peak valor of the diffusive velocity 
for fl is approximately thirty times higher than that of CO. The use of diffusion 
velocities to quantify differential diffusion effects shows significantly different trends 
than the elemental mixture fraction approach. 

7. Concluding remarks 

The structure, ptopagatkwi and stabilization mechanisms of a methanol-air triple 
dacw is investigated using DNS- The computations show that the primary M. 
methanol. is consumed entirely through the premized branches of the flame a. id is 
converted to more stable raet». Hi and CO. for the diffusion flame behind the triple 
point. 

In thr triple point region, the coupling of curvature and differential diffusion of 
hydrogen molecule; results in enhanced radical production and. in turn, an enhance- 
ment in the flame propagation speed. However, hydrodynamic effects ( associated 
with beat release m the Hame) are mote important in the current computations. 
These effects are predicted adequately by the mode! hy Aurtsch ef ml. ( 1995 i. 

A mixture fi le t * *, ; rruprrat ure parameter; ? at ton of the tuple flame structure 
is projKJSwl. The approach attempts to separate mixedness a. i reactivity, and 
highlights mm nr of the interesting features of part sally -premized combustion. 
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A r»»ui}>*nsou brt*«vo two approadiK to identify tin- effects of differential clif- 
fiuiuti is carrx-d out. The first approach is based ou a direct computation <if tin- 
magnitude of the difiitkn velocity of the various species. The second is based 
ou the comparison of elemental mixture fractions based ou carbon and hydrogen 
atoms. The comparison between the two approaches shows that the second ap 
protfit is strongly dependent on the species carrying the atoms and may not be a 
good indicator of differential diffusion effects. 
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Ensemble averaged dynamic modeling 

By D. Carati 1 , A. Wray 2 3 AND W. Cabot 1 


The possibility of using the information from simultaneous equivalent large eddy 
simulations for improving the subgrid scale modeling is investigated. An ensemble 
average dynamic model is proposed as an alternative to the usual spatial average 
versions. It is shown to be suitable independently of the existence of any homogene- 
ity directions, and its formulation is thus universal. The ensemble average dynamic 
model is shown to give very encouraging results for as few as 16 simultaneous LES's. 


1. Introduction 

The equation for large eddy simulation (LES) is obtained by applying a spatial 
filter to the Navier-Stokes equation. The LES equation thus describes the evolution 
of a filtered velocity field u, which explicitly depends on the small scales through 
the subgrid scale stress r, t — CTiTJ — u, u } : 

dr*i, -t-djUjU, = -&p+MeV 2 u, — djT tJ . (1.1) 

For simplicity, we only consider incompressible flows. The pressrre p is then chosen 
to satisfy the incompressibility condition. Clearly, r tJ is a targe scale quantity 
depending mainly on the small scale velocity field. However, it is usually modeled 
as a function of the resolved velocity field as in the Smagorinsky eddy viscosity 
model (Smagorinsky. 1963): 


T \) - * -2C3*!5!5.,. ( 1.2) 

where S tJ — j (d,u } + djU,) and |5| = In the original formulation 

of the Smagorinsky model, t*»e parameter C must be obtained from some fitting 
peoceduie. Recently, this model has been n proved by the introduction of the 
dynamic procedure, which allows a self calibration of the parameter C and gives 
an explicit expression as a function of the resolved field C = C(u* ). However, any 
procedure that determines the subgrid scale stress in terms of the resolved field can 
only be an approximation. Indeed, the same resolved field may be compatible with 
many different small scale velocity fields. This is reflected in the a priori tests which 
show very poor correlations between the models r tJ sg ) and the actual r tJ 

obtained from direct numerical simulations (see Winckelmans et at, in this volume). 
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Clearly mor«* information is needed to properly reconstruct the subgrid-scale 
stress. The introduction of stochastic model for t, } is a first attempt to intro- 
duce models that are not fully determined by the resolved field (Carati ei at, 1995; 
Chasnov, 1991; Leith. 1990; Mason & Thomson, 1992' Here, we explore another 
approach which consists in running simultaneously several statistically equivalent 
LES's and constructing the model by using information from the set of resolved 
velocity fields: 

4- djti r } u\ — - dip f 4- - djT* } r = 1 — ,R. (1.3)j4 

Here, r is a new index corresponding to the realization and R is the total number of 
realizations. The concept of statistically equivalent LES's will be defined in Section 
3. The model we propose to test should generalize the classical subgrid scale model 
(t[ } — by allowing an explicit dependence on the velocity field from other 

members in the set: 


= <;<{«;}> (i.4) 

Clearly, in that case the subgrid scale model in the LES labeled r will not be a 
function of the resolved velocity field uj only. 

In the following section, we will present the dynamic procedure and its general- 
ization to several LES's. We also present an alternative formalism to the classical 
dynamic model. Some results for decaying and forced isotropic turbulence and for 
channel flow ar*- discussed. 

2. The dynamic procedure 

The dynamic procedure is based on an exact relation between subgrid scale 
stresses for different filter widths (Germano. 1992; Ghosal e.t at 1995; Lilly, 1992). 
This relation is obtained by introducing a second filter Ci. usually referred to as 
the test fitter , denoted by we will call the original filter G\ The application erf 
this new filter to Eq. (1.1 ) yields: 

d,u t 4 - djUfU, = - dtp 4- i*V 2 u, - djr.j - d } L, t , (2.1 ) 

where L X) = u,u, — u, u 7 is the Leonard tensor. This equation governs the evolution 
of the field u obtained by the application of the filter Gz = G t * G j to the fully 
resolved velocity. Thus, an equivalent equation should be obtained by applying Gz 
directly to the Navier-Stokes equation: 

d,u, 4 - djUjii, = -d,p 4 - t>oV 2 u, - d,T tJ . (2.2) 

Here, the subgrid stress tensor is defined bv T tJ ~ u, u, - u, u 7 . The comparison 
between equations (2.1) and (2.2) readily leads to the Germano identity: 


L, } + r tJ - T tJ = 0. 


(2-3) 
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When approximate models r, } as r** and T t) as are used, this identity is 
violated. However, the error E t) = L t} + - Tjf / 0 may be used to calibrate 

the models. When the Smagorinsky model is used at both grid and test levels, the 
error is a linear function of the Smagorinsky parameter: 

E,, = Lij 4- C&ij - Ca tJ (2.4) 

where 


= -2A |S|S,> 

J.j = -2A 2 iS|S„ 

The calibration of C is usually achieved by using a least square method for mini- 
mizing E,j. The integral 

I[C] = /rfy^£*(y) (2.5) 

1 o 

is thus minimized with respect to C. 

A first difficulty encountered when using the dynamic procedure for determining 
C has been pointed out by Ghosal et al ( 1993,1995), who showed that this procedure 
requires the solution of an integral equation for C unless both of the following 
conditions are satisfied: 

1. There are one or more directions of homogeneity in the flow. 

2. The flow is fully resolved in the other direction(s). 

In that case. C is assumed to be constant along the direction of homogeneity and 
can be taken out of the test filter operation Moreover, the flow being fully resolved 
in the other direction(s), the test filter must only act in the homogeneous direction. 
The error (2.4) then reduces to: 


E, } = L, } 4- CM, } (2.6) 

where M, } — n tJ — i, } and the dynamic prediction for C reads: 

r 

where the brackets ( )* repres nt a spatial average in the homogeneous direct ion(s). 
If the two aforementioned conditions for replacing expression (2.4) by (2.6) are not 
fulfilled, one could argue that C is slowly varying in space and that (2.6) should be 
a valid approximation independently of the existence of a direction of homogeneity. 
The minimization of the global quantity /(C) then leads to a local expression for C : 
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Unfortunately. this approximation has proved to he very juior. ami the result- 
ing C depends strongly on space. Since iti almost all LES's at least one of the 
aforementioned conditions is violated, a mathematically clean implementation of 
the dynamic model always requires the solution of an integral equation (Ghosal et 
al 19951 . 

A second difficulty with the dynamic model is that C tak<-s negative as well as 
j>ositive values. Positive values correspond to the classical eddy dissipation picture 
for the suhgrid scales. The negative values were first interpreted as the capability 
of the dynamic model to predict reverse energy transfer (luickscatter). Unfortu- 
nately. the modeling of backscatter by a negative Smagorinsky coefficient leads to 
numerical instabilities. This problem is easily solved by const raining a j»n«n the 
miiiimi/atiou of /[C’j so that otdy positive values of C are accepted. The resulting 
C (obtained either by solving an iutegral equation or by using a spatial average) is 
the same as l>efore but clipjxxl to positive value. Thus, C' must then lx* replaced 
by iC + |Ci)/2. Although this clipping procedure can !»«• derived projxrly from a 
coust rained miiiiuii/at ton procedure, it is usually considered an undesirable exten- 
sion of the dynamic model. In particular, the dipping corres|K>uds to turning off 
the model where the dynamic procedure "tries to build a model for backscatter." 
In some sense, the resulting model does not use all the information available from 
the dynamic procedure. Hence, it is desirable to have a dynamic model with as few- 
clipped values as possible for C. 

We will discuss in the following sections how the simultaneous use of several 
statistically equivalent LES's may solve these two difficulties. 

3 Statistical LES & dynamic model 

3.1 Definition of the ensemble 

We first discuss the problem of defining the ensemble of runs needed for the 
statistical tests without considering the modeling problem. The equations (1.3) 
corresjjond to /? different LES s. In order to have a "good" ensemble, these LES's 
should correspond to statistically equivalent ami statistically independent realiza- 
tions of the same problem. Although tlu*>e requirements are intuitively clear, it is 
worthwhile to define them as properly as jiossible. The first step consists in defining 
precisely what is an "acceptable" simulation for a given problem. From the strict 
mathematical point of view, a flow desciilx’d by the Xavier --Stokes equation or by 
an LES equation is completely definr-d by tin- knowhsige of 

1. The domain D in which the flow is considered. 

2. The conditions on the boundary OV of this domain e(&P.t) = f(t ). 

3. The initial conditions e(x.O) = r () (x) Vj- € P. 

However, in a simulation of a turbulent How only the domain ami the Itoimdary 
conditions are rigorously fixed. Indeed, because of the lack of sensitivity to initial 
conditions in a turbulent flow, different simulations with different initial conditions 
sharing some pro|x*rties are considered to characterize the same flow. Thus, the 
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requirement that the initial conditions are known is usually replaced hy some weaker 
constraints, and point (3) is replaced by 

3'. The initial conditions t*(x,0) = i» 0 (x; wt) are generated using random num- 
bers u'i and satisfy some constraints: P,(t’o) = p,, s — 1. . . S. 

For example, in homogeneous turbulence, the first constraint s = 1 will be on 
the spectrum of t* 0 . For the channel flow, one could impose the profile of the 
velocity and of the fluctuation in each direction. We will not discuss in detail the 
minimal constraints that must be im]»osed on the initial conditions in order to have 
a reasonable simulation. We only suppose that these constraints do exist. Now. it 
is possible to give some precise definition of the ensemble of LES's: 

Definition 1 : Two LES's are statistically equivalent if the domain of the flow 
and the boundary conditions are exactly the same and if the initial 
conditions satisfy the same set of constraints. 

Definition 2: Two LES's are statistically independent i f the initial conditions 
are generated with uncorrelated random numbers u*(. 

For a stationary flow, such equivalent and independent initial conditions can be 
obtained by running a single LES and recording several velocity fields separated by 
at least one large eddy turnover time when turbulence is fully developed. 

3.2 Ensemble average dynamic model 

In what follows, we will focus on a simple generalization of the Smagorinskv 
model which reads: 


~ * -2CA 2 |S r |5l r (3.2.1 ) 

Tims, wc basically use the Smagorinskv model in every realization with the following 
additional assumption : 

Hypothesis 1 : The Smagorinsky coefficient is independent of the realization for sta- 
tistically equivalent flows. 

This assumption defines the model in such a way that the unknown parameter in 
the LES is "universal”. The formulation thus mixes some aspects of both LES and 
Reynolds average simulations. 

The dynamic procedure can also be used to determine C when several LES’s art' run 
in parallel. In that case, the model depends on the resolved flow from other real- 
izations (1.3). Indeed, the quantity that needs to be minimized is a straightforward 
generalization of /[C]: 

-£/, *£«&»* (322) 

r JV iji 

where now E,, as well as L t) . 3, } . and o (J depend on the realization {E r t] - L r tJ + 
C.i'j — Co, r ; ). We now make another assumption: 
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Hypothesis 2 : For targe ensembles, the Smagorxnsky coefficient is slowly dependent 
on space and can be taken out of the test filter. 

The quantity J\C\ then reduces to 

w - EE < £ f>- c 

r=l ,j 

which leads to the same expression for C as in the spatial average version of the 
dynamic procedure: 


r (L l} U„) 

(M, 

where now the brackets represent an ensemble average. We will see in the next 
section that hypothesis 2 is very well justified by the numerical results. 

3.3 Alternative formalism for the dynamic model 
The usual formulation of LES Eq. (1.1) is not fully satisfactory because the evo- 
lution of the filtered velocity is given in terms of quantities that are not filtered, 
whereas all numerically computed quantities are filtered in some way. This is well 
known, but, to our knowledge, its effect on the dynamic model formulation has 
never- been carefully considered. In this section, we propose an alternative dynamic 
model formulation which should be fully self-consistent with the filtered equation 
for the resolved field. First, we assume that all the quantities in the LES equation 
are filtered and Eq. (1.1) must then Ire replaced by 


diu, = iroV 2 ii, - djiijii, — djT,j — 0,p. (3.3.1) 

This redefines the subgrid scale stress as 

r tJ = u,u, - *7, iij 

The application of the test filter to the LES equation (3.3.1) yields: 

d,ii, + dj{TijTt,) = i' 0 V 2 i7, - 0,p - Off,, - d } L tJ . 

and the comparison with the "one-step" application of G > to u, leads to the following 
equality: 

I,j + f „ - f tJ = 0. (3.3.2) 

kij — U,Uj — It, 77,. 

T tJ = TTTTTJ - «, 77,. 


where now 
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At this point it is important to ensure that the model for the suhgrid scale is 
also expressed in terms of a filtered quantity. The simplest generalization of the 

Smagorinsky model would then be = C.i tj and T tJ — C'o , } . The dynamic 
procedure is then easily implem- ’ted and yields 



where .V,j = J tj -a, } . Of course, the expression (3-3.3) also relies on the assumption 
that C can be taken out from the filtering operators. This assumption is very 
important here because, in the equality (3.3.2), the Smagorinsky coefficient only 
appears iu filtered quantities. This means that the integral equation formulation of 
this alternative dynamic model would be much more complicated than the classical 
formalism. However, if hypothesis 2 is valid, the present formalism appears to be 
more consistent with the LES equation. 

4. Test on isotropic turbulence 

4-1 Decaying turbulence 

The statistical average dynamic model described in section 3.1 has been tested 
io decaying turbulence for 32 1 2 3 4 LES. A first series of numerical experiments have 
determined how large the ensemble of simultaneous LES’s must be (i.t. how large 
R should l>e ). The criteria used to determine the minimal size of the ensemble were 
focused on 

1. The spatial variability of C. 

2. The percentage of negative C. 

3. Comparison with the volume average dynamic model. 

4. Comparison with direct numerical simulations. 

The first conclusion we have reached is quite encouraging. Indeed, it appears that 
with only 16 simultaneous LES’s, the ensemble average dynamic model performs as 
well as the volume average model. The spatial variability of C decreases drastically 
when R increases (see r ig. 1). This is also reflected on the probability distribution 
function (PDF) of C (see Fig. 2). 

The comparison between a 512 3 DNS and dynamic model shows good agreement 
both for the total resolved energy (see Fig. 3) and for the spectra. The results 
for R — 1C are indistinguishable for the volume average and for the ensemble aver- 
age. Here the comparison with the dynamic model has been made by running an 
ensemble of unrelated volume average LES’s. This allows comparison of the both 
the means and the standard deviations. The standard deviations are computer! for 
the 3-d energy spectra at each k\ and quantities such as total resolved energy and 
compensated spectra are then computed from the mean and meandr/r spectra. 
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Figure 1 . Typical profile of C in decaying isotropic turbulence. R=l: — • — : 
R=4: - ♦ - ; R = 16: . 


o 


£ 



Figure 2. PDF of C ill decaying isotropic turbulence, Symbols as in Fig. 1. 

4-2 Forced turbulence 

We have run an ensemble of 32 3 forced turbulence LES's with zero molecular 
viscosity. Fig. 4 shows that the mean resolved energy and the standard deviation 
evolve in a very similar way for both the volume and the ensemble average models. 
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0.0 s.o 

time 

Fig V RE 3. Energy decay: comparison with DNS and volume average. DNS: : 

ensemble- averaged (mean):c : ensemble-averaged (mean -(-sigma): : ensemble- 

averaged (mean-sigma): : volume-averaged (mean):* : volume-averaged 

( mean + sigma): : volume-averaged (mean-sigma): 



time 


FlG t RE 4. Resolved energy in forced isotropic turbulence: average vs volume. 
Symbols as in Fig. 3. without DNS. 
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FK:( RE 5. CoiiiiM iwili-d sjxYinini in f«« o-d w a topic turbulence: average 

vs volume. Syiul«»I> as iu Fig. 3. 

It is also very imiMirtruit to notice that tin* standatd '■a!iir*:is so that the 

LES s in the cuM iuliii- do not evolve towards v«-i\ different state.-.. 

It is also interesting to compare the compensate*! cn»-rgv sjwvttum to duck if an 
inertial range is observed Of course, with 32' LES. v.s do not exj»ect *«> obtain 
a very good estimate «f ti»e Kolmogorov constant However, tie- results in Fig. 5 
sln*w that the olmvixl ''Kolmo^iov constant ss its a reasonable range of values 
Thes«- Nja-ctra arc at time ~ 27 in the units of Fig. 4 

5. Tests in channel flow 

We did i .! n-ach the stage of “pnaluction runs” for f ’«• channel flow, so the 
tests presented here are very preliminary and have l«-ei> focused on tin- la-havior 
of C ns a funcluM of the ensemble size i R\ Tin- »lata coth-cted from the runs 
concern the PDF of C and the fraction **f negative £' li»-cau-e of tlie channel How 
inhomogeneity. tin- PDF of C dej>ends on tin- wail itoima] ro**rdinate. However. 
*h«- trends for increasing iiutnl»er> of runs {It> is smulai ains- tin- ciiatinel. ami we 
*mly pr*~-ent in Fig 6 the results for y - 0.1 n«-nr midchauuei 

We also show the fraction of negative C ( Fig 7 1 Su < »h*- channel H*»w Simula 
lions used in these tests iiav«* a ntm zero molceular v;s*-*»sity. tin- relevant stability 
coiulit am i> th*- ja-rcentage of C leading to a total uuohs'ular + eddvj negative 
viscosity Here again, the r«-sults are encouraging f* »i U ^ !*_' 'l»-ss than l-V-v of tin 
jM»ints need to in- clip|M-<lt while the ]<H-al version <>j th*- dynamic hum 1*1 f*»i only 
one LES requires about 40' < dipping. 
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Flci KE 6 Piohabdity distribution function of C for different ensemble sues at 
y = 0.i R^-l;a ; R— 2»: R — 4:# : R=8:o : R = l6:c 

O.S » — — — — — . * — - — 



FKjI M. 7. Fraction of negat ive total viscosity as a function of y for different en- 
semble sizes. Symbols as in Fig. 6. 

6. Conclusion 

The statistical tests presented in this report haw shown that the knowledge of 
statistically equivalent resolved velocity fields m?y be useful in deriving new subgrid 
scale models. We haw used the additional information available from the different 
LES’s to rreate an ensemble average version of the dynamic model. This dynamie 
model has tin lowing advantages: 
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1. A (oral viTsion of the msonbk average dynamic model may be derived in the 
limit of large ensemlde sets. 

2 The local formulation does not rely on any homogeneity assumption. It can thus 
be adapted to any geometry, unlike to the classical volume (or surface or line) 
average dynamic model. 

3. The theoretical limit of large ensemble sets is closely approached for a 16. 
This is indicated by the PDF of C. which is very peaked for R — 16. Also, the 
spatial variations of C decrease drastically for increasing ensemble sizes and seem 
to be quite mild for R = 16. 

For the examples treated in this work (decaying and forced isotropic turbulence), 
the volume average weatu of the dynamic model is justified. Remarkably, in tln»se 
cases, the results from the ensemble average and the volume average versions are 
almost indistinguishable. 

The next interesting step in the investigation of statistical LES is to apply this 
model to fully inhomogeneous problems (for which the mathematically consistent 
classical dynamic model requires the solution of an iutegral equation). The addi- 
tional cost of multiple simultaneous LES's may be ameliorated by a reduction in 
the time of simulation since the statistics should converge mote rapidly. 
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Anisotropic eddy viscosity models 

By D. Carat i 1 AND W. Cabot 2 


A general discussion on the stn cture of the eddy viscosity tensor in anisotropic Hows 
is presented. The systematic use of tensor symmetries and flow symmetries is shown 
to refiuce drastically the number of independent parameters needed to describe 
the rank 4 eddy viscosity tensor. The possibility of using Onsager symmetries for 
simplifying further the eddy viscosity is discussed explicitly for the axisyniuietric 
geometry. 


1. Introduction 

Contrary to most of the works presented in this volume, this note does not re 
suit from a planned project for the summer program. It developed instead from 
discussions during the course of tire workshop by many participants concerning the 
reprcTmtaiion of anisotropy in the modeling of the subgrid-scale stress in Large 
Eddy Simulation (LES). This study is thus an attempt to present a systematic dis- 
cussion of the influence of anisotropy on the structure of the eddy viscosity tensor. 
Some of the results presented here are not really original since they have been de- 
rived in other contexts (viscoelastic media or magnetized plasmas;. However, we 
found several motivations for reproducing the general study of tensor symmetries 
in the special case of the eddy viscosity tensor. 

First, we remark that there is often evidence of anisotropy at die subgrid level. 
The most obvious case arises when the grid itself is anisotropic. In that case, even 
if the flow does satisfy' the classical local isotropy assumption, the subgrid velocity 
would be anisotropic by construction. Since most LES's use a non-uniform grid 
with anisotropic stretching, the effects of anisotropy should be taken into account 
in a very wide class of problems. 

Second, the discussions we had during the workshop showed that few attempts 
have been made to introduce the anisotropy at the tensor level in the relation l>e- 
tween the subgrid scale stress and the resolved strain tensor. On the contrary, most 
of the studies on the influence of anisotropy have focused on possible modifications 
to the isotropic eddy viscosity amplitude (Deardorff, 1970, 1071: ScoMi rt el.. 1993) 

Finally, the development of the dynamic procedure (Germano. 1992: Ghosal rt 
a/.. 1995: Lilly. 1992) allows the introduction of multi-parameter models for the 
subgrid scale stress. Therefore, there is no practical reason for practitioners to limit 
their models to an isotropic eddy viscosity. 

1 I niversite I.ibre df 

2 NASA Center for Turbulence Research 
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2. Anisotropic eddy viscosity 

In this work we only consider the subgrid scale modeling of an incompressible 
fluid: If the exact description of the large scale pressure is not required, the trace 
of the subgrid scale tensor may be added to the pressure, which is then calculated 
in order u> ensure the incompressibility The only tensor that needs to be modeled 
is 


r* = 5*7 ~ ^ («** * - - (2.1) 

The usual modeling procedure consists in giviag an expression for r t * in terms of the 
spatial derivatives of the resolved velocity field These quantities are usually 

decomposed into a symmetric resolved strain tensor, 

3 .,= 9 , *.). ( 22 ) 

and an antisymmetric resolved rotation tensor. 

= \ (3.5, ~ 9jV,) = ^.jkw k , (2.3) 

where U k is the vorticity and (,,k is the Levi-Civita fully antisymmetric tensor with 
f l2 3 = ]. The most general tensorial relation in an anisotropic system thus reads: 

r «j — VijkiSki + HtjkiRki (2.4) 

For three dimensional turbulence, a naive analysis of this relation would lead to the 
conclusion that both u and p are described by 81 independent parameters. However, 
very strong simplifications can be derived by using the tensor symmetry properti es of 
S tJ and 5 tJ . as well as the symmetries of the flow. These simplifications do not 
require any assumption (as for as the model (2.4) is accepted). A more debatable 
simplification might apply if the Onsayer reciprocal symmetries (Onsager, 1931) are 
assumed to hold for the eddy viscosity tensors. This will be discussed at the end of 
this section. 


1 . 1 Tensor symmetries 

The tensors t* and S, } are symmetric and traceless while the tensor is an- 
tisymmetric. This implies that the eddy viscosity tensor */,,*/ has the following 
properties: 


I'.jkl = Vjikt , 


k'tjkl = V l)lk ■ 
V»kl = 0. 
Vijkk ~ 0. 


(2-5) 


Thus, for a given value of (kj) — (k*J m ). the matrix a,, = i ',jfp is traceless and 
symmetric. Consequently, it has 5 independent components. Similarly, for a given 
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valut- of (i, j ) = the matrix &*/ = «/,• } -kt is also traceless and symmetric. The 

fall tensor v,,ki is thus described by 5 x 5 = 25 independent parameters. The same 
analysts can be performed for the tensor which has the following symmetries: 


= MjM » 

Mijti ~ « (2-6) 

P«*i = 0 . 

Now. the tensor fi.jti is symmetric and traceless for its first two indices, while 
it is antisymmetric for its last two indices. Consequently, the full tensor p,,ki is 
described by 5 x 3 = 15 independent parameters. 

l.i F lew symmetries 

This 25+15 parameter eddy viscosity tensor may be strongly simplified by using 
the symmetries of the flow. Let us consider some simple cases. 

t.t.l Isotropic turbulence 

Any isotropic tensor can only be constructed with the unit tensor 6 tJ . Thus, the 
most general isotropic tensor of rank 4 can be written as follows: 


Ti f n = a i 6, } 6 k i + a 2 + a 3 6,iS jt . (2.7) 

If we impose the symmetry relations (2.5), it turns out that the eddy viscosity 
tensor v reduces to 


t'ljfci = —« + &u6jk - , (2.8) 

while the symmetry relations (2.6) imply that the tensor /i vanishes. Consequently, 
the subgrid scale stress reads: 


r* = -2 o5 u , (2.9) 

where a is the usual isotropic eddy viscosity (Smagorinsky. 1963). 

The simplest anisotropic situation arises when only one direction can be distin- 
guished from the other. This axisymmetric geometry is thus characterized by a 
vector pointing to the anisotropy direction. We will show that the nature of this 
vector will strongly affect the structure of the eddy viscosity tensor. In particular, 
anisotropy induced by a pseudo vector (like a magnetic field or a rotation) must 
be treated differently from the anisotropy induced by an axial vector (like a mean 
flow). 

t.t.t Axisymmetry induced by an oxial vector 

We first consider the case of an axisymmetry characterized by an axial vector n. 
An axisymmetric tensor of rank 4 can only be a function of this vector n and of the 
unit tensor 6, r Its most general form, compatible with the symmetry between the 
first two indices, reads: 
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T tjkl = bi6,,6ti 4 6j (tikbji + btibjk) 

4 Mu**”* 4 b 4 n,njS k i 4 *5 (^.*n,ni 4 £j*n,n<) (2.10) 

4 &6 (£,in,n t 4 Sjin,nt) 4 brn,njn k ni . 

Imposing the constraints (2.5) and defining 62 = — ei, be — -cj and bj = -Cj lead 
to the following expressions: 

5) = (6ei - 4c 2 n 2 - cjn 4 )/9 . 

6, =5, = (4c 2 4c,n 2 )/3, (2.11) 

*5 = -<“2 

If the constraints (2.6) are imposed on p.jkt, only two parameters are different 
from zero and are opposite (65 = —be )- Thus, by introducing 65 = c« in p, the 
subgrid-scale stress reads: 


r* = -2c,5 tJ - 2c 2 (n,s, 4 s,rtj - 

- cj ^n.n, - s k n k - 2c 4 ( r,n } 4 n,f , ) , 


( 2 . 12 ) 


where s, = 5 , k n k and r, = H k n k . The effect on the resolved energy balance of the 
first three terms is fully determined by the sign erf the parameters c t , c 2 , and cj. 
Indeed, these terms correspond to dissipation (resp. creation) of resolved energy if 
and only if cj, c 2 , and c 3 are positive (resp. negative). On the contrary, the sign of 
the term proportional to c 4 in the resolved energy balance depends simultaneously 
on the sign of C4 and on the flow through the factor s k r k : 


r,)S,j = -ci|S| 2 - 4c 2 s 2 - ct(s k n k ) 2 - 4c k s k r k . (2.13) 

If the anisotropy is weak ( n is relatively small), only terms up to n 2 must be retained: 
since J t .r, = 0(n), the term proportional to c 3 can be neglected in this case. 

t.t.S Axisymmetry induced by a pseudovector 

We now consider that the anisotropy direction is represented by a pseudovector 
p. The most general axisymmetric tensor of rank 4 will be a function of the vector 
p,, the unit tensor 6 t) , and the Levi-Civita tensor e t)k . The situation is thus more 
complicated and more parameters need to be introduced. The notations will be 
simplified by introducing the antisymmetric tensor V tJ = t, )k p k so that the most 
general tensor compatible with the symmetry between the first two indices reads' 


Tfjki = jiki + dz (6,k6,i 4 6,t6, k ) 4 dii^Vki 4 d 4 (6 tk V„ 4 6 jk V,i) 

4 d$ (M> 4 6 )|V,t) 4 de ( (mPj 4 tjtip.) 4 4 d t p,pj6 kl 

4 d 9 ( 6,kPjP 1 4 6jkP.Pi) 4 dio (6uPjPk 4 6, t p,p k ) (2.14a) 

4 dn ( Vi* Vjt 4 V,iVjk) 4 di2 ( V,kPjPt 4 V } kP,Pi) 

4 di 3 [V,ip } pk 4 Vjip.pk) 4 dnp,p,Vki 4 di5p,p } pkpi . 
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We will not discuss the complete tensor T" with 15 independent parameters. Let 
us assume that the anisotropy is weak enough to keep only terms proportional to 
the vector p,. In this case, T" reduces to 

V,‘jkl d\6, } 6ti + <f 2 (6, ki } i + &ittijk) 

+ d) SijV'n + d 4 (6,kVji + 6,kV«) (2.146) 

+ d s + 6ji V,t) + </ 6 (c,kip } + fjkiPi) ■ 

Imposing the constraints (2.5) and defining rf 2 — —e t . d$ = — c 2 and d 6 = -e 3 lead 
to the following expression: 


di =2e,/3, 

2e,, (2.15) 

d\ — -2ej - e 2 * 

while imposing the constraints (2.6) with the new definition d% = — e 4 , and do — — e 3 
leads to 


d ] = di = 0 , 

d 3 =(2c s -4e 4 )/3. (2.16) 

d 4 = e 4 

The subgrid scale stress thus reads: 

r,* = -2cj5,> - 2(e 2 + e 3 ) (S, k V jk + S jk Vik) 

/_ _ 2 — \ (2.17«) 

+ 2(e 4 + e$) lR, k Vjk + - -6,jR k iV kl J ■ 

Although the total eddy viscosity contains 5 parameters, only three of them appear 
independently in the expression for r,* . Let us note that the expression of t,' can 
be simplified by using the resolved vorticity: 

r* = -2e,3 t , - 2(c 2 + e 3 ) (S, k V jk + S jk V, k ) 

/_ _ 2 _ \ (2.176) 

+ 2(e 4 + e 5 ) I Wipj + Wjp, - -6,jtv k p k J 

It is interesting to note that the anisotropic corrections appear at first order in the 
anisotropy direction p,. Thus, we conclude that a pseudovector anisotropy (like a 
rotation or a magnetic field) should affect the eddy viscosity more rapidly than an 
axial vector anisotropy (like a grid or a flow anisotropy). 

2.8 Onsagcr reciprocal symmetries 

Strictly speaking, the Onsager reciprocal symmetries do not apply to turbulence. 
Indeed, they have been derived for describing the irreversible return to equilibrium 
in macroscopic system, and they strongly rely on the microscopic reversibility of 
particle motions as well as on the linearity of the transport laws. However, in an 
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attempt to simplify the eddy viscosity picture as much as possible, it is tempting 
to assume the existence of such relations for the tensors v and p. We will not try 
to justify further the use of such relations and present the form of the eddy viscos- 
ity tensors fulfilling these relations as a approximate simplification. The Onsager 
reciprocal relation will imply the following additional relations: 


(2-18) 


= PM 0 (n), 

•'otdp) = nt^-p)' 

Po«(p) = ptto(-p) 

When applied to the previous results, these relations imply c 4 = 0 and c 5 = -c 4 . 
Thus, they strongly simplify the tensor n, } kt but they do not affect the tensor v, } n 
in the case presented hen - . 

3. Anisotropic eddy viscosity and dynamic model 

It has been mentioned in the introduction that the use of the dynamic proce- 
dure gives a direct access to a multiple- parameter eddy viscosity. In this section 
we present the dynamic derivation of the eddy viscosity tensor in the simplest 
anisotropic geometry: the weak axisymmetric anisotropy induced by an axial vec- 
tor. Moreover, the problem is further simplified by assuming the existence of On- 
sager symmetries for the tensor v tJ ki and In that case, we haw shown in the 

previous section that the subgrid stress tensor reduces to 


r* = -2 c{S i} - 4c*n 2 sJ J , 

$!, = ;r~j («i Sjini + ttjSuni) - ■ 


where 


(3.1) 


(3.2) 


2 n* ' ' " 1 3 n* 

With the new tensor f K -5 Jj and the parameters t'l = c\ + 2 n } cj and 

t'i = ci, the subgrid stress tensor may be rewritten as 


r*«-2^5j J -2^sJ. 


(3.3) 


With this formulation, the resolved energy dissipation reads t = - T ‘, S n * <'i*i + 
t'l Ri , whei " 




>j 


(3-4«) 

(3.4b) 


K. = 5>,s£ (s„ - s!,) = i|S| J - £ > 0. 

•j 0 V ' 

j_ —u 

f This notation should not lead to the conclusion that S tJ and $ t] are orthogonal. It is easy to 
show that S^S,^ / 0 * n general. 
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The last inequality is a direct consequence of the Cauchy-Schwartz inequality : 

=»w/2. (3.5) 

• * it \ i j 

Sufficient conditions for having a positive resolved energy dissipation are thus iq > 0 
and v 2 > 0. In order to devise the sinipU-st dynamic prt>cedure. we suppose that 
both v\ and v 2 scale following the Kolmogorov law:. 

n, =-C,A 4/ \ (3.6 a) 

«/j = -C 2 A 4/3 . (3.G6) 

The choice for the length scale A in C| and Cj (which are not dimensionless) is 

unimportant because the dynamic model will take care of the amplitudes. Only the 
power 4/3 is important. With these definitions, the model becomes 


where 


ij — C\p,j + CzTiij . 

(3.7) 

p„ = -2A 4/3 sJ, , 

(3.8n) 

, h} = -2A 4/3 f ^ 

(3.86) 


Assuming a volume- averaged version of the dj namic model, the error with respect 
to the Germane identity is given by (Germano. 1992: Ghosal et al., 1995; Lilly. 
1992): 


£ij(Ci . <^ 2 ) = Lij + C i XI, } -f C 2 , 

where 

A/ u = -2 A^ 3 (l- 0^)11', 

N i} = -2 A 4/3 (1 

where o is the ratio between test and grid filters. By minimizing we have the 
two coupled equations: 

(LijM,:) +C 1 (M tJ M, } ) +C i (N it M ij ) = 0 , 

(L„N,j) + C\{M, ] S' t} ) + C 2 (N t) N.j) = 0 . 

Since M,j is not aligned with ;Y,>, these two equations are not linearly proportional 
and they may be used for determining both C\ and Cj. 


(3.9) 

(3.10) 
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Figure 1 . Comparison of the grid anisotropy described in terms of the grid 
spacing in each direction vs. the flow anisotropy described in terms of the square 
root of the diagonal components of the Leonard tensor. Clearly, the flow anisotropy 
is only important close to the wall in the streamwise direction. The grid anisotropy 
is also more important close to the wall, but mainly in the wall-normal direction. 

a) Dx+: : Dy+: ; Dz+: . b) Square root of Lxx: ; square root 

of Lyy: ; square root of Lzz: . 


4. Application to the channel flow 

The dynamic formulation presented in the previous section has been implemented 
for channel flow with a friction Reynolds number of 1030 (cf. Cabot, 1994). The 
weak axisymmetric anisotropy is probably a very rough approximation for the chan- 
nel geometry, so that the results presented here must be regarded as very prelimi- 
nary tests. Moreover, it is not clear in channel flow which direction is the dominant 
anisotropic one (see Fig. 1 ). Indeed, channel flow is characterized by two anisotropic 
directions: the streamwise and the wall-normal directions. Both choices for n have 
been tested. 

The rms values of streamwise velocity component (u') are presented in Fig. 2. 
The rms values of the wall-normal and spanwise velocity components (t>‘ and w') 
seem to be insensitive to the model and are not shown here. It appears that the 
results from the isotropic model and the anisotropic model based on the wall-normal 
direction are almost indistinguishable. The results for the anisotropic model based 
on the streamwise direction seem to be better close to the wall. This could indicate 
that the flow anisotropy has more influence than the grid anisotropy. However, no 
definitive conclusion can lie made since the model based on the streamwise direction 
does not perform well in the core region. Also, preliminary results indicate a long- 
time lack of stability for this latter model. 

Finally, we present the results for the two eddy viscosity coefficients (i/j and t/ t ) 
in Fig. 3. For both models, the condition of positive dissipation (iq > 0 and u 2 > 0) 
are mostly well satisfied. It is not \ : known if the weakly negative values of u 2 in 
the model based on the streamwise direction are responsible for its lack of stability. 
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FIGURE 2. Comparison of profiles for the rms of streamwise velocity (id) between 
experimental data, the isotropic dynamic model and two versions of the anisotropic 
dynamic model based on the streamwise and wall-normal anisotropy directions. 

Experimental data (Hussain & Reynolds, 1970):* ; isotropic LES: ; anisotropic 

LES (n=str.dir.): ; anisotropic LES (n=wall norm, dir.): . 

6.0 t j 



FIGURE 3. Comparison of eddy viscosity coefficients in three different models. 

Isotropic model: v — t ; anisotropic model (streamwise): V\ , 1*2 ■: 

anisotropic model (wall normal): , v? a 

5. Discussion 

The use of an anisotropic eddy viscosity model has been shown to complicate 
dramatically the relation between the subgrid stress tensor and the resolved velocity 
derivatives. In particular, in the fully anisotropic geometry, 40 independent effective 
transport coefficients must be introduced. However, when some approximations are 
used, it is possible to simplify the problem drastically. As an example, we have 
tested the weakly anisotropic axisymmctrical geometry. In that case, the eddy 
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viscosity tensor reduces to a two parameter quantity. A dynamic procedure has 
been proposed for this problem and some tests have been made in charn el flow. 

These numerical tests have clearly shown that the det • 'nation of the anisotropy 
direction remains an important issue in the simplified e otropic model presented 
in §3. Indeed, even when the flow is fully anisotropic, •• u-odel discussed in §3 may 
be regarded as the first tensorial invariant correction to the isotropic eddy viscosity. 
The use of this model could then be seen as the result of a “local axisymmotrie 
assumption" which should be at least as robust as the local is;.* ->ie assumption. 
However, in that case it is probably crucial to chose the vector i< • an appropriate 
way. It is also possible that the vec tor n varies with space. An interesting exten- 
sion to this work would be the derivation of a dynamic procedure giving explicit 
expressions not only for the eddy viscosity amplitudes but also for the vector it. 

At this point the simplest test for anisotropic models would be the homogeneous 
rotating turbulence. Iu that case, the anisotropy direction is clearly determined and 
is given in terms of the rotation pseudovector. 
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Dynamic Smagorinsky model on anisotropic grids 

By A. Scotti 1 2 , C. Meneveau 1 AND M. Fatica- 


Lar(f Eddy Sinnu n :«xi < LFS t of romjJrx-groinrtn' fiiwrs often involves highly 
ani-otrojur meshes. To examine the performance of the dynamic Smagorinsky 
iinxlel in a controlled fashion on such grids, simulations of forced isotropic turbu- 
lence ar«- |ierfonur«l using highly anisotropic discretizations. Tlie rrsuiting model 
cnHfi<i<nts are compared with a tbemetiral prediction (Scot*i rt «!.. 1993 ! Two 
extreme cases are cons >',•-» u pancake like grids, for which two directions are poorly 
rvsolwl compared *o tb third, and pencil-likr grids, where one direction is poorly 
resolved when compared t.» the otheT two. For pamake-like grids the dynamic model 
yields the results expected from the tlienry (increasing coefficient with increasing as- 
jnct ratios wtx reas for pencil- like grids the dynamic model do. . not agree with the 
theoretical prediction ( with detrimental effects only on smallest resolved scales) A 
possd>V- explanation of the departure is attempted, and it is shown that the probleni 
may be circumvented by using an isotropic test -filter at larger series. 

Overall, all models considered give good large-scale results, coni ruling the gen 
eral mJwstness of the dynanrr and eddy-viscosity models. But in all cases, the 
predictHHts were poor for scales smaller than that of the worst resolved direction. 


1. Introduction 

Since its introduction in the 1960 s a goal of L*^S has been to simulate complex 
turbulent flows. A complex flow is. oy definition, characterized by regions were tin- 
physio of turbulence change, e.g . from homogeneous turbulence far from l«>und 
aries to near wall t urbulen- ~. eic. To capture the full gamut with a simple >ul*grid 
model without having to adjust constants in an ed hoc manner every time was a 
serious problem until recently. The introduction of the dynamic moo« 1 (Clermano rt 
«/.. 1991 ) to dynamically calculate the pararneter(s) of the modeled sub-grid stress 
was a significant step towards making LES of complex flows possible without ad hoc 
adjustments. This model is able to self adjust to the large scaie flow in the correct 
fashion, for instance, shutting itself down near walls or in regions where the flow 
reiaminarizes. 

As a ri’sult. it has become possible to apply LES to study flows of increasing 
complexity te g. Akselvoll an.l Moin 1996 or see in this same volume Chan and 
Mittal, and Haworth and Jansen), which in turn requires the use of complex grub, 
eirh'-r striirtiirid or unstructured. Complicated grid geometries in conjunction with 

1 I i»,- J«*|ins IlMpktn* I mvprvity Baltimore. MD 21213 

2 < f«*r Inrl*ul«*nr«* H^urch 
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the dynamic model raise several questions. Consider, as an < xauij)!r. the flow past 
a 3-D bluff laxly: near the object. one needs to refine the grid in the s|ianwise direc- 
tions. Foe a structured ntesh. far downstream, the grid may be greatly expanded in 
the st Teamwise direction. Tlierefore. the grid can la- strongly anisotropic, with the 
elements of the grid looking like si wets or pencils. de|»endiug on the kiud of refine- 
ment impos«-d u|»st team Hence, iu the far- wake region one may have a situation 
where the turbulence is nearly isotropic, whereas th«- otmputational grid is highly 
anisotropic. 

In LES. the grid filter is dictated by the computational mesh used to solve the 
equate *ns (although, for methods other than spectral, it is difficult to give a precise 
definition of the filtering operator associated with a given discretization). Siuce 
classical eddy -viscosity models need as input a length-scale which is usually associ- 
ated with the scale at which the filter ojx*r»trs. the |>rohlem arises in defining this 
length when, as a result of the anisotropy of the grid, the filter is defined by more 
than one length scale. F<»r the Smagorinsky model, this problem was considered 
first by Deardoff (1970) and later by Schumann (1975i. Lilly (1988) and Scotti rt 
«i. ( 1993). altliough the last two papers were <xily tln-metical treatments. 

On the other hand, other models such as the dynamic model do not in principle 
require a length scale to he sjiecified. The question then aris»-s whether the dynamic 
model is able to correctly simulate isotropic turbulence on anisotropic grids. The 
main goal of this work is to examine this question. 

This issue is also of tlimn-tical interest sines-, from the jx>int of view of interaction 
among riKxles. local triadic interactions at small scales are fully available only to a 
limited amount of m«*de>. Thus the small scales are eyjmsrd to a dynamic which 
is not the one typical of 3-D turbulence. It is natural then to expect that the SGS 
stress tensor should mcorjnirate a correction originating only from tlie anisotropy 
of tin* grid. 

Tlie paper is organized as follows: in section 2 we briefly summarize the main 
result of Scotti d «i. (1993) and set the notation that will be used throughout 
the pajs-r: in Section 3 we discuss the simulations and how the results of different 
nHxlels will be comjiared In showing the results, we have c«msidered two categories 
of grids: pancake like, when one direction is much lwtter resolved than the other 
two. and pencil -like, when two directions an- much )«-tter resolved than the third. 
Section 4 presents the results. Finally, in Section ■> a summary and discussion of 
the results is given 

2. Smagorinsky model on anisotropic grids 

In thi-- section, the results of Scotti rt a l. (1993) are briefly recalled. They are 
based on the assumption that the turbulence is isotiopic ami homogeneous, and 
that the largest and smallest scales at which the filter o|H-rates still lie within the 
inertial range. One begins by writing the Smagorinsky model as 

r„ = - 2| A i . A? . A* ) j*’ j25f„, ! 1 ' : S, r (It 

Here Aj . Aj ami A) are the dimensions of the computational cell. For notationnl 
convenience and without lack of generality, let us assume Ai < A^ < A.v The 
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equivalent filter, via a collocation rule, is assumed to be a sharp cut-off filter in 
Fourier space, which corresponds to setting to aero all the modes outside the region 
B = {|frij < x/Ai-jhaj < r/A 2 .|fci| < >r/Aj}. leaving the others unmodified. 

By invoking an argument used first by Lilly ( 1967 ) an expression for L{ A| , A 2 . Aj ) 
was derived by requiring that 


£ — — <! TijjS^ 

replacing r tJ with the model and computing moments of the strain-rate tensor, 
assuming that the velocity field is characterized by a Kolmogorov isotropic spectrum 
on all resolved modes 

Introducing A, f = (AiA 2 Ai) ,/l . L(A|, A 2 . Aj) can then be written as 


H Ai.Aj.Aj) = C,A< f /(<i| ,a 2 ). 


( 2 ) 


where a ( = A t /Aj and a 2 = A 2 /Aj are the two aspect ratios of the grid, and / > 1 
is a function equal to one if both ratios are equal to unity. C, is the traditional 
Smagorinsky coefficient, which depends on the value of the Kolmogorov constant . 

After evaluating the function f. a compact appmrii nation Cor the result was given 
by Scotti et «/. (1993) 

/(o|.n 2 ) ~eosh v /4/27((logd|) 2 - logaj loga 2 + (log« 2 ) 2 ). (3) 

Incidentally, we remark that the fact that / ~ 1 for aspect ratios close to unity 
justifies the practice introduced by Dear doff (1970) of using A e , as length scale, 
at least for aspect ratios close to unity. In the dynamic version of this model, 
with grid filtering denoted by tikle and test filtering by an over bar. the length-scale 
L{ Ai . A 2 . Ai ) is computed according to 


2[I(A,.A 2 .A,)1 ? 


< > ' 


(4) 


where 

L tJ = UjU, - u,Uj , 


and 



(4a) 


<4f»> 


where we have made use of Eq. (2). If both test and grid filter have the same aspect 
ratios then Eq. (4) is closed: otherwise we can use Eq. (3) to compute / ai.d check 
a pottrnon its consistency. 
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3. Approach and validation 

W- run LES erf isotropic turbulence in a box erf side 2 t with periodic boundary 
conditions. Turbulence is maintained by a fearing f that forces the largest modes 
{k < 2) with an intensity such that the energy injection rate f • u is fixed at a 
constant value - 1.0 The numerical scheme is the same as in Vincent and 
Meneguzzi (1991) anel BriscoUni and Santangeio (1994) It uses Adam-Bashforth 
2 for time advancing. with At = 0.001. The nonlinear terms, written in rotational 
form, are evaluated pseudospectrally. Appendix A examines dealiasing for the AB2 
scheme. The grids have mesh sides (Aj.As.At). with A3 > max{Ai.A 2 } and 
aspect ratios ai = Ai/Aj, a 2 = A2/A3 ranging from 1 to 1/16. Grid filtering 
was performed with a sharp spectral cut-off setting to zero the modes outside the 
ellipsoid B = {k € R* | (AiAj ) 2 4- ( i'2 A 2 ) 2 4- (frjAj) 2 < 8/9x 2 }, which has the 
advantage of partially removing aliasing errors (see appendix A). Test filtering was 
done at a scale twice as large in all directions. 

For comparison, computations were performed using the classical non-dynamic 
Smagorinsky model with the Deardoff length scale and C 2 = 0.026, as well as with 
the Smagorinsky model corrected after Scotti at ml (1993) including /(fli.a?) as 
evaluated from Eq. (3). In all cases the initial condition is assumed to be a random 
Gaussian field with spectrum, random phase, and total kinetic energy equal 

to unity. 

We wish to compare both large scale properties, such as total kinetic energy, 
derivative skewness in the worst resolved direction, and small scale properties, such 
as energy spectra near cut-off scale and the skewness in the best resolved direction 
(which is sensitive to the details of the small scales). 

For isotropic turbulence we know that the spectral tensor in the inertial range is 
given by 

Q,,{k) =< « t (k)uj( -k) >= (4x) _, CKJ 2/J l" n/I P, J (k), lot 

where c is the average dissipation. Ck is the Kclmogorov constant, and P i; fk) is 
the projector on the space orthogonal to k. Also, we know that the skewness of the 
derivative is t)( - 5). although for LES the value attained is typically smaller due 
to the incomplete resolution of the small scales. VYc will compute the skewness in 
the o-direction. defined as S a -< (&u a /dx a f > j < (du Q /dx a ) 2 > 3/3 . 

Due to the anisotropy of the grid, it is better to study 1-D preniultipiied spectra, 
defined as 

J B 2^- 3 'H^^Q t ,(kuik-2dh 
11 f B dk 3 db 3 

For ideal Kolmogorov turbulence, where the spectral tensor is given by Eq. (5), 
C{k\ ) is a constant equal to the Kolmogorov constant Ck — 1 6. 

4. Results 

To obtain a self-consistent estimate for the Smagorinsky constant C\. we first run 
LES with the dynamic model with isotropic spherical t.-st and grid filter on a 32 1 
grid. After an initial transient the value stabilizes at Cj = 0.023 ± 5%. Next, we 
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FlGl RE 1. (a) Time traces of /d y «(ai , a 2 ) as generated by the dynainir model 

during LES of forced turbulence on anisotropic grids. . aspect ratios a t = 

at = 1,5, : a, = = 1: : a t = 1/16.02 = 1- (b) values of time 

averages of /d» B («i «2 ) computed between 400 < t < 800, for pancake-like grids. 
»2 = 2. (□) and pencil-like grids «2 = «i, (0)- The solid line represents the 
theoretically determined values, according to Eq. (3). Error bars are ±< 7 , where <7 
is the standard deviation about the time average. 
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FIGURE 2. Eddy-viscosity models on pancake-like grids (256 x 16 x 16). (a) kinetic 

energy as a function of time for dynamic model ( ). modified Smagorinskv 

( ) and Smagorinskv- Deardoff ( ). (b) skewness in the worst resolved 

direction, same symbols as in (a). 


perform LES on anisotropic grids characterized by aspect ratios a ( and a 2 . The 
results are cast in terms of f(a 1,02), by writing 


/<!>•( ai-az) 


< L tJ M„ > 0.023- 1 ' 2 

2 < MtjM.j > 


Figure la shows the lime evolution of /d y *(ai . n* ) for three cases: an isotropic grid 
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on 32 3 inodes, a pancake-like grid using a 256 x 16 x 16 grid, and a pencil-like grid 
using 128 x 128 x 16 inodes. 

in the same way we have computed the time averages of /<t y> for aspect ratios 
varying from 1/2 to 1/16. They are plotted in Figure lb together with the value 
obtained from Eq. (3). We see that the dynamic model reproduces the correct trend 
for pancake like grids, but fails with pencil- like grids. To examine the simulations 
more closely, we now focus on two extreme cases: a 256 x 16 x 16 grid (pancake) 
and a 128 x 128 x 16 grid (pencil). For each case, we compare the dynamic model 
with predictions of the non dynamic Sm&gorinskv model and with the non-dynamic 
model hut including the correction of Eq. (3). 

4.1 Pancake-like 

Figure 2 shows the total kinetic energy versus time for the three models consid- 
ered. We see that the three models agree quite well. Also, the skewness in the least 
resolved direction does not show marked differences. We conclude that at the large- 
scale level, there is no impact on the model variations even at this high level of grid 
anisotropy. Next, we consider the behavior near the grid scale. The preinultiplied 
1-D spectrum is shown in Fig. 3. The traditional Smagorinsky-Deardoff case shows 
a strong peak at wavenumber k\ ~ 10. The modified Smagorinskv case remains 
constant at small wavenumbers and dies out at high wavenumbers without showing 
any pile-up. The dynamic model falls somewhere in between, but the value is higher 
than the expected value of C/, All models show a rapid decay at wavenumbers 
above 10. 

The fact that all three models decay for A - i > 10 means that those modes that 
cannot have access to all the local triadic interactions experience a high drain of en- 
ergy so that they do not display a Kolmogorov scaling. It appears unlikely that any 
modification of a scalar eddy- viscosity model could compensate for this behavior. 

The analysis of the derivative skewness in the well-resolved direction shows no 
real difference. 

4.2 Pencil-like 

As already mentioned, the dynam’c model gives a value for fd yK which is smaller 
than one. in contrast with the theoretical expression, which implies that / must be 
bigger than one. If we look at the large-scale parameters of the flow', energy and 
skewness in the least resolved direction (Fig. 4) we see that the three models again 
give similar answers; note the small value of the skewness in the worst resolved 
direction. But if we consider parameters that are more sensitive to the small scale 
behavior, we notice marked differences. For the dynamic model the Kolmogorov 
constant is too large, about twice as much as expected (Fig. 5). Therefore, the 
"underestimation" of / brings consequences that cannot be ignored at the scales 
near the least resolved direction. Again, scales between the least and best resolved 
directions are much less energetic than the Kolmogorov spectrum, as is clear from 
the rapid drop of the premultiplied spectrum above A’i = 16. On the other hand, the 
modified Smagorinsky model gives too small a value, probably due to overdani|>cd 
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FIGURE 3. Eddy-viscosity models on a pancake-like grid, (a) premultiplied 1-D 

spectrum: dynamic model (— — ). modified Smagorinsky ( ) and Smagorinsky- 

Deardoff ( ). (b) derivative skewness in the l>est resolved direction, same 

symbols as in (a). 

modes near k ~ Finally, the skewness in the best resolved direction is consistent 
with these differences: the smaller the skewness is in magnitude, the more the energy- 
piles up. 

4.3 Discussion 

The strongest discrepancy between the theoretically and dynamically determined 
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Figere 4. Eddv-viscosity models on pencil-like grid (128 x 128 x 16). (a) energy 

as a function of time for dynamic model ( ), modified Smagorinsky ( ) 

and Smagorinsky- Deardoff ( ). (b) derivative skewness in the worst resolved 

direction, same symbols as above. 


f(ai.a-i) was observed for the case of highly pencil-like grids. For this case, the 
prcmultiplied spectrum of the dynamic model case showed considerable pile up. as 
evidenced by much higher values of C(Jtj ). In order to understand the causes of this 
behavior, we recall that the dynamic model computes L by sampling the turbulence 
between grid and test filter. It could be argued that for pencil-like grids these modes 
behave essentially as 2D turbulence, with the vorticity aligned in the i-k direction 
and a concomitant change in the dynamics. To focus on the relevant scales, we 
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Figure 5. Pencil-like grid, (a) compensated 1-D spectrum: dynamic model 

( ), modified Smagorinsky ( ) and Smagorinsky-Deardoff ( ). (b) 

derivative skewness in the best resolved direction, same symbols as above. 


have analyzed the vorticity band-pass filtered between test and grid filter (i.e. the 
statistics of u>' = ur — 3). We find that the variances are not isotropic, and that 
~ *> 2/^3 ~ 0 75, i.e. the flow is not quite 3-D but not 2-D either. More 
directly related to the small value of L or /,i vn obtained from the dynamic model, in 
Fig. 6 we show the PDF of L tJ M tJ (solid line). The curve is almost symmetrically 
distributed around the origin, and the average value, while positive, is very small 
(< L,jM,j > -- 4.80) L,j\I t} can be regarded as a measure of energy transfer from 
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large to small scales, with negative values meaning energy backscatter. If we now 
compute the same PDF but using an isotropic test filter at a scale in all three 
directions, we see that the shape of the PDF changes, being now skewed to the 
right (symbols in Fig. 6). The mean value is now < >= 31.66. Therefore, 

by sampling larger scales that are more isotropic, the dynamics of the energy transfer 
changes noticeably. 

This observation suggests that in order to improve the performance of the dy- 
namic model in such extreme cases of grid anisotropy, it may be advisable to use a 
test filter which is isotropic, with a length scale twice as large as the worst resolved 
scale. In this case, the grid and test anisotropies differ, and this must be taken 
into account explicitly in the dynamic model formulation. We now implement the 
dynamic model with Eq. (4b) for XI t} , using the expression given in Eq. (3) for 
f(a i , Oi ) and /(« t ,« 2 ) Using this formulation on a 128 x 128 x 16 simulation yields 
the result shown in Fig. 6. The time trace of / (Fig. 6) shows that it oscillates 
around an average value of 1.44 ± .067, much closer to the expected value of 1.34 
than the value of 0.S obtained with pencil-like test filtering. At large scales the 
difference between this run and the previous one is small. On the other end. at 
small scales the situation changes as now the premultiplied spectrum (Fig. 7) lies 
flat at 1.4 for k i < 10. very close to the expected value for C'k The skewness in 
the best resolved direction agrees well with the one calculated from the modified 
Sinagorinsky model. 

5. Conclusions 

We have run several LES of forced isotropic turbulence on anisotropic grids, us- 
ing three different Smagorinsky models. All three models are able to satisfactorily 
reproduce the very large scales of the flow. This result confirms the general ro- 
bustness of the dynamic model even for the extreme cases considered in this work 
(see Jimenez (1995) for further observations on the dynamic model's robustness). 
However, none of the models considered is able to give a correct representation 
of the scales smaller than the worst resolved direction, where spectra are strongly 
damped below Kolmogorov values. This is probably due to the fact that the trans- 
fer of energy at very small scales is affected by the lack of similar modes in one 
or more directions. For a related study on the effect of grid anisotropy on velocity 
components and stress anisotropy, see Kaltenbach (1996). 

For the model performance at scales near the cut-off in the worst resolved direc- 
tion, we need to distinguish between pancake grids and pencil grids. For pancake 
like grids, the non-dynamical Smagorinsky model modified after Scotti ct al. (1993) 
and the dynamic model give reasonably good results, while the conventional Smagorin 
sky model using the Deardoff prescription for shows excessive pile up of energy 
at scales close to the largest mesh size. The anisotropy factor computed from the 
dynamic mixlol shows an increasing trend with anisotropy in accord with the theo- 
retical prediction, although the numerical value is somewhat smaller. For pencil-like 
grills, the Smagorinsky- Deardoff model as well as the modified version give good 
results, with the modified version yielding slightly better results. On the other 
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FIGURE 6. (a) PDF of computed with same grid but different test filters. 

Both statistics were performed on the same fields simulated on a 128 x 128 x 16 
grid and with test filter cutting off at k, = 1/2 k,. The solid line refers to 
computed as in the simulation, while the symbols refer to L, } M, } computed with a 
test filter cutting off at k, = l/2Jtj. (b) anisotropy factor /d vn computed with an 

anisotropic test filter ( ) and with an isotropic (larger scale) test filter ( ). 

The predicted value is 1.34. 


hand, the dynamic model exhibits insufficient dissipation of energy, as shown by 
the fact that the anisotropy factor /d y „ becomes smaller than one. and reflected in 
that small scales have excessive energy as compared to the Kolmogorov value. 
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FIGURE 7. (a) compensated 1-D spectrum of dynamic model on pencil- like grid 

wi;h isotropic test filter, (b) derivative skewness in the best resolved direction for 

dynamic model with isotropic test filter ( ) and modified Smagorinskv-model 

( )• 


It would appear that in this particular case the strength of the dynamic model 
becomes its weak point. The dynamic model computes the unknown factor from 
information derived from the smallest resolved scales. But in the case of highly 
anisotropic grids, these scales experience a dynamic which is different from the 
usual one due to the missing modes at large wavenumbers. This in turn affects the 
resolved non-linear interactions embodied in the term L t) M X) . which is what the 
dynamic mode! samples. Specifically, the number of events during which energy 
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is transferred forward is dccreasec. which could actually be explained by a partial 
2-diinen.jonalization of the flow at these scales. 

A proposed improvement is to mow tL. »est filter towards larger scales, where 
the combination of more energetic modes and more realistic triadic coupling allows 
a more faithful representation of how energy is exchanged. Indeed, simulations done 
with an isotropic test filter at twice the worst resolved stale show improved results. 
Perhaps not surprisingly, this conclusion is similar to one reached by others in the 
context of dynamic LES using non spectral numerical methods, such as low-order 
finite differences. Tliere. it has been found advisable to ••prefilter" the results and 
shift tl»e test filter to larger scales (Fer/iger 1996, Lund 1996 ( so that the dynamic 
model is not strongly affected In numerical errors occurring uear the grid scale. 
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Appendix A 

We assume that the cotnputai^nal domain is covered by ,Y| x ,V 2 x .Vj points and 
l.j and i are unit vectors in t‘-e • j. and : directions. It is well known (sci 1 C'anuto 
e< mL (1987)) that the psem , pectral treatment of a 3-D convolution product 
52 m+n _ k a(m)6(n) introduces vt error. If we denote with tr* the true convolution 
product and with H* k the vale, and one, the following relation holds: 

T 

U k = u* + £ W, 

j=i 


where the seven extra terms have the form 

W, = £ a( m )(* n ) 

«W + B=k+«, 


and 

ej - ±.V|i, e 2 = iA'jj. e 3 - ±A r 3 l. 
e 4 = ±.V,i ± YJ. « 5 = i.V,i ± Vjl. e 6 = ±A T 3 I ± A J. 
e 7 = ±A r ,i ± VJ ± V 3 | 

The last four terms, (double and triple aliased) can be set to zero if we adopt an 
elliptical truncation, i.e. . if we set to zero all the inodes such that 


(*)♦ (*)♦(*) 



The proof is by inspection. 

To remove the single aliased terms we can resort to phase shift. If we premultiply 
all the modes by a factor e* k # , 0 € (0, 2r] x (0, 2r) x (0, 2r), compute the convolution 
sum and multiply the result by e~‘ kt , the aliased terms now are e i '* 1 s > VV,. j = 
1.2.3, i.e. we have shifted their phase bv an amount ±9 } N r If we do the same 
thing one more time, but this time 6 — * 0+ (”/.V| - * / A' 2 . x/.V 3 ) and take the average 
of the results, the aliased terms, being out of phase, will cancel exactly. However. 
th : s requires doubling the number of FFT’s required for each term to be deaiiased. 
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Rogsilo(lS77) showed that for a multistep scheme tin-h as even-order Ruuge-Kiuta. 
it is pnssr.W* to control the growth of abasing rssni'ulty at no extra cost. Indeed 
let us corskIct ti«= typical step of a 2nd order Runge-Kutla 

« n+ ’ - + y ( F. + 

with F.'s being the non-linear lento evaluated iwaei*«y. it is import an. to notice 
that to Oth order in Af they are sdrwt'rvl. Therefore iff. p evaluated with a shift * 
and F 2 with shift <+( r/A'i . */ATj, r/,V. ). their sum to Oth order is dranase-d. leaving 
possibly a contribution to first order. Thenehwe. the effect of abasing is 

pushed to second order. Choosing 9 randomly at each time step further ensures that 
the error does not accumulate over time. Nevert tieless the RK-2 method inquires 
doubling the FFT's for each time step. 

In our computation we have used an AB2 scheme, which schematically can be 
written as 

a- +l =«« + y(3F" -r*-*) 

with obvious meaning of the symbols. Although to Oth order the alias terms are 
identical in F* and F" -1 . it is dear that * Sere is no way in which a combination 
of phase shifts can cancel them exactly, since the equation 

3e*°' v - e ,iS = 0 

does no* have solutions for o. 3 € { 0.24 

However, by successive phase-shifts it is still possible to ensure that the error 
does not accumulate. If n is even, the shift is chosen randomly; if n is odd. the shift 
is chosen to be the shift of the previous time step plus ( v/_Y| . jr/.V 2 . r/.Vj ). After 
m time steps, the solution can be written as 

u" +m = „" + =^|3 <F" + F* +I +F" +2 + - - +F" + ") 

- (F— 1 + r + F" +l + • • • + F" +m_l )\. 

In the two bracketed sums, to the lowest order, all but a few aliased terms (typically 
the first and/m the last ) cancel out. This proves that the error does not accumulate, 
and that after m steps the aliasing is still 0(At). no matter bow big m is. Again, 
the randomness prevents accumulation at higher orders. We have compared results 
obtained with this dealiasing technique with results obtained by zero padding (2-rule 
in the worst resolved direction ) without finding any noticeable difference. 
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Dynamic model with scale-dependent 
coefficients in the viscous range 

By C. Meneveau 1 it T. S. Lund 2 


The standard dynamic procedure is based on the scale-invariance assumption 
that the model coefficient C is the same at the grid and test -filter levels. In niauy 
applications this condition is not met. e.g. when the filter-lengti . .V approarln's 
the Kolmogorov scale, and C(tl -♦ tj) — • 0. Using a fnori tests, w show that the 
standard dynamic model yields the coefficient corresponding to the tent- filter scale 
(a4) instead of the grid-scale (A). Several approaches to account for scale dej>en- 
dence are examined and/or tested in large eddy simulation of isotropic turhidence: 
(a) Take the limit o — • 1: (b) Solve for two unknown coefficients C(A) and C(od) 
in the least -square-error formulation; (c) The *bi-dynamic model', in which two 
test-filters (e.g. at s ales 2d and 4A) are employed to pun additional information 
on possible scale-dependence of the coefficient, and an improved estimate for the 
grid-level coefficient is obtained by extrapolation, (d) Use theoretical predictions 
for the ratio C(oA)/C(A) and dynamically solve for C(A). None of these options 
is found to be entirely satisfactory, although the last approach appears applicable 
to the viscous range. 


1. Introduction 

One of the underlying ideas of the dynamic procedure (Germano et «/.. 1991 ) for 
large eddy simulation (LES) is scale-similarity, which allows information obtained 
from the resolved field to be utilized for modeling tbe subgrid scales. Typically, 
this information consists of a dimensionless model coefficient (e.g. the Smagorinsky 
coefficient) which is assumed to have the same value at the grid-scale A and test 
filter scale oA. where a = 2 in most applications. Concretely, within the context 
of the Smagorinsky model, the Germano identity leads to 


L„ = C(qA)j4 u - C(A)J? t * , ( 1 > 

where A tJ - -2(oA) 2 |j^ tJ . /?,* = -2A 2 |S|S,,. |S| = y/2 and L, } — u,uj - 
is the resolved stress. The fundamental scale-similarity assumption of the 
standard dynamic model is that the model coefficients C(A) — C(oA) = C. With 
this assumption. C is obtained by minimizing the error in Eq 1 averaged over 
the independent tensor components (Lilly. 1992) and. if it exists, over a region 
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of statistical homogeneity (Germano et ml., 1991: Ghosal et ml., 1993). For fully 
inhotncgeueous flows. averaging can he performed over pathlines (Meneveau et ml.. 
1996). 

As in other applications, it will be assumed here that the averaging operations 
sufficiently diminish spatial variations of C, so that one can neglect the error in- 
curred in extracting C from the test-filter operation (see Ghosal et ml., 1995). Thus, 
the second term in the rhs of Eq. (1) is replaced with C(A)£ ti . where B tJ = 

Also, in this work we will examine tl* dynamic procedure in conjunction with the 
Smagorinsky model. While other base-models such as similarity models have been 
proposed (Bardina et ml., I960: Liu ei mL, 1994). they typically require an additional 
eddy- viscosity term (mixed model, Bardina 1983; Zang et ml. 1993; Liu et ml., 1995). 
Thus, it is of interest to continue to examine the Smagorinsky model in parallel to 
other efforts on improved base models. 

Under the assumption of scale-invariance, the dynamic Smagorinsky model yields 


c _ (MM 


( 2 ) 


where 

\f,j — A,j — B, j . (2a) 

and where (} denotes an average over directions of statistical homogeneity or over 
pathlines. 

When applied to the simple problem of either forced or decaying isotropic tur- 
bulence at large Reynolds number, the resulting coefficient is typically between 
C — 0.02 and 0.03, independent of A. This agrees with the classical result by Lilly 
( 1967 ) which relates C to the universal Kolmogorov constant eg according to 


/ 2 \ s/ 2 , 

C = ( — J x* 2 as 0.027. for c h = 1.6. (3) 

This result is obtained horn balancing the rate of SGS dissipation with the total 
dissipation, and evaluating moments of the resolved strain-rate tensor by requiring 
the resolved portion of the flow to display an inertial -range Kolmogorov spectrum. 
When the filter-scale is within the inertial range, this argument indeed yields a 
A-independent result. 

While the above analysis is useful as a guide, it is not generally applicable to 
LES of complex flows, where the filter (grid) scale A may not fall inside a pure 
inertial range. For instance, in certain parts o f the domain. A may approach the 
flow's integral scale, or the flow may be undergoing rapid distortions so that the 
inertial range is perturbed. In other regions of the flow, the grid scale may approach 
the viscous scale. In such situations, the coefficient may dependent on A. and the 
assumption C(A) = C(oA) used in the dynamic model is not strictly applicable. 

The objective of this study is to examine the dynamic model when the coeffi- 
cient depends on scale. A convenient application in which to examine this issue 
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numerically is forced isotropic turbulence, when A — * ij, where q is the Kolmogorov 
scale. We will study coefficient scale dependence using filtered DNS data ( a priori 
test ) and perform LES at varying viscosity, so that A/rj. or the mesh- Reynolds 
number ( McMillan A: Ferziger. 1979), defined as Rf± = A 2 |S|/e, decreases towards 
R(± = 1 

First, a review of the expected behavior of C(A — » if) is given in §2. In §3. 
we analyze highly-resolved DNS data at moderate Reynolds number and compare 
the real Smagorinsky coefficient to that obtained from the dynamic model under 
the assumption that C{ A) = C(oA). The effect of varying a is also examined. 
In section §4. we report on several attempts to generalize the dynamic model to 
explicitly take into account the scale-dependence of the coefficient. Conclusions are 
outlined in §5. 

2. Smagorinsky coefficient in the viscous range 

Before considering the dynamic Smagorinsky model, it is useful to establish the 
expected behavior of the Smagorinsky coefficient as the grid-scale approaches the 
viscous range. The analysis is based on a generalization of the argument by Lilly 
(1967) and was recently carried out by Yoke (1996) who expressed the results in 
terms of the mesh- Reynolds number Re a . We shall also need results in terms 
of A/»f. so the analysis is briefly repeated below. Examination of the equation 
for resolved kinetic energy in isotropic, statistically steady, and forced (force /,) 
turbulence yields 


(/.e.) = - ( T >jS, } ) 4- 2v (Sj } ) . (4) 

where {} denotes a volume average. The last term above is viscous dissipation of 
resolved motion, which was neglected in the traditional Lilly (1967) analysis as 
A >> rj. Using the fact that in steady turbulence the injection rate {/,«.} equals 
the overall rate of dissipation <, replacing the Smagorinsky model with a possibly 
scale-dependent coefficient C(A). and using the approximation (|S| J ) ~ (jS| 2 ) 5 . 
one obtains 


c = C(A)2 3 ' 2 A 2 <S 2 ,) ,/2 + 2v <S 2 ) . <51 

The moment (S, 2 ) = can be evaluated from the energy spectrum of the 

resolved field, which is assumed here to follow the Pao spectrum up to a sharp cutoff 
wavenumber k± = x/A. The Pao spectrum, given by 

is one of the cases considered by Yoke (1996). and we use it here because resulting 
expressions are simple. Solving for C, one obtains 

CU/-„ = (I ) 1 (l - , (6) 
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FlGt'Hfc 1. (a) Smagorinsky coefficient as calculated from the dissipation balance 
using the Pao spectrum (Eq. 6). (b) Same result but expressed in terms of mesh 
Reynolds number (solid line), obtained by solving Eq. 7. (see also Voko (1996), who 
expresses the same result in terms of the ratio of eddy to molecular viscosity). The 
dotted line is a convenient fit. namely Cst(ife^) = 0.027 x 10 -3 23R, *° **. 

The predicted variation in C is shown in Fig. la (for c* = 1.6). As expected, 
the above estimate shows a rapid decrease in C as the grid-scale approaches the 
Kolmogorov scale. 

For future reference, it is also useful to express the coefficient in terms of the 
mesh- Reynolds number R(& = A 2 |S|/i/ which (as opposed to A/r;) is a variable 
that can be computed locally in LES. Using r\ = (i/ 3 /f )'^ 4 and replacing c with the 
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r.h.s. of Eq. 5. one obtains 


C(Rc±) = 


sinh 


3 


2l RelJC(Re±) + R'l 1 


e-*' 2 . 


(7) 


whore 

1 = ~c h **Rel\C(Rt±) + Rcl'rl. 

In deriving this result it has been assumed that (|S|) ~ (|S| 2 ) 1 . Solving for C\ Rt ± ) 
niuuericaliy (e#, = 1.6) one obtaius the curve shown in Fig. lb. This curve is not 
too different from the empirically obtained result of McMillan k Ferziger ( 1979). 

While the precise nature of these curves depends strongly on the assumed Pao 
spectrum, which is not entirely realistic, the general trend is quite robust: The 
coefficient begins to drop from the asymptotic value starting from scales significantly 
greater than the Kolmogorov scale. Evidently, at the transition between inertial and 
viscous range, the assumption that C does not depend on scale is not accurate. 


3. A priori tests 

The aim of this section is to evaluate Smagorinsky coefficients computed with the 
dynamic model operating on filtered DNS data of forced isotropic turbulence. The 
dynamic coefficient is then compared with the ‘real’ coefficient obtained by requiring 
that the model dissipate the correct amount of energy. Velocity fields at microscale 
Reynolds number R\ = 85 were generated with the pseudo- spectral code of Rogailo 
(1981) on a 256 s mesh. This data base has a very well-resolved dissipation range 
and was used previously by Lund and Rogers (1994) in their study of the topology 
of dissipative motions. This feature is important for the present study since we are 
interested in the behavior near the Kolmogorov scale. The maximum wavenumber 
scaled in Kolmogorov units is k m = 3, which corresponds to a mesh spacing of 
A m = 3/-q ~ If/. 

From the DNS, we evaluate the coefficient from the large-scale portion of *he 
spectrum using the dynamic model (Eq. 1), assuming that C(A) = C(aA). The 
analysis is rej»eated at various filtering scales A (cutoff wavenumbers jt/A) and sev- 
eral values of a. For comparison, the coefficient can be obtained from the condition 
that the model dissipates the proper amount of energy. 


C( A) = 7T 

A ! 2 J /= (<SJ> t) 


( 8 ) 


Results are shown in Fig. 2. As can be seen, the 'real' coefficient is near C — 
0.02 -♦ 0.04 when A > 30 rj, i.e. for scales above the viscous range. At smaller A, the 
coefficient decreases rapidly, qualitatively in accord with the theoretical prediction 
based on the Pao spectrum (Fig. la). We do not ascribe much significance to 
the discrepancies between Fig. la and 2 since we have verified that they are due 
to minor differences between the Pao and the actual spectrum, and also due to 
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*/ r i 

Figure 2. Coefficients obtained from a priori tests using well resolved DNS 
(256 1 simulation at R\ ~ 85 and k mmT t) ~ 3). o , true coefficient’ obtained from 
dissipation balance (Eq. 8). Other symbols: dynamic model coefficient (standard 
formulation) at various test-filters: a.a=2:A.a=3;o,a=4. 



qA/»; 

Figure 3. Same as Fig. 2, but plotted as function of oA/'tj. The near collapse 
means that the dynamic model yields the coefficient appropriate to the test-filter 
scale instead of the grid-scale. 


residual unsteadiness in the simulations due to a limited sampling of velocity fields 
in time. At large scales a drop in coefficient can !>e seen, probably due to the effects 
of forcing. 

The dynamic model predictions yield a similar trend for the coefficient, only that 
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the scale range appears to be shifted. Since the dynamic model samples the scal<*s 
at the test-filter level, it is reasonable to expect that the resulting coefficient is 
the one corresponding to the test-filter scale instead of that of the grid-scale. To 
verify this idea, in Fig. 3 we plot the results of the dynamic model as function of 
the respective test-filter scales instead of the grid-scale (except for the coefficient 
obtained from £q. 8). The collapse is quite good, indeed verifying that in this case 
the dynamic model yields the coefficient corresponding to the test -filter scale. 

S niilar results were obtained when using the strain rate contraction (German** 
et ai. 1931) for the dynamic model (for which C = j or the 

least -square error approach to determine the ‘rear coefficient (for which 
C - - ^r 1J |5jS, J ) /2A 2 (\S\ 2 Sf,)). Therefore, the results are quite robust with 
regard to how the coefficients are determined. 

At this point we conclude that the dynamic model is capable of reproducing tin- 
important trend that the coefficient should decrease as the filter length approaches 
the Kolmogorov scale. Nevertheless, some discrepancy is observed between the 
real and dynamic coefficient for scales at which the coefficient is strongly scale- 
dependent. From a practical perspective, this discrepancy is quite benign in the 
current application, since the dominant mechanism of energy drain when the filter 
is near the Kolmogorov scale is the resolved viscous dissipation. Indeed, simulations 
with resolutions in the viscous range run with the dynamically obtained coefficient 
(which according to Fig. 2 may be too high) did not show any significant differ- 
ence from one using a lower coefficient, essentially because the SGS dissipation is 
negligible in these cases. 

In what follows, we examine several reformulations of the dynamic nu*del that 
attempt to explicitly include the scale- dependence of the coefficient. Because it 
affords relative ease of implementation and interpretation, the analy is is still con- 
ducted within the context of the viscous range, even though the impact of using 
different values for the coefficients is rather small. 

4. Alternative formulations 

In this section, we consider several alternative formulations of the dynamic model. 
None of the options considered will be found to be completely satisfactory, but the 
observations made along the way provide useful insights into the workings of the 
dynamic model. 

4.1 The limit ct 1 

Since we have found that (for a > 2) the standard dynamic model yields the 
coefficient C(oA) instead of C(A). an obvious possible remedy would be to allow 
the test filter scale to approach the grid scale. This issue was briefly addressed then 
retically by Gao &: O’Brien ( 1993), who noticed that while the resulting expressions 
would be indeterminate, the limit may be written in terms of higher-order gradi- 
ents of the resolved velocity, thus emphasizing the scales closest to the grid-scale. 
A possible disadvantage of this approach is that the scales closest to the cutoff are 
often strongly affected by numerical errors. 
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aA/q 

FlG l! RE 4. o , Coefficients obtained from the dynamic model at different test- 
filtering scales (from right to left, a = 4. 3, 2.5, 2, 1.5 and 1.3). ♦, Coefficient value 
obtained from dissipation balance (Eq. 8) at the grid scale (a) Grid-scale is A = 8r/. 
(b) Grid-scale is A — 12 q. 



A/q 

FlGl'HE 5. Correlation coefficient between the model tensors .4,^ and B, t measured 
from filtered DNS as function of filter scale. The correlation coefficient is computed 

according to p(A,B) = (A, } B tJ ) /M a],) (Bjj). 
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To see if the limit n — » 1 can be used to advantage in this case, we repeat the 
a prion test of the previous section and compute the dynamic model coefficient at 
the smaller filter-width ratios of a = 1.5 and a = 1.3. Figure 4a shows the results 
for a grid-scale A = 8»/, and 4b for A = 12rj. In both cases, it is apparent that for 
a > 2 there is a smooth trend of the dynamic coefficient tending towards the 'true' 
coefficient as obtained from the dissipation balance. However, for o < 2, there is a 
change in behavior and the coefficient increases again and does not tend towards the 
expected value as o — * 1. While such a result may be specific to present conditions 
of analysis, it suggests that as the width of the band between grid and test filter 
becomes small, the procedure can yield unphysical results. For this reason, we do 
not consider this approach further. 

Before proceeding however, we notice from Fig. 4 that for o > 2 the approach 
towards the 'true' coefficient appears to be exponential. This observation will be 
used in §4.3. 

4.2 Solving for two coefficients 

Here we return to the case a = 2. Instead of assuming that C(A) = C(2A). 
we investigate the proposal of Moin & Jimenez, (1993) where the least-square-error 
approach is used to solve for the two coefficients. Upon solving the linear set of 
equations, one obtains (using, say. volume averaging) 


C(A) = 

(A,jL, } ) (B 2 j) - ( B,jL, } ) {A, } B,j) 

(9fl) 


C(2A) = 

{A XJ L,j) ( AijB,j ) — (BfjLtj) (j4 2 ; ) 

m) 



The averages can be evaluated from the DNS (as in §3) at different scales, and the 
coefficients computed from the above expressions. However, the results appear to 
be unphysical: both C(A) and C(2A) were found to be negative, with large scatter 
from one scale to another. 

Tin* cause for this problem can be traced to the fact that the two tensors .4,j 

and B, } (or o 2 |5|S,j and |S|5,;) are strongly correlated. The correlation coefficient 
between them is evaluated from the DNS and plotted in Fig. 5, for different scales. 
Due to the strong tensor- alignment, the system of equations is ill conditioned. It is 
interesting to point out that in the standard dynamic model, the coefficient is deter- 
mined mainly by the fact that both tensors have significantly different magnitudes 
(due to the coefficient o 2 ). However, to use additional (directional) information 
from the Germano identity, at least in the context of the Smagorinsky model, ap- 
pears not feasible. 

4.3 The bi-dynamic model 

This version of the dynamic model is motivated by our observation that the model 
provides the coefficient at the test -filter level aA. While this suggested taking the 
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limit a — » 1, it was shown in §4.1 that then the Germauo identity relied on less 
and less modes between test and grid filter, modes that are often most affected by 
numerical errors. Another alternative formulation is to compute coefficients from 
two different test filters and use these to extrapolate to the grid scale. Briefly, one 
assumes that the dynamic coefficient obtained by the traditional method (with A f t) 
given by Eq. 2) is a smooth function of the test-to-grid filter ratio a. In fact, noting 
the exponential behavior in Figs. 4 for o > 2, it is more convenient to write that 
C' is a smooth function of where aA = 2* A. The usual case o — 2 corresponds 
to 3 — 1, while the limit a — * 1 is obtained as 3 — ► 0. Let us therefore denote the 
coefficient obtained from the traditional method as C(3) Next, we expand C(tl) 
in Taylor series around j = 1, 


C{i)) = C(.3=\)+— 1,(;? -1). (10) 

To evaluate dC/d3 we introduce a secondary test-filter at scale, say. 4A {3 = 2), 
evaluate the corresponding coefficient C(3 — 2), and compute the coefficient deriva- 
tive using one-sided finite-difference, (dCfd’3 ) |i — C( 2) - C(l). The information 
employed has been obtained at and above scale 2A. where according to the results 
of §4.1 robust results can be expected. Since we are interested in the limit 1) —* 0, 
we now propose to simply evaluate Eq. 10 at 3 = 0. The resulting coefficient can 
be written as follows: 


r n (MM (:V„F„) 

(A'.,*.,)’ ' 

where the tensors F tJ and N tJ are defined exactly as the tensors L tJ and M tJ re- 
spectively, only using a test-filter scale equal to 4A instead of 2A. 

This basic formulation is first tested a priori: The DNS data is filtered at an 
additional test-filter scale to compute F,j and N tJ . The coefficient C is evaluated 
according to Eq. 11 using volume averaging, and the analysis is repeated at several 
grid-scales A. Figure 6 shows the results. As can be seen, the ‘bi-dynamic’ model 
is very noisy since it is based on extrapolation. Nevertheless, the procedure does 
improve the prediction of the standard dynamic model. Importantly, this approach 
preserves the basic foundation of the dynamic model which only uses information 
from the resolved scales, instead of relying on equilibrium arguments to calibrate 
the coefficient and its dependence on scale. 

The approach is implemented in LES of forced isotropic turbulence on 32 3 modes. 
The code and methodology is the same as that described in Meneveau et al. (1996), 
but using volume averaging. The primary and secondary test-filtering are performed 
using cutoff filters at scales 2A and 4A, and 14 simulations are run with various 
viscosities to vary the mean mesh Reynolds number. Tin results are shown in Fig. 
7. where the volume averaged terms C(l) = ( LM ) / (A/M), C{ 2) = {FN) / (JVJ V) 
and the extrapolated result C(0) = 2 (LM) / (MM) - (FN) / (N.N) are shown. 
The latter coefficient is used in the subgrid model. As can be seen, the results 
appear to display the correct trend, although sorin' features are noteworthy: At 
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10 ' 


10 ' 

o 

10 ' 


Figure 6 A prion test of extrapolation procedure, based on DNS results de- 
scribed in Fig. 2. . ‘Real' coefficients from dissipation balance: o and o . 

Dynamic coefficients at o = 4 and o = 2; *, extrapolated values according to 

Eq 11. 


0 . 

0 
0 

- 0 . 

= A 2 (|S|)/u 

FIGURE 7. Coefficients obtained in LES of forced isotropic turbulence at various 

Reynolds numbers, using the bi-dvnamic model with volume averaging. . 

Vaiue at scale 4A. <F,V)/(A\V); , Value at scale 2A, (LM) j (MM); o . 

'Bi-dynamic' coefficient obtained by extrapolation to sralc A, 2 (L\I) j (MM) - 
( f'.Y ) / (,V.V). This coefficient is used in the LES. As reference, the Taylor- microscale 
Reynolds number R\ = y/l5u'* /(v() (where < is the total dissipation) ranges front 
Rx = 11 to Ry = 2,300. 
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large Reynolds numbers, the coefficient value asymptotes to a slightly smaller value 
than tire standard dynamic model. No simple explanation fen- this trend has been 
found. 

Qualitatively, one exjx'Cts the model to be quite stable because if, say. C( i — 1 ) 
falls below its appropriate value while C(3 — 2) remains fixed, the extrapolated 
coefficient will drop significantly. This will cause more pde-up' of energy near the 
grid-scale, raising the value of 0(1) and raising llie extrapolated coefficient- This 
in turn damps the smallest scales. The opposite occurs if C( 1 ) is initially increased, 
with excessive damping causing C(l) to diminish. However, the equilibrium point 
of this version of the model appears to establish itself at a slightly smaller value 
than that of th< traditional approach, even at very large Reynolds numbers where 
viscosity does not affect tin* results. Another observation is that at very small 
Rr±. the extrapolation process yielded negative coefficients. This is essentially an 
extrai>olatk>n error. In this application, this error had no impact on the simulation 
due to the smallness of the SGS term at such low mesh Reynolds numbers. 

Finally, an attempt was made to replace the volume averaging with Lagrangia.i 
averaging (Meneveau et a 1996). The motivation is to enable applications of 
the dynamic model to LES of complex-geometry flows, where no directions of sta- 
tistical homogeneity exist, but where some averaging must stiU be performed. In 
the 'Lagran&iau bi-dynamic model’, one would compute four variables Ttju. I.u.u- 
If v. and X.v.v. which correspond to the patktinv averages of the snirce terms 
L tJ M, } . \t'f . and .Y* respectively. They are obtained by in teg re- 

laxation transjKirt equations with a prescribed relaxation time-scale (Meneveau ef 
of.. 1996). To lie consistent with this reference, we must choose two relaxation 
time scales. 7| — 1 .5A( Jr m2 si ,W )~ 1 and T t — 1.5A(Xf-.v X.v.v Ti is used in 

tin' equations f«>r X/. w and X.\i.«/. while T t is used for lys and X.v.v- With these 
time-scales it is assured tliat the numerators 2m an<l Xf-.v never become negative-. 
Then, the coefficient at the grid-scale is compi led by extrapolation at every point 
according to C(0t = 22lu/2mm — 2f \ / 1\ \ . 

Overall, this approach resulted in several difficulties elue to the spatial variability 
of the local coe-ffirie-nt couple-d with the extrapolation procedure. Even though 
tin- method guarantees the individual coefficients at che two test-filteT leve-ls to 
lx- positive, there- were many instances in which J^v /X.v.v > 2 2m /Ism- anel 
the-r*-f«»re the extrapolated coefficient was negative e-ausing instability or unplivsical 
results. 

To stabilize the simulation it was necessary to pe-rform an additional pathline 
averaging of the coefficient C(0) itself, with an appropriately select eel relaxation 
time-scale so that it would not become negative. Denoting the Lagrangian average 
of the coefficient by 2c. the time-scale chosen was Xj = 1.5A[(XcX*f m 
On average, this time-scale is of the same order as T\ and 7*. Results are shown 
in Fig. 8. The average of the coefficient shows the appropriate trend, although the 
extrapolated coefficient is not much smaller than the value at scale 2 A, and at low 
iff ^ is considerably higher than the expected values (compare with Fig. 5). Given 
the extra expense (carrying five relaxation transport equations instead of two) and 
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R.* = A*(|5i)A' 

Figure 8 . Coefficients obtained during LES of forced isotropic turbulence at var- 
ious Reynolds numbers, using the bi-dynamic model with Lagrangian averaging of 
numerators and denominators. and additional averaging of extrapolated coeffic ie nt. 
Shown is tbe volume average of the coeffi ci ent (which varies locally), o , Value at 
scale 4A. & . Value at scale 2A, (Ilm/Iusi) o , Mean bi-dynamic 

coefficient' obtained by extrapolation to scale A. 

the small improvement, this approach does not seem to constitute a method of 
choice. 


4.4 Using non-dynamic estimates Cor scale-dependency 

A more robust method is to explicitly build scale-dependence into the dynamic 
model. This is accomplished by rewriting Eq. 1 (for o = 2) as follows 

L\ j — C(A) | C(&) ^ ! 02) 

and solve for C(A> as in £q. 2, hut with Sf l} given by 


M„ = /(A)Ajj - B.j. 


(13) 


where 


/( A) = 


C(2A) 

C(A) 


The idea is to solve for the coefficient C( A) but to use prior knowledge about the 
possible scale dependence to evaluate the (unction /{A). In the present case of ap- 
proaching the viscous range, this function depends on the dimensionless parameters 
A/fj or /Jf^. As mentioned previously, the latter case is more convenient during 
LES since it is based on the strain-rate magnitmle. which may be evaluated locally. 
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Figi be 9. Coefficients obtained in LES of forced isotropic turbulence, using 
the Lagraegian dynamic model in which scale dependence is incorporated noo- 
dynamicaHy. Shown air the mean values of the coefficients. Average mesh Reynolds 
number is varied systematically by changing v. a . mean coefficient using standard 
formulation. Eq 2 and 2a: o . modified dynamic model, in which Sl tJ is given bv 
Eq 11: . prediction based cm Pao spectrum lEq. 7). 

tsiug Eq. 7. we evaluate tbc ratio C(2A)/C(A|. which can be fitted quite well Wy- 
the following expression 

f[R<±) = (14, 

where Ue 2 i = 4A 2 jS}/i'. When the mesh Reynolds number is evaluated based 
on the local strain-rate magnitude, it may locally approach zero. Then Eq. 14 
diverges, which can cause numerical difficulties. Thus, the expression is clipped 
at /( Rc± ) = max!/- R> j. 100]. This ap{>roarh was tested « pnort and gave good 
results in the sens*- that the coefficient obtained hv this modified method is indeed 
smaller than the value that would have been obtained by assuming C( A) = C( 2A I. 

The approach was then implemented in LES of forced isotropic turbulence on 
32 ] inodes using ‘he Lagrangian method of averaging (Mcncveau et «/.. 1996). 
accumulating two variables Ilm and 7 \t \t instead of five as in §4.3. The code and 
methodology was the same as that described in the above reference, except for the 
definition of M, r The local values of A i tJ were coni|»uted from Eq. 13. and the local 
mesh Reynolds number Rr± was based on the local strain-rate magnitude. In order 
to span a significant range of Rc±. 14 simulations with different values of v were 
carried out . For comparison, simulations were also dime with the standard definition 
of i e. assuming that Ci A) = C(2A). Results are shown in Fig 9 as function 
of the average value of tire cell Reynolds number. Each symbol represents the result 
of a simulation that was run to a statistically stationary state. For comparison, the 
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dotted iine shows the theoretical prediction of Cq. 7- As can be seen, the approach 
provides improved prediction of the coefficient compared to the standard dynamic 
model. As stated before, the d iffe rence in coefficient had no appreciable effect on 
the resolved scales or their energy spectrum. 

This approach provides robust predictions of the coefficient for this case (in the 
viscous range), and is very easy to implement. However, it requires input based tut 
theoretical arguments. It can thus only be applied to rases in which one knows a 
priori the dependence of the ratio of coe ffi cie n t on scale. Therefore, this approach 
is not entirely dynamic, in the sense that important information about model coef- 
ficients must be specified and is not determined during the simulat i on. 

S. Conclusions 

The dynamic Sinagocinsky model has been examined in a case where it is known a 
priori that the coeffici en t depends on scale, namely in the viscous range. Theoretical 
arguments were reviewed giving the coefficient's expected dependence on scale or 
on mesh Reynolds number. A priori tests using well-resolved DNS data re-ealed 
an important property of the standard dynamic model as applied to such a case: 
The method gives the coefficient corresponding to the test-filter scale instead of the 
grid-scale. 

Several possible reform ulat ions of the dynamic model were examined and/or 
tested in LES of isotropic turbulence. In the first, the limit o -» 1 was consid- 
ered Using a priori tests at test-filter scales near the grid scale (o = 1.5 and 
13 1 . it was shown that unphyskal behavior can result. This limit is also expected 
to be susceptible to numerical errors. Another proposal was studied in which the 
Germano identity is used to solve for two unknown coefficients C(A) and C(2A) 
in the least -square-error sense. For implementations with the Smagormsky model, 
this procedure was shown to be ill -conditioned essentially because the eigenvectors 
of the two basis tensors |S|S tJ and |£|5,j are almost co- linear' (their correlation 
coefficient is about p ~ 0.96). 

A new procedure, the bi-dynamic model, was proposed and tested. It is based 
on extrapolating coefficients obtained at two test-filters. When implemented with 
volume averaging, the method gave fair results. Some complications arose when 
the method was coupled with Lagrangian averaging. We conclude that while the 
idea of using more than one test-filter scale to sample the resolved field in more 
detail appears to be promising in principle, in the present application the added 
complications outweigh the benefits. Finally, we tested a modified formulation in 
which one solves for a single coefficient at the grid-scale but must prescribe the 
ratio of coefficients at test and grid scales non dynamically. This method proved 
quite practical, and it gave good results. However, it is not completely cynamir 
since prior theoretical information about scak- dependence must l>e employed (a 
similar approach was employed to account for grid anisotropy in Scotti et ai in 
this volume). 
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The incremental unknowns-a multilevel scheme 
for the simulation of turbulent channel flows 

By M. Chen 1 , H. Choi 2 , T. Dubois 3 , J. Sben 1 AND R. Temam 4 


In numerical simulation of complex Soars, it is important to identify different 
length scales of the flow and treat them differently. In this report, we introduce a 
new multilevel scheme for simulating turbulent channel flows. Two different versions 
of the scheme, namely the spectral and finite difference versions, are presented. The 
spectra] version of the scheme is based on a spectral- Gaier kin formulation which 
provides a natural decomposition of the flow into small and large wavelength parts, 
and which leads to linear systems that can be solved with quasi -optimal computa- 
tional complexity. In the finite difference version, the “Incremental Unknown" (IU) 
is used to separate the length scales. Preliminary numerical results indicate that the 
scheme is well suited for turbulence computations and provides results which are 
comparable to that by Direct Numerical Simulation (DNS) but with significantly 
less CPU time. 


1. Motivation 

The numerical simulation of turbulent flows is an extremely challenging task for 
both the numerical analysts and computational fluid dvnamicists. The computing 
power required to resold the enormous number of degrees of freedom and their 
nonlinear interactions involved in a turbulent flow is often near or beyond reach 
of the current computer capacity so that conventional numerical schemes are often 
impractical for turbulence simulations. 

The aim of this paper is to introduce a new multilevel scheme which is based on 
a differentiated treatment for small and large wavelength parts. It is well known 
in turbulence theory that the large number of small wavelengths only carry a small 
part of the total kinetic energy’ of the flow, however, the effect of their nonlinear 
interactions with large wavelengths over a long term integration can not be ne- 
glected and must be adequately resolved. Nevertheless, the small wavelength part, 
especially their nonlinear interactions, do not need to be represented in the same 
accuracy as the large wavelength part. Our multilevel scheme is specially designed 
such that it would produce results comparable to that by DNS but at significantly 
less cost so that one can simulate more complicated flow's with limited capability of 

1 Department of Mathematics, Penn State University, University Park, PA 16802 

2 Department of Mechanical Engineering, Seoul National University, Seoul 151-742. Korea 

3 Lab de Mathenialiques Appliquees, Univ. Blaise Pascal Ic CNRS. 63177 Aubiere. France 

4 Lab. d'Analyse Numerique. Universite de Paris-Sud, 91405 Orsay, France, and Institute of 
Scienrifie Computing and Applied Mathematics, Indiana University, Bloomington. IN 47405 
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the computer. The method can be applied to a class of dissipative equations and 
can be combined with a large number of existing numerical met nods. 

The method starts with separating the length scales of the solution v as 

*i = / + 9 + r 

where / is the large leugth scale, g is the intermediate length scale, and r is the 
small scale. Then the different scales of the solution are treated differently, which 
could involve (a) neglecting some higher-order terms involving the small scales, (b) 
updating small scales with lager tune interval. The effect of these further approxi- 
mations would, if done correctly, reduce the CPU time for each time step, improve 
the stability (the CFL condition will be only related to the large wavelengths), and 
allow larger time steps. 

There are two ways to look at this method. One is that we neglect some effect 
of the small scale terms. Another way is we think that large scale approximation 
is not enough, so we tain' into account the effect of small scale terms in an efficient 
way instead of -""ly adding more mesh points. 

This method' een applied to the simulation of 2D and 3D forced homogeneous 

turbulence (see s. Jauberteau 4c Teinam 1995a, 1995b. 1996 and the references 
therein). In the 3D case, it has been shown that the main statistical properties of 
homogeneous turbulence is well predicted with multilevel schemes. Indeed, while a 
saving in CPU time of 50-75% versus a classical Galerkin method is obtained, the 
energy and ens trophy spectra as well as the high-order moments of the velocity and 
its derivatives are accurately computed. The comparison of these results has been 
done with the results of direct simulations. 

In the case of homogeneous turbulence, when Fourier expansion of the velocity 
is used, the separation of the flow into large and small scales is trivial. However, 
this is not obvious for the channel flow problem because of the no-slip boundary 
conditions at the walls. In particular, the popular spectral-tau (Gottlieb 4c Orszag 
1977) method is not suitable for this purpose. We shall use the spectral-Galerkin 
method developed by Shen (1994, 1995) for the non- homogeneous direction. This 
spectral-Galerkin formulation not only provides a natural decomposition of the flow 
into small and large wavelength parts, but also leads to linear systems that can be 
solved with quasi-optimal computational complexity. 

In the finite difference case, we will use the IU’s developed by Chen L Temam 
(1991). The IU method has been used for steady equations, and the result is similar 
to preconditioning the associated matrix. The scheme was shown theoretically 
convergent and has an improved efficiency (Chen & Temam 1993). Here for the 
first time, the IU method is applied to unsteady problems. 

This report is an interim report: more detailed results using the new scheme for 
the turbulent channel flows will be reported later. 
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2. Incremental unknowns In the spectral case 

LI Formulation of the equations 
We consider the Navier-Stokes equations 

|-M« + (s-V)t+-VP = fl, (2.1) 

at p 

div u = 0, (2.2) 

in a channel Q — (0,1,) x (—1,1) x (0 ,£*) with the boundary conditions: * = 
(u, v, w) is periodic in x and z, and no slip on the walls. For this channel flow, we 
assume that the pressure P takes the form P — P + Kp x, where P is periodic in 
directions x and z and Kp is a given constant. 

Following Kim, Moin & Moser (1987), we set 


(«• 

V)*» = 

(A,, A 

»* A *), 
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+ di 

dy 

' dz 
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(2-3) 


then, (2.1H2.2) are equivalent to the following equations (cf. Kim et al. 1987): 


^ At? - vA a i> = h v (u, *), 


dg 

Qt 


- vAg = h, (»,«), 


/ + 


dv 

dy 


= 0 . 


(2.4) 


FYom the boundary conditions of « and the continuity equation (2.2), we deduce 
boundary conditions for v and g: 


t?(x,±l,x,t) = J-v(x,±l,r,t) = 0, 
dy 

g(x, ± 1 , 2,0 = 0. 

We emphasize that h„(-,-) and are indeed bilinear forms since they arc 

derived from the original bilinear form by linear differential operations. 
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Writing the Fourier expansion in directions x and z for u 


kez* 


where «£ = (“fc 
that 


v k .w k ). and similarly for f, g and h,,. h t . we derive from (2.4) 

d , a* a , \ 

dt {k ~ + v ( fc - 2k w + w) ** = h ' kiM ' uh 

v 4 (±l)= ^(±l)=0. 


(2.5) 


and 


dy 

dg k 


a 2 


dt +* k ' ~ 

Sfc(±l) = 0, 

wher. k 1 = (g) ! *; + (f ) 2 tf 


( 2 . 6 | 


From the equations relating the velocity components u and w to f and g in (2.3), 
we derive 

, 2* . 2» . - 

lk *~ u k + t * : T~ w k ~ /fc> 

for all (k t ,k z ) ^ (0,0). (2.7) 


2 * . 


. — . .. 2ir . 

d : —u k - ,k t --w k = g k . 


For (A\r,fci) # (0,0), the relations (2.7) can be used to determine u k {y.t) and 
ti' k (y.t) in terms of f k (y.t) and g k (y.t). Hence, to complete the system, we still 
need additional relations for uo(y,t) and w 0 (y.t). To this end, we integrate the first 
and last components of the Navier-Stokes equations with respect to x and z to 
obtain 

du c 5*140 , 1 f L * . i L ‘ . du. 

JQ 


dt 


- V 




dx i 


dii'o 

!k 


a 1 w 0 

- I'-TT-X- + 


Jo 

r 1 * 


v(z)--(a t)d: + Kp = 0. 

dy 


r*f 


dtr 

v(x)—(x)dz = 0. 
dy 


(2.8) 


5y* ’ L'L, 

The time discretization of (2.5), (2.6), and (2.8) is achieved by using a semi-implicit 
scheme with the second-order Crank-Nicolson for the linear terms and a third order 
explicit Runge-Kutta scheme for the nonlinear terms. Hence, we only have to solve 
a sequence of one-dimensional second-order equations for g k (y,t) and fourth-order 
equations for v k (y,t). 

Kim, Moin & Moser (1987) applied a Chebyshev-tau approximation to the 
y— direction. Since the direct application of tau method to fourth-order equations 
is unstable (Gottlieb &: Orszag, 1977), they proposed a time splitting scheme which 
consists of solving several successive second-order problems to enforce the boundary 
conditions on v by using a technique similar to the influence matrix method. 

Based on a sequence of recent work by Shen ( 1994, 1995, 1996), we present below a 
spectral -Galerkin scheme for these second-order and fourth-order equations. Using 
this method, the system (2.5)-(2.6) can be directly solved. 
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2.2 A spectral- Galerktn approximation of the Kim-Moin- Moser formulation 

A Fourier-Galerkin approximation in the i and r directions is first applied to the 
problems (2.5) and (2 6). i.e. we look for 


u.v(aM) = £ u k {y.ty( k 'i7* +k ’i7‘\ (2.9) 

ltss» 

(where A' = (A*,, A’*) and S.v = {4 6 2 2 /(t,,fr.) € (1 - ■^ t ] x [1 - Ajf-] } ) 

as a solution of the system of 


- £>•■■* +•' (** - “ ! |i + iff) *'» - 

* 4 

dy 


di't 

f fc (±l)= -s^(±l) = 0. 


(2.10) 


and 


$*<±1) = 0, 


( 2 . 11 ) 


for all 4 € S.v- 

We now describe Galerkin approximations of (2.10) and (2.11 ) in the y— direction. 
Let us denote 

• P\f. the space of polynomials of degree less than or equal to M, 

• v .m = span{y>(j/) € Pm : V>(±1) = 0}, 

• W'\| = span{*?(y) € P\f : *>(±1) = 0, §*(±1) = 0}. 

Let Pj(y) be either the Legendre or Chebyshev polynomial of degree j. then 


Vm — span{0o, <t>\ 0 .W- 2 } 


with <t>j(y) = p } (y) — Pj+ziy)- Moreover, following Shen (1996), we can determine 
(a } .hj) such that 

i'j(y) = Pj(y) + a } p J+2 (y) 4 - b } p J+i (y) 

satisfies tlie boundary conditions 0,(±1) — ^-(±1) = 0, i.e. V’j € W\i- Therefore 

Wr.l = span{0 o , 0i — , V’M-4 }• 


The spectral-Galerkin scheme in the y— direction for (2.10) and (2.11) is to find 
*',v,A/(*.0 such that v k w (y. t) 6 H'm, and «v,A/(*,0 (similarly for w and g) such 
that u k ^ f (y-t} 6 V m , for all 4 6 S.v, such that 


= jfe(«.V.Af,«.V,A/), 


( 2 . 12 ) 


for all j — 0 M — 4, 
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and 


for all jf = 0, . . . , Af - 2, 


(2.13) 


where p , V‘)w — fl t -fly ) ti’(y) w dy with u>(y) = 1 in the Legendre case and u.>(y) = 
(1 - y 2 )~i in the Chebyshev case. 

It is easy to see that in (2.13) the mass matrix M with entries »n ; i = (<t>i, <t>, ) w 
is a sparse symmetric matrix with three nonzero diagonals, and that the stiffness 
matrix S with entries Sji = ( is diagonal in the Legendre case, and is a 
special upper triangular matrix in the Chebyshev case such that the linear system 
(qX + S)z = b associated with (2.13) can be solved in O(M) operations (Shen 
1995). Similarly, the linear systems in (2.12) can be solved in O(M) operations, 
see Shen (1994, 1995). We emphasize that the above spectral- Galerkin scheme is 
superior, in both efficiency and accuracy, to the tau-method used iu Kim, Moin & 
Moser (1987), and is. in particular, suita. for multilevel decomposition. 

The Legendre-Galerkin method has been . npieinented and tested. In this code, 
the pseudo-spectral computation of the nonlinear terms is done at the Chebyshev- 
Gauss-Lobatto points in the normal direction (see Shen 1996). A 128 x 129 x 128 
simulation at the Reynolds number of 180 has been conducted. The statistics have 
been compared to the one presented by Kim, Moin k Moser (1987). 

S.S A multilevel spectral- Galerkin scheme 

We now describe a multilevel scheme for the time integration of (2.12) and (2.13). 
For the sake of simplicity, we will only present a scheme based on a first-order semi- 
implicit scheme for the time discretization. However, one can easily generalize it to 
higher-order semi-implicit scheme. 

The basic idea of the multilevel scheme is to decompose the solution into several 
length scales and treat them differently in order to improve the efficiency and sta- 
bility of the classical Galerkin approximation. The special basis functions {<t> } ,4'j} 
.■ovide a natural decomposition of small and large wavelengths for this purpose. 
, urthermore, the small and large wavelengths are quasi -orthogonal in the following 
sense: 


(<t>t,4 > } ) w = 0. for j ^ l, l ± 2, 

<Pl 

( ~q~ 2 ' J-' = f° r f ^ j (Legendre case). 

( -x-r- , ip, )j = 0, for l < j or / + j odd (Chebyshev case, 
oy z 


(2.14) 
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and 


( vi, Vj L = 0, for j / /, / ± 2, / ± 4, 


dy* 

dy 4 
d*i'l , 
dy 4 


. L = 0. for / ^ ), / 4- > ± 2. 

, v>L =0, for l ^ j (Legendre case), 

V; ) w = 0, for l < j or l + j odd (Chebyshev case). 


(2.13) 


Given two appropriate cut-off nuinbets \t r , AI t such that 0 < M p < A/ f < M. 
wc may decompose iij. Af (y, t) € Vaj as follows 


M-2 

1=0 

Mf-t M«-2 Af-2 (2. 1C) 

= 51 5Z X! ' i 4.2 0 ■' (y, 

2=0 2= V, - 1 ;=M f -l 

= p.(y-0 + 9«(y-0 + 

and similarly for u>^ , vf (y. t) and then for M (y,f), for all fe € S.v Note that for 
the °ake of simplicity, the dependence of p„. p„, and r k in & is omitted. We may 
also decompose cj. • l (yJ)£ W.v/ as 


M -4 

{ -k.\ t (y- f ) = 51 

7 =o 

M, -4 M f -4 Af-4 (2.17) 

= S °fc, 7 ^(y)+ 51 {, fc. 7 ^(y) + 51 f, *.,My> 

7 = 0 j~M,-3 j=Af,-3 

= Pr(y,0 + ?f(y,<) + f»(y,<)- 

We finally obtain the following decomposition for vf : 

“fc.M =P + 9 + »-, 

where p = {p u p,.,p w ) and similarly for fl and r. The decomposition (2.16) on st 
and wfc „ induces a decomposition of y£ w into 

jfc.jw(v.0 = p* + *# + »#. 


Then, thanks to (2.15) (resp. (2.14)), we can approximate the system (2.12) (resp. 
(2.13)) in W\f t (resp. V\i f ) as follows 


dt 






- (K.k(P + q + r,p + q 4- r ), v ; )*. 


for j =0.... , A/ p -4. 


(2.18) 
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d ( cF \ 

ftlPi-OiK + L - l' 

= (A,.*(p + f + **-P + f + *)• * t L, 

for j =0 Af,-2, 

and in ll « | (twp. I v f ) as follows 


(2.19) 


0 

dt 



j^ Hp, + leU'S) + '' ((* 4 -2*^ + (P*+*.Uv) 


= (*»„,*(? + f + r -P + f + »*). U 


for ; = 0 A/ f — 4. 

(2.20) 

d 

( Pi + It o, > w + t/* 2 (p, + 4 # , *, L - *d Q-j (P, + q, h L 

(9*>n 

= t 1 fc f .*lP + * + r P + f + >- 

for j = 0 Af f — 2. 


Note that in <2.18)-(2.19) and (2.20)-(2.21) linear interaction terms coming from 
(p f , Oj )_. (resp. {Ht-6j L ) a-d similarly for r f (resp. r,. ) are neglected. Until 
numerical tests are performed it is not dear whether or not these terms have to be 
neglected. However, for the sake of simplicity we do not take them into account in 
the large or intermediate scale equations. 

By projecting (2.12) (resp. (2.13)) onto the space (resp. l’v\l'w, ) we 

obtain the small scale equation 


= (* r jk(p + f-P + f)-c,L 

- 1 (“' - - r (<** - •*•)" .■ 


for j = A/ f - 3 XI - 4. 


( 2 . 22 ) 


3 <f*r 

ft{r f . <?,)-■ + - v(-~ .<*,L 

0 , (2.23) 

= ( fc ,.fc(P + « P + fK<>j)- - ftilt’OjL - vk'^.d, L. 

ion j — ,V/ f - 1 M -2. 

We note that in (2 22)-(2.23) the nonlinear interaction between the small wavelength 
part r and the larger wavelength parts (ft + q) is neglected. 

Since /(,{ . • ) is a bilinear form, we can write 


h t ((fi + t/t. if + = h t (>p.ip) +(A f (v».^) + -tH) 
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and similarly for ft , ( ■ . •). 

We may now define th«‘ multilevel scheme based on the approximation (2. 1S(- 


Given l/"- \f = p" + q" -r f". the approximation of and an integer 

m.. we define - p n+ -f q ,+2 "“ + r" + *"■ by using the following multilevel 

scheme: 

For j = 0. 1 n m — 1 . 

* 2 < 1 + rk^tHi*:* 1 '". - (1 + ^k 2 StH~p £ +1|+, .iv L 


+ + A#(/. r IBf (p" q" + 

for / = 0 A/,-4. 


<2.24! 


r n + 2 j+! _ r «+ 2 j _ r « 


& 


(1 + Kpr 2j+, .o,L- - t'Af^p^ 2 ' 4 ' — - 


- O/L =• Ip, 


+ Abh,(p" +2y .p" +2 ').o ( L: + Af(/i,,„,(p".(q + r}").0/L. 


=c 2 ', 

n + ij+l _ O'ij >1 

* » » 


for / = 0 A/ P - 2. 


a 2 


(2.25! 


i' 2 ( 1 + vk -St )(</>,. + v, )" +2y42 . v/ ). - ( 1 4 - i'k ‘At K + q, »' M 2; ’ 2 . «. / L 

otr 

+ ’'-*(!?<'>■ + = ((»■' - + 9 . 

+ A f(M(p +■ qf +2y+ ',(P + qf +Sy+ * ».v, L 

4 A t(h r ., n ,[p n + q".r").C'j L. 

for / = 0 A/, — I. 


r n-f.V + -’ _ r " + 2j+l _ r ". 


< 2 . 2 Gj 


a 2 


<1 4 vk 2 At){(p t 4 </,) n+2y ~ 2 .d/b - <'Af(^-j(p f 4- q 9 )"+* J+1 .Oi L 


= ((P 9 + ? 9 )" + 2 ; 4 , - 0 /L 
+ At(h f ((p 4 q»" +2|+, .p" +i|+l l.O/L (2.27) 
4 Af(A # .,„,(p n + q n .r , ’).o/L. 

for / ~ 0 .A/„ - 2. 


M+ 2./+2 _ n + 2 /-*-I n 

r j SI 9 ' 
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Once we obtain p n * i "“ and q n+ ’ H - from abov**. we compute r B+ *"“ as follows 

'Y* 

A J (1 + 2n*l-l 'At It / / i_ -{1 + ~ [— 

-2't m At(it r (ip + i)"+'*"'.ip -r q 




for / - A/, 3 A/ - 4. 


( 2.2$ • 


and 


(1 +2«,r{ : AfHr‘ , + -"‘.OiL. -2w.t'Af( 


-?L 

<v 


h * 2fi,. _ * 

r . • <i b 


-*= 


- 2,.. Af(/., bp + q r +i "*-fp + LoiL 


for / - A/ t - 1 A/ - 2 


<:2.29,. 


Note that tin- computation of tin- right-hand side of f2.24.M2.25) < resp. i2.2G>- 
(2.27)) requires only fast Chebysliev transforms (FCT < with ()( hI p U*j>i A/, )) ( r<-sp. 
O‘>.\l r logi{\l r )\ i ojxTatioiis in the normal direction. Tin- nonlin 'ar interaction 
terms h r ,„ t and />, ,„• are computed once at tin* time iteration j — n. Hence. dtir 
mg the 2n» time iterations desert I «-d ahove. FCT with ()\\tlayi\M)) are required 
only at j — n at.d j — « f 2u«. Compart'd to a classical Galerkin for tau) approxi- 
mation the multilevel scheme proftosed here allows to significantly reduce the CPI 
time needed for channel How simulations. In the case of foo ts! homogeneous turbu- 
lence. savings of the order of 50- TO 1 ! have lieen obtained < ms- Dultois. .laulx'rteau 
A Teinnni 1995b. 1996). 


3. Incremental unknowns in the finite difference case 

The main idea of the multilevel scheme is to treat the large and small scales dif- 
ferently in numerical simulation. Therefore, it is iiujtoitaut to have an appropriate 
€leconi|xhsiti*m of the How into different length scales. In Action 3.1. we descril>e a 
procedure to tlecotnpose the solution into large and small scales in finite difference 
method. To illustrate the method. we start by applying the It 's to the Burger's 
equation. In Section 3.2. we test the method of separating scales using turbulent 
channel How database. In Section 3.3. we surest an algorithm to implement the 
scheme for the tutbuleut ciiannel How. 
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3.1 Increment al unknowns on Burger's equation 
In this section, we start with the two-level IU's, namely, we decompose the solu- 
tion u into 

a = y + r. 

The second-order IU's in one^ dimensional case are defined as in Chen A: Teraara 
(1991) by 

y2j = **2 t , 

>2j+t = “Ij+I - 5<“2 i+J + “2j)- 

Multilevel IU's can be defined recursively. Three-level IU's will be defined in Section 
3.2. 

Let us consider the Burger’s equation, 

dv 9 

dt + ~ V dx i = = °- 

When the second order central difference scheme is used for the space derivatives 
and the explicit Euler is used for the time advancing, the finite difference scheme 
reads 


m "-*- 1 — h " 1 tt 

+ ^K«r + ,) 1 - (C,) 2 ) = ^i«r +1 - 2«r + *•:_,! + -vu..r >. 

Writing y and : components separately, one finds that y satisfies 

**2j+i = J "i+i + 9(^+2 +>?/)* 

,«T I 


hi ??i + _L_[« u " )*_(«■ ) 2 i 

St + aA,W u *r+>’ i«2,-i) 1 


4Ar 




and ; satisfies 


: ' j,l ^ lVl + +*.r> -<»;,« +*m 

+ -I*?,) 1 ] = ^ r ' 2 1 ( y 2j.i . f" >- 

Instead of evaluating z at each time step, we propose to fix : for m steps and then 
evaluate once to save CPU time and memory. Therefore, as m increases, so does the 
saving of CPU time. On the other hand, we are also at the risk of losiug accuracy 
as m increases. It is clear that when m = 0, the scheme is the same as the original 
standard method with the fine mesh, while if we never update c and let it be 0. the 
scheme is simply the ortgiual standard method in the coarse mesh and u — y. 
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To illustrate bur much savings ooe could obtain by frmiug : systematically, we 
list in Table 1 the ratio of the work with freezing r rn times vs. 0 times, with 
the assumption that the work per time step per grid point is independent of the 
mesh size. As an example, if one freezes ; for one time step in a three-dimensional 
problem, the work by using IU's is only 56.25% of that by using the standard finite 
difference method. 

Table 1. Ratio of the work with freezing : nr times vs. 0 times 


Ul 

□ 

1 

2 

3 

■ 

mm 

ID 

O 

wrm 

0.67 

0.625 

m 


2D 

■ 

0.625 

0.5 

0.44 

... 

0.25 | 

3-D 

D 

0.5625 


0.34 




We now test this scheme on a model problem, in which we try to recover the 
steady solution k,!/) = /(20jt) — /(0) + (/(0> — /(20))r of Burger's equation, where 

is 

/(#) = J^exp(eos(4->/t(2.5 + 0.5/)*/ 10) — 0 3siu(0.8fc>/frfr/10)). 

k=i 


The forcing function -V(r.f) = .T(r ) is calculated by substituting a ,(rj into the 
equation. Initial condition is taken as u(x.O) = sin(2x) with the boundary con- 
ditions u{0, t ) — n(l.f) — 0. By comparing the graphs of u,(x) with .Y r = 512. 
.V. = 256, and .V, = 128. one finds that .V, = 256 is approximately the minimum 
numlter erf grid points required to adequately resolve u,(x). 

The numerical results using the original scheme and the proposed scheme with 
different m arc compared (Fig. 1). For ni = 1 to 4. the results are almost iden- 
tical. However, for m = 5. the approximate solution is significantly less accurate. 
Therefore, the proposed scheme has to be used with caution and m can not be too 
large. 

S.t Small scales in IV 

In the multilevel scheme given in Section 2, a sjxvtral method is used to de- 
compose scales. However, it is not easy to define small scales in finite difference 
methods. In Section 3.1. the small scale component of the flow is defined in the 
context of IU*s. In this section, we examine this concept. 

For simplicity, we will only treat the three-level IU. As is done in Section 2. the 
method starts with separating the length scales of the flow into 

« = /+y + r. (3.1) 

where u is the velocity in the streamwise direction, f.g. and r are respectively the 
large, intermediate, and small scales. The definitions of /, g. and r are given below 
(see Fig. 2): 
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FKilRK 1. An ex art steady state solution of the Burger's equation. N=256 is the 
minimum for resolution. 



FtG I RK 2. Schematic diagram of separating scales in a finite difference method. 

/«, = «4. 

1 

?4l+2 — «4t+2 — ;j( u 4H-4 + **4«) (3.2i 

r 4i+l = «4i+I " ^( M 4«+2 + Mt,!- 

where i is the index few the streamwise (or wall-normal, or span wise) direction 

(i = 0. 1,2 .V, /4). The wall-normal and spanwise velocities can be- defined in a 

similar way. We require the condition 

l/i > Id > |r| <3.3) 

in order to validate the assumption of separating length scales. 

In the present study, the magnitudes of /. y. and r are estimated u-iug the 
database of turbulent channel flow. Turbulent flow in a channel is simulated using 




304 


it. Chen, 8. Choi. T. Dubois, J. She n & R. Temmm 


DNS. The convection and diffusion terms are integrated in time using a third-order 
Runge-Kutta method and the Crank- Nicolson method, respectively. A second-order 
central difference is used in space. A fractional step method is used to decouple the 
pressure from the velocity. The Reynolds number used is Re r = u r 6/u = ISO and 
the computational domain is 4x6 (z) x 26 (y) x 4x/36 (r), where ti r is the wall 
shear velocity, 6 is the channel half width, and v is the kinematic viscosity. The 
number of grid points used is 128 (x) x 129 (y) x 128 (;). 

Figure 3 shows the energy spectra of the velocity components in the streamwisc 
and span wise directions, where E( /, ), £(j, ) and £(r, ) are shown at three y- locations 
(y + 5=6,33,177). It is clear that r,"s have the energy of small scales, while y.'s have 
the energy of intermediate scales. Both g, and r, hare orders of magnitude smaller 
energies in small wavenumbers as compared to /,. Therefore, the Ill's defined in 
(3.2) properly describe the small and intermediate scales of the velocity. 

S.S Implementation of ID nt turbulent channel flow 

Implementation of IU for the Navier Stokes equations is very similar to that of 
IU for the Burger s equation (see Section 3-1 ), once the approximating factorization 
scheme is used (see below). The only difference is the coupling between the velocity 
and the pressure. 

The governing equations fin 1 an incompressible flow are 


du, d _ dp Id chi, 
dt + dr, U,U ^ dz, + Rt dr, dr, ' 


(3.4) 


du i 
dr. 


= 0 . 


(3.5) 


The integration method used to solve (3-4) and (3.5) is based on a semi-implicit 
fractional step method, i.e., third-order Runge-Kutta met hod for the convection 
terms and Crank -Nicolson method for the diffusion terms: 


i* - „*"* 

1 t 

At 


=(a t + 3 t )L,(u k 1 ) + 3 k L,[u k - u k ~') 




*- 2 > 


_ 1 du* 


= 


At dr, ' 


(3.6) 


(3.7) 


.* - a** 


117 — U. 


At dr, ’ 

where L, and .V, are the diffusion and convection terms of (3.4), k = 1,2.3. and 

. 4 8 . „ 

=J * = 15 * = 15 ' <*' = ° 


(3.8) 


. 1 5 
o 2 = ^ = -, •»=-. 


17 

4,2 “ 60 


, 1 

03 = ' h ~ 6 * 


3 

73 = i* 


= - 


12 
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Ken*, (m + Jk)p k — ©* - {AtJk/Rf )V 2 o*. 

Rearranging (3.6) in delta form ( Auf = 6* - uf -1 ) gives 

(1 - «f = Al[(at + i\ r ,(«*'*)]. 

Approximating factorisation of this equation gives 

= At [f<>4 + h )£.(•.*-' (3 - 91 

= if, (tt 4-1 . «*“*). 

Let us define \ , as 

13* 13* 

^(1-AlA^Kl-aM.j^W.. (3>0| 

Then. (3.9) becomes 

(1 = H„ (3.11) 

For simplicity, we only focus on the velocity in the stream wise component. Note 
that in turbulent channel riow the periodic boundary conditions are applied in the 
streamwise and spanwise directions ( x . : ) and the no-slip condition is applied in the 
wail-normal direction ( y ). 

Now. let us decoiu|K>so y (streamwise component of \, ) into three different scales 
as was introducer! in Section 3-2: 


\ = f + g + r 


(3.12) 


As a first step. (3.11) is approximated at each fourth grid point using a second- 
order central difference scheme: 


\ I* ~ r(\4,+ ! - 2\4, + \4,-| ) = 


(3.13) 


where T -- At.it/iRfAj 1 ). 

Using a similar relation to (3.2), it can be easily shown that (3.13) becomes 


r r r 

“ j\4i + l + (1 + ^)\4i - ^ \»i-4 
_ „ 1 " 1 

~ "u. + F( 2 9*t+l + ^9*1-2 + r 4« + l + r 4i-l )• 


(3.14) 


The y at every fourth grin ]>oint is obtained by solving (3.14). The \,, ±1 and \ 4,±2 
are updated with the newly obtained \ 4 , from (3.14): e.g.. 


\ t.+ i -9* t+i + ^(\4« + \ 4>+4 ) 
1 

Vti+I = r 4«-M + \4i + \4i+i). 


(3.15) 
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where g and r are frozen for the periods of At, and At r . respectively. At, and A t T 
are called as the frozen times for the intermediate and small scales, respectively. 

As a second step, (3.11) is approximated at every other grid point at f — /At, (/ 
is an integer) using a second-order central difference: 

r r 

-^■\2i+2 +0 + r)\ 2e - —\2i-2 = Rit. + r(r 2t+l + r 2t _, ). ( 3 . 16 ) 

The \ at every other grid point is (Attained by solving (3.16). The x 2 ,±i are then 
updated with the frozen r. and gt ,±2 are updated: e.g., 

\2i+i — ^21+1 + \2» + V2.+2) ( 3 . 17 ) 

9*>+i = \«»+2 — ^(\*i + X<t+4 )• (3.18) 

As a third step, (3.11) is approximated at every point at t — lAt r : 

~r\«+i + (i + 2 D\, -- rx,-j = ill,. ( 3 . 19 ) 

The \ at every grid point is obtained by solving (3.19). The r 2 ,±i are then updated 
as 

r 2«+i = X2.+1 - + X21+2)- ( 3 . 20 ) 

Once \'s are obtained at either 4i. 2t, or i points, similar procedures are applied 
to the other two directions. It is straightforward to extend the procedure described 
above in the spanwise and wall-normal directions. At the end of these procedures, 
the streamwise velocity is obtained. Again, the same procedure can be easily applied 
to the other two velocity components. 

Let us write the numerical algorithm of IU: 

1. Start with an initial velocity field u° or a previous time step u"’* -1 = u" -1 . 

2. Solve the discretized momentum equations at (4i, 4ji. 4Jt) grid points (similar to 
(3.14)) to obtain u at (4i,4),4it) points. 

3. Update « at non (4i, 4j,4fc) points with frozen g and r (see (3.15)). 

4. If t = /At,, go to Step 5. If not, go to Step 2. 

5. Solve the discretized momentum equations at (2i,2j,2k) grid points (similar to 
(3.16)) to obtain u at ( 2i,2j,2k ) points. 

6. Update u at (2i ± 1.2y ± l,2Jt ± 1) points with frozen r and also update g at 
(4 t ± 2.4 j ± 2,41- ± 2) points (see (3.17) - (3.18)). 

7. If t = /Af r , go to Step 8. If not, go to Step 2. 

8. Solve the discretized momentum equations at all the grid points (similar to (3. 19) ) 
to obtain u at all points. 

9. Update r at (2) ± l,2j ± 1,21' ± 1) points (see (3.20)). 

10. Solve the Poisson Eq. (3.7) at all points, update the velocity (3 8), and go to Step 
2. 
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Note that it is not necessary for us to decompose the velocity into the same 
levels of scales in all the directions. That is, one may decompose the flow into two 
scales in the wall-normal direction and three scales in the stream wise and span wise 
directions. 

The interpolation used in obtaining the neighboring velocity (e.g., (3.15)) dete- 
riorates the momentum conservation property, and the mass conservation is easily 
violated unless the Poisson Eq. (3.7) is solved at each time step. However, the re- 
quirement of the Poisson solution at each time step clearly diminishes the advantage 
of using the IU method. 

The modification and application of the present multilevel scheme to the turbulent 
channel flow are in progress and will be reported in the future. 
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A priori testing of subgrid- scale 
models for the velocity-pressure 
and vorticity- velocity formulations 

By G. S. Winckelmans 1 , T. S. Lund 2 , D. Carati 3 AND A. A. Wray 1 


Subgrid-scale models for large eddy simulation (LES) in both the velocity-pressure 
and the vorticity-velocity formulations were evaluated ami compared in a priori 
tests using spectral Direct Numerical Simulation (DNS) databases of isotropic tur- 
bulence: 128 3 DNS of forced turbulence (Rex — 95.8) filtered, using the sharp cutoff 
filter, to both 32 3 and 16 3 synthetic LES fields; 512 3 DNS of decaying turbulence 
(Rex — 635) filtered to both 64 3 and 32 3 LES fields. Gaussian and top-hat fil 
ters were also used with the 128 3 database. Different LES models were evaluated 
for each formulation: eddy-viscosity models, hyper eddy-viscosity models, mixed 
models, and scale-similarity models. Correlations between exact versus modeled 
subgrid-scale quantities were measured at three levels: tensor (traceless), vector 
(solenoidal force'), and scalar (dissipation) levels, and for both cases of uniform 
and variable coefficient(s). Different choices for the 1 /T scaling appearing in the 
eddv-viscosity were also evaluated. It was found that the models for the vorticity- 
velocity formulation produce higher correlations with the filtered DNS data than 
their counterpart in the velocity-pressure formulation. It wa-; also found that the 
hyper eddy- viscosity model performs better than the eddy viscosity model, in both 
formulations. 


1. Velocity-pressure formulation and models investigated 

Consider the Navier-Stokes equations for incompressible fluid in the velocity- 
pressure formulation: 


du. d dP d du, 

Filtering, using a low-pass filter G of characteristic length A, 

«.'•(*) = j iiy)G ^ 7 V’'(*) = vH*) - <H*) • 

1 Dept, of Mechanical Engineering , Universite catholique de Louvain, Belgium 

2 Center for Turbulence Research 

3 Dept of Statistieal Physics, Universite libre de Bruxelles, Belgium 
•t NASA Ames Research Center 
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with 4' the filtered value and 4’’ the remainder, leads to the blowing evolution 
equation for the filtered velocity field: 


du, d , dP d du, 

dt + dx/ M,u ' )+ di : ~ V dx i di ) ‘ 


which is rewritten either as 


du, 

0t 


+ 




dr tJ 

dx } 


d da, 

V dxj dx } 


or as 


du, 


dP dr. 


V «*■ I V - — V w* 


•i 


dt ’ dij ' dx, T dxj ~ v dx,dx i ‘ 

where the ‘subgrii-scale stress’ (sgs) tensor is defined as 


d dU, 


T,J = Uj Uj - UiUj - Uij + P,j + L\j , 

T,j = f WiU- ~ WjT } = V t) + Pij , 

with the usual definitions for the cross term, the Reynolds term, and the Leonard's 

term: _ 

C.j - u.u'j + u'.u, , 

R,j = ti'ti' , 

L\j * ujTj " “•«/ = “ (“.«> )' • 

Here, C, } and P,j are purposely written with the ‘overline’ as they are the filtered 
value of some quantity. L\ } is purposely written th the ‘prime’ as it is the remain- 
der, after filtering, of some quantity and thus contains big! ~"'"‘ial frequencies. 

The notation r, } is somewhat misleading (but will nevertheless be retainer!). 
Indeed, although it is the filtered value of some quantity, it is not necessarily the 
result of filtering r, r In the case of sharp cutoff filter in wave space. 4 ’ = 4’ and 
p' = 0 so that r,j is indeed the result of filtering r, } . In the case of smooth filters 

such as the Gaussian, the filtering of r,j produces + R tJ + L\j, which is not 
equal to C,, -t- R, } . 

When doing LES with a computational grid which is of the same size as the 
assumed filter size A. one cannot accurately evaluate quadratic terms such as {u,Uj ) 
using the coarse grid only, as such quantities have a high frequency content. One 
can only hope to resolve, on the coarse grid, quantities such as («iU>) (and even that 
requires using an appropriate reconstruction scheme, e.g.. the need for dealiasing 
in spectral codes). The second form of the filtered equation is thus the one to 
consider in LES computations. It is assumed throughout this paper unless otherwise 
specified. (Notice that, if one were to use a computational grid smaller than the 
assumed filter size, then quantities such as u,u } could be partially resolved.) 
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The trace of the subgrid-scale tensor does not influence the dynamics of the 
filtered flow and is usually lumped into the pressure term: 

*Tj = 7 '1 ~ ^ *kk , P" = P + ^ r kk . 

du, d /=r -=- v dP dr* d du, 

~dt^d Tj ^ + d^ + d7J =v dT J dT J 


Only tlje subgrid scale force, the divergence of the subgrid-scale tensor /, — . 

needs to be modeled: 3 degrees of freedom instead of 5, (or 6 if one were also 
interested in modeling r kk ). The modified pressure is solution of 


d dT 

dr, dr. 


d d df. 


Finally, the solenoidal (i.e.. divergence-free j part of the subgrid-scale force is the 
only one that affects the flow dynamics. Defining g°, as the solenoidal part of f t . the 
other part being the gradient of a potential <$> which is lumped into a new ‘pressure'. 
V - P -r C. we write: 


du, d /= - =r — . dV' d du, 

lk + dr j ( u ' Uj }+d^ + 9 ' ~ v dT i dT,' 
d dr' d d 

dz, dr, ~ dz,dx, (U,Uj) 

Correlations ->f different LES models with filtered DNS data in isotropic turbu- 
lence were obtained and investigated. This was done at three levels: tensor level 
(traceless sgs tensor), vector level (solenoidal force), and scalar level ( dissipation), 
for two different DNS data sets, using the sharp cutoff filter in wave space (with 
spherical truncation ): 

a) 128 1 DN'S of forced isotropic turbulence (Re* =■ 95.8) that was filtered to both 
3'i 3 and 16 J synthetic LES fields, see Fig. 1. 

b) 512* DNS of decaying isotropic turbulence (Re* = 63.5) that was filtered to both 
04 1 and 32 1 synthetic LES fields, see Fig. 2. 

In addition, correlations at the tensor level were also obtained when using smooth 
filters (here applied in wave space) with = F1 i=i j G(x,/A). CyiA) = 

f|,-i j Oi k. ^). such as the Gaussian (of same standard deviation as the top-hat). 


(-!(¥)")■ 


c ($) = \j) ” P (- 5 (S)') ; G(t ' A, = " p 

and the top-hat. 

G (^) = 1 ° otherwisc: G[k ' A) = ~7TA| 
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FIGURE l. Spectrum of the 128* DNS (Re* = 95.8). Abo shown is the cut used 
to produce the 32* synthetic LES field. . E{k)\ — — , A" -5 ^*. 


to generate synthetic LES fields from the 128* DNS data (i.e.. DNS with = 64 ». 
The cutoff wavenumber was set to l nu = 16. hence A = = e/16. Notice 

that, with smooth filters, the synthetic LES field still contains contributions front 
all original modes. 

Many different LES models were investigated: 

Model 1 (eddy- viscosity type, tensor modeling): 


r* tJ ” = -2v,S,, with 



1 ( du, duj \ 

2 Vdr, + dx, ) 


Different choices for the 1/T scaling that appears in the eddy-viscosity were 
investigated: 


t't 

ft 

<1 

O 

ll 

{25 . 

(o) 

t't 

<1 

II 

(5jS,) ,/ * . 

(*) 

t't 

= C A 2 

(e/A 2 )*'* . 

(c) 

t't 

= CA l 


(d) 

•'I 

ll 

n 

♦w 

(2 ^,5, ,**;,) / ■ 

(O 


where f is the rate of energy transfer within the inertial range (assumed constant ) 
and <5 = V x fi is tin* large-scale vorticity. The first choice is the classical Smagoriu- 
sky's scaling based on local dissipation by the large scales (c.g.. see reviews by 
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FlGl'HE 2. Spectrum of the 512 s DNS (Rex = 63.5;. Abo shown are the cuts 
used to produce the 64 3 and 32* synthetic LES fields. • : Comte- Bellot and Corrsin 
experimental data at Re* =65.1. k normalized by Kolmogorov scale r; 


Rogallo Aj Kloin 1984. Lesieur et el 19951. Consider the eigenvalues A;. A 2 and Aj 
of the ratc-of-strain tensor, with A| + A 2 + Aj — Ski = 0. The scaling then produces 
an eddy- viscosity proportionai to (2 ( A] +■ A| + A*)) 

The second choice is based on local enstrophv of the large scales (e.g., Mansour 
et el. 1978). Recalling the identity 


2 S„S„ H±±( a .u,,. 

together with the Poisson equation for pressure, it appears that, to first order, the 
two scalings differ by the local pressure Laplacian (which can have either .sign). 

The third choice was proposed by Carati et eL (1995b) and is referred to as 
the Kolmogorov' scaling. If, following Smagorinsky, local equilibrium between tin- 
rate of energy transfer within the inertial range is identified with the subgrid-scale 
dissipation t S l} . one recovers the classical Smagorinsky *s model for the 

eddv-viscosity. The Kolmogorov scaling has the practical advantage over the other 
models that fewer filtering operations are required whin inip.ementing the dynamic 
procedure as in Germano el el. (1991), Ghosal cl el. (1992), Moin ic Jimenez 
(1993), Moin cl el. (1994). Ghosal cl. (1995), Carati el el. (1995a). When 
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developing the dynamic procedure in the present formulation, one obtains 



where r is an additional ‘test filter' ol the LES field, at scale A. where C' stands 
for the dtmenttonul product C f 1 ' 1 . and where it has l>mi assumed that both filters 
lie in the inertial range so that t is indeed the saute at Itotli filter sines. Since 
the dynamic procedure also assumes that the model coefficient C is invariant with 
filtering scale in that range, it turns out that C' is also invariant with filtering scale 
and is. in fact . what is determined by the dynamic jtoredurc. 

The fourth scaling was proposed by Winckrlmaus (1995) and is based on the 
relative rate of change of the large scale enstruphy due to 3-D stretching. 


1 D 
W|4*>' i Dt 


! • I — — 


This scaling selects the eigenvalues used to compute the eddy-viscosity according 
to the relative orientation between u and the piinci}>al ax«-> (eigenvectors) of the 
rate-of- strain tensor Indeed, writing the components of w in the system of prin- 
cipal axes as I. this scaling produces an eddy- viscosity proport iooal to 

2 + Aj*^) / (jJ +^2 -t- ijj). Hence a vtetkity- weighted average of 

the eigenvalues is used to produce the eddy- viscosity. This scaling produces a neg- 
ative eddy viscosity scaling in regions where enstrophy is decreasing. To ensure 
positivity, one can use either jdj or d* = max(rf. 0). 

For completeness, a fifth scaling is considered, which is based on the rate of change 
of eiistrophy. hence an eddy viscosity proportional to (2 ( A,^ + A^I?* + Ajw* ) } 1 . 

Models other than the classical LES model {Model 1 i were also investigated' 
Model 2 (eddy -viscosity type, sotenoidai force modeling!: 


Model 3 (hyper eddy-viscosity type, tensor modeling) 


r;” = 2± 2 P t v-s. } 

Model 1+3 (mixed eddy -viscosity and hyjxr eddy viscosity type, tensor modeling!: 


r,'* = -2(p„S„- A 2 P,2^5.,) 

Model 1+4 (mixed, simplest non eddy -viscosity ty|>*\ tensor modeling): 

r ;, " = -2 + Ct W'l ^X ) 

We arc unaware of any published results describing Model 3 or Model 1+3. How- 
ever. Cerutti ami Meneveau ( 1996, private commuuicat i< >n i have also considered this 
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UKidti Model 1+4 is our of the nuuty model* invest igated by Lund and Novikov 
( 1992) wiiere they cousider*‘d all jHtssiljh* models with tin* sgs tensor function only 
of the strain and rotation rate tensors. 

Notice that one can even build mod»ls that give a decent (i.e.. as good as otl»t 
models 1 correlation at tin- tensor level but give zero sotenoulal force. lance zero 
effect oil the dynamics of tin* filtered velocity field, e g.. 


Such models should. <if course. never lie used. Nevertheless, they make tlr point 
that oorrelatiou at the tensor level tkrs not necessarily mean r«kI dynamics. What 
really matters is the sotemadal forcing. 

Finally, scale similarity unwlels «>f Bartlina's type. Models B. *tie also invest igatetl 
(r.g.. see Horiuti 1993. Zauget al. 1993. Liu et ai 1994. Salvetti i: Banerje* 1995t. 
The contlNnatkHis considered were 


C («.«, - a,*,) . 

C - «.«?,} - 

C - 

C - «.«/) • 


(«) 

(b) 

»rl 

{d, 


where tin* additional filtering of the LES fiekl was done at twice the size of the 
original filter, and with the same filter type. Model Ba is tin- filtering of u,u t — ti,« ; 
and is 'similar' to which is the original filtering of m,u , - 5,w, MwH Bb is 
similar to r tJ — u,Uj — u,u } . Model Be was also investigated, in a prion testing, 
in Menrvrau L' Lund (1992). Model Bd is tlie remainder, after stomiJ filtering, of 
tF,Uj. and is thus not expected to perform well. 


2. Optimization of the coefficieot(s) and correlations 

Wc first consider optimization of tl»e model's roefficieut(s) wiien no spatial vari- 
ation is allowed. This is a natural requirement as the models arc tiring compared 
with DNS data in isotropic turbuk-nce. For each level, the value of C that pro- 
vides the minimum error, in the least square sense, between ‘exact" and 'modeled' 
subgrid-scale quantities is evaluated. Defining 


.w 


= Crd-; f 


_.v „ 

9, = c , Ml, 


and {•) as integration over physical space, one then obtains: 
At the traceless tensor level: 
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At tbe solenoiual force level: 

c _ if**!!*! 

' (™t ™*> 

At the scalar level ( = dissipation level): 

j* j* u - _ « r 

a = «**0 t . rf = u*</ t =CrfW» . 


(<** ™ ) 
(m* m*) 


For models with two coefficients. defining 

^ — Cri m*j + * 


the least-square optimization then leads to 


/ (rn hnt u ) (m’ kl nj,) \ /CVi \ __ / \ 

V { fi *M***i) ) \C\-2 / V <^Xl ^I») / 


and similarly for the coefficients at the force and dissipation levels. 

The correlations hetwe»ti ‘exact’ and ‘modeled’ subgrid-scale quantities are de- 
fined in the usual way. 



\ r H r kl ) 


/=• =s. W-. *!>*/• 

\ T kl T kti ( Jkl T kl ) 

'/, = 

\9k 9k ) 


>u - 

(T rf* W ) 



One interesting question is posed when using mixed models instead of the simplest 
models (e.g., using Model 1+3 instead of Model 1 alone or Model 3 alone): by how- 
much can one expect to improve the correlation? Part of the answer lies in the 
following identity: 


, -♦.ii _ inTf + in :) 2 -2»/r ’I?’C 
,,r l-('/«> 2 

where if* stands for the correlation between a snd b. Upper and lower bounds are 
obtained as: 

max((r,D J .(r/ r -) 2 ) < (C + ") 2 < (»»")* + (»/")* - 

The above formulas also hold for correlations at the forc« or energy dissipation lewis 
by replacing q r by r/ f or >fj Tin* best situation occurs when the two terms user! 



A priori testing of sgs models tn the u — p and ~ v formulations 


317 


in the models (a) each correlate well with the exart suhgrkl-srate quantity. and ( 1 ») 
are not highly correlated with each other. This is unfortunately not tin* rax- for all 
models tested in this paper (see results), as well as in other jmpers (e.g.. Lund i: 

Novikov 1992). 

We then go on to consider local optimization of the mot lei's coefficient! s) where 
spatial variation is allowed. Although one usually uses dynamic LES models with 
coefficient(s) that are averaged (and hence uniform) in the directions of flow ho- 
mogeneity (litre all three directions), the present study is justified by the hoj>e 
that some model, in some formulation, might exhibit a better behavior than the 
others in terms of coefficient(s) uniformity In the same spirit, it is lielievod that 
dyuamic models will then have to work less hard. e.g.. require less averaging of the 
coefficient^ ) obtained dynamically. 

The alwive least square optimization is then carried out locally, at the tensor level. 
For models with on** coefficient . the local optimization leads to 

e _ T ll n, kl 

V r — — , — . * - 

Few models with two coefficients, the linear system is solved locally to determine 
CV i and C T > The local optiuiization can be don** only at the tensor level. Indeed, 
the force, lieiag tlie divergence of the sgs tensor. must remain writt«*n in conser- 
vative form (so as to have z«to global integral in the case of isotropic turbulence (. 
Since C T now depends on space, it cannot la* pulled out of a derivative such as 
d ( C r ) }di j , (If one were to relax the constraint that the force la* conservative, 
an optimization at the foice level would, of course, be possible.) 

Correlations an* then computed in the same way as a!x«ve. at all three levels. At 
the r**nsor level, t hey are now artificially much higher than those obtained with uni- 
form C. Since the Cs are optimized locally, their spatial variation is quite high, in- 
cluding r**ghms of negative values. Interesting quantities are evaluated and reported: 
mean, nus ( (C‘) - (C) i ) ' . and normalize*! pdf. the better models exhibiting a 
sharper i».e. smaller rms) pdf which is also more skewed towards jxisitive C 

3. Vorticity-velocity formulation and models investigated 

Consider LES in the vorticity- velocity formulation: 

dz-, d . &> tJ d cfc, 

dt * dr, ~ jU,) * dxj ''dr, dr , * 

with the subgrid-scale antisymmetric tensor define*l as 

*i 7 d = (-7»7 “ ) * P*«j ~ ) = C tJ + R,j + V t) . 

7,; d = Uv*, ~ - *^ 7 «.) = C, } + R,j . 

where 

C,j — “ '**V < *) + u > ~ ^'j w *) • 

Rij — u -' 1 ** 7 _ • 

L \ t = (^,i*7 - ^7«, ) - <^,«7 - ^7«, t = 
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Table 1. Investigation erf the influence of scaling. Model 1, 128 s — 32 s with sharp 
cutoff (♦: value of CV^ 3 ). 


LES in the vorticitv-velocity formulation is a natural choice which requires mod- 
eling only three quantities. Defining 3 t — 7 2J = ~ 7 ji = — 7^*- 

t 3 = 7, 2 = -721- together with =>,, = J 22 = Tjj = 0, one obtains V - 7 = V x $. 
Hence, modeling is already at the ‘vector* level, since modeling 7 is really modeling 
$. Moreover, it is already in the of a solcnoidal 'forcing*, V x /J. For instance, 
the equivalent of the classical Smagorinsky's model is simply: 

Model 1 (eddy- viscosity type): 


V w = - 2t/ f r ‘J 


with 


1 (m t OZA 
r '> 2 \5x, c hj 


which is identical to doing: 

/£> 

V* . w-l /=r= r 


dt 


+ V • (u« - uu) = V x + t/V 2 u . 


Another model investigated is: 
Model 2 (hyper eddy-viscosity type): 


— A 2 V x V 4 uj . 


4. Results and discussion 

The velocity-pressure LES formulation is considered first, with the classical Model 1 
but different scalings. The results are compiled in Table 1 for the case 128 3 — * 32* 
with sharp cutoff 

For models that can produce local negative scaling, ,s. it is always better to restrict 
it to positive values by using |s| ors+ = max(s, 0) better correlations are obtained 
in the case of uniform C. and sharper distribution of C in the case of variable C T 
(smaller ratio ‘rms/mean*, e.g.. 4-6 instead of 15-16) Of the two options. j*j is 
always slightly better than » + . 

For cases with uniform C (optimized at each level), the correlations are different 
at each level, typically i/ r 0.12. /j, s; 0.27, and i\i % 0.33. The choice for the 1/T 
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scaling is found to 1 »*• nninqiortant as it dot's not affect the correlations significantly. 
Since the model represents only a crude estimate of *he sgs stresses, the correlations 
obtained at the tensor level are quite low. Things improve a hit when considering 
correlation at the force level, and even more so at the dissipation level. This is 
to be exjH’Ctetl as one has to work less haul in the modeling effort: 5 degrees of 
freedom versus 3 versus 1. Results in Lund Ac Novikov (1992) and Clark rt ai 
(1979) for isotropic turbulence report i/ r % 0.2 (such correlations are also obtained 
here, as presented at the end of this section'!. Pionielli tt al. ( 1 OSS ) for turbulent 
channel How. anti McMillan A; Ferziger ( 1979! for homogeneous shear How refuting 
i/ r s= 0.1. It: the case of uniform C\ the correlations only measure the alignment" 
between the model and the exact quantities, not the magnitude. Indeed, C' drops 
out of the three equations denning the correlations. In particular, one could use a 

value which is such that the global dissipation obtained with the model. {»/ }. he 

equal to the exact glohai dissipation, id j: C/ — (</ )/{• >*). These values are also 
reported in the tables. 

For cases with variable C' T (optimized locally at the tensor level ), the correlations 
are pretty much the same at all levels. To attaiu correlations in the range 0.7C U.G0. 
the model has to 'work hard': highly varying C T field as seen in the ratio rms/mean 
4-5 and in the normalized pdf of Fig. 3. 

An investigation is also carrier! out to evaluate the relative (Mirticijratimi of the 
two terms C tJ and R t) in in the correlations, see Table 2. As exj>ccted from the 
mathematical definitions of these terms, the model correlates better with C tJ than 
with R tJ . If also correlates better with C + R tJ than with C\ alone 


r' 

j **>j 
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•u 

* no i ves 
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0. IT 1 
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0 :t»7 
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Table 2. Contributions of C, and R tJ to the correlations; Model 1 with scaling (a); 
128^ — 32 1 with sharp cutoff. 


Model 2 is consider'd next. This model is not obtained by taking the curl of 
Mode! 1 (it would if v, were uniform). Nevertheless, since the choice of scaling was 
found to be unimportant with Model 1. which means that very local variation of :u 
are unimportant. Model 2 is expected to ja rforni as Model 1. This is i min'd found 
to be the case. For scaling (a): C 9 — 0.020, C ‘4 = 0.010. = 0.29. i/j — 0.34. 

Model 3 is considered next. The results are rejrortrd in Table 3 and in Fig. 3. 
This model performs significantly Ix'tter than Model 1 at all three levels, and for 
both cast’s of uniform and variable coefficient . In particular, with variable C r . the 
jxlf is sharper (ratio rms/mean of 3.3 instead of 4.4 1 and more skewed to the right. 

Model 1+3 with uniform coefficients does not |»erf<>nii substantially better than 
Model 3 alone l t/.j — 0 344 instead of 0.334). This is due to the fact that S tJ 
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C/C mr „ 

Figure 3. Normalized pdf for Model 1 (• ) and Model 3 ( * ) with scaling (a): 
12S 3 — * 32 3 with sharp cutoff. 
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Table 3. C'ompaiison of Model 3 and Model 1 + 3. Model 4 and Model 1+4. with 
Model 1: scaling (a): 12S' — * 32’ with sharp cutoff. 


and V J S,j are highly correlat'd to each other (relative correlations r/ r = 0.87. 
i] 9 — 0.94. >i 4 — 0.95). It is found that this model corresponds to diffusion with 
the hyperviscosity term (C> > 0) corrected by some antidiffnsion with the viscosity 
term (C| < 0). In the ease with variable coefficients, if is found that C T \ must vary 
a lot in order to bring the correlations to 0.75 0.70: very high ratio of rms/mean 
for Cr|. 

Finally. Model 1+4 is investigated. Model 4 alone jH-rtorms very jroorly: in the 
case of uniform coefficient, the optimization leads r« » a coefficient of different sign 
whether the correlation is formed at the tensor level, or at the force and dissipation 
levels; in the case with variable coefficient . a ratio rius/menu of 12 is obtained. 


































it priori testing of sgs models in the u — p and w — u formulations 321 


Model 1+4 with uniform coefficients does not perform better than Model 1 alone. 
This is in accordance with results in Lund & Novikov (1992). This is due not only 
to the high correlations between the two terms (relative correlations t) T = —0.55, 
tf t = -0.67, r)i — —0.82), but also to the low correlations of Model 4 alone. In that 
respect, Model 1+3 performs significantly better than Model 1+4. In the case with 
variable coefficients, the correlations for Model 1+4 are in the 0.73-0.75 level, with 
not much of an increase in the ratio rms/mean for C T \, and even a decrease in the 
ratio for C r2 . This is in contrast with what was obtained with Model 1+3. 

The case where smooth filters are applied to the DNS data is also investigated. 
In that case, correlations are obtained at the tensor level only. The reason being 
that the filtered data for the r tJ was computed on the original 128 3 grid, but was 
only sampled, for output, on a 32 3 subset of that grid. Since it still contains 
very significant contributions from all original modes, this data cannot be properly 
differentiated to obtain the forces. All possible contributions to the sgs tensor were 
considered and were correlated with Model 1, see Table 4. 
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Table 4. Gaussian filtering of the 128 3 DNS; Model 1 with scaling (a). 

We feel that the cutoff filter is the most appropriate for generating synthetic LES 
fields from DNS data as it completely eliminates the ‘small scale’ information that 
will never be present in a large eddy simulation. In that sense, a priori tests using 
smooth filters such as the Gaussian are of a more academic interest. Indeed, an 
LES simulation would not be able to capture with the 32 s grid the ‘small scale' 
information which is still present after smooth filtering of the 128 3 DNS data. With 
the Gaussian, the filter value at the cutoff wavenumber (i.e., at the edge of the 32 3 
grid) is 0.663 3 — 0.291, which is still very significant. At twice that wavenumber, it 
has dropped to 0.193 3 — 0.0072. It thus can be argued that a 64 3 grid (or so) would 
be needed to correctly capture the important part of the fine grain information left 
after Gaussian filtering. 

Proceeding nevertheless with this study, one finds that the case where Model 1 
is correlated with C tJ + R, } + L* } ' (= r,* ) performs quite well: i) t — 0.26 for the 
case with uniform coefficient, rms/mear of only 2.6 to reach rj T = 0.33 for the 
case with variable coefficient. Similarly * . . The cases L* } ' 

and IC'j 4 L* } ' perform very poorly: veiy iow correlation in the case with uniform 
coefficient, extremely high value of rms/mean in the case with variable coefficient. 
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C/Cmti* 

Figure 4. Normalized jnlf for Model 1 with sealing (a); Gaussian (• ) and top-hat 
(• ) filtering of the 128 3 DNS. 

All other case are such that L‘ tJ ' is not included and perform very poorly, e.g.. the 
case C tJ 4- R tJ (— r* ; ). which has only »; r = 0.084. In conclusion, the correlation 
with r,* is significantly higher than what was obtained with sharp cutoff (q r = 0.26 
instead of 0.12) but the correlation with ¥*j is significantly lower (ij r = 0.084 instead 
of 0.12). Finally, very similar results are obtained when using the top-hat filter 
instead of the Gaussian, see e.g., Fig. 4 for very similar pdf's. 

The scale similarity models. Models B, are considered next, first with sharp cutoff 
filter, then with Gaussian filter. 
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Table 5. Scale similarity models, 128 3 — ♦ 32 3 with sharp cutoff. 


With sharp cutoff. Models B are only compared to r* ; (since L^' cannot be 
captured on the 32 3 grid), see Table 5. It is seen that very low levels of correlations 
are obtained regardless of the Model’s type. This is in accordance with results by 
Meneveau k Lund (1992). Again, one must recall that, in the case of uniform C, 
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the correlation is independent of C. Nevertheless, when C is optimized as usual, one 
obtains a very large difference between C/ and C r . C g . C</. which is also indicative 
of very pixw models. Thus, with sharp cutoff filter. Bardina's type models show 
essentially no correlation with the relevant sgs quantities: trace-free tensor 7*^. 
solenoidal force < 7 *. In fact, if anything, Models Ba and Bb only correlate a little 
when the trace of r tJ is kept ( i) T = 0.13 and 0.11 respectively). 
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Table 6 . Scale similarity models; Gaussian filtering applied to the 128 3 DNS. 


With Gaussian smoothing, things are completely different, see Table 6 . Models B 
are here compared to both r* } and r* } . Model Ba is ‘similar' to r* tJ and correlates 
indeed very well with it: i] T — 0.70 for the case with uniform C, very low rms/mean 
of 0.93 for the case with variable C. Model Bb is ‘similar’ to r,* and correlates 
indeed very well with it: »/ r — 0.70 for the case with uniform C, rms/mean of 
0.90 for the case with variable C. Model Be correlates very poorly with r,* , but 
extremely well with t* } : r) T = 0.92 for the case with uniform C, rms/mean of 0.57 for 
the case with variable C. This is the highest correlation encountered in the course 
of this study. It is consistent with the 0.8 correlation reported in Meneveau A; Lund 
(1992). Model Bd does not perform well, as expected, since it is the remainder of 
some quantity after second filtering. 

Titese impressive results are misleading. Indeed, Gaussian filtering of the DNS 
data produces a synthetic LES field that still contains considerable contributions 
from the small scales. As this small scale information will not be present in an real 
LES. res ults obtained with the sharp cutoff filter are more representative of what 
might be expected from using Bardina's models in LES. 

The vorticity- velocity LES formulation is now considered. The correlation at the 
antisymmetric tensor level. is denoted as C-,, at the ‘forcing’ level as C' 3 . at the 
‘enstrophy dissipation’ level as C 4 . The results obtained with the eddy-viscosity 
model, Model 1 , and with the hyper eddy- viscosity model, Model 2. are presented 
in Table 7. 

The eddy-viscosity model in the vorticity-velocity formulation produces signifi- 
cantly higher correlations than its counterpart in the velocity-pressure formulation: 
in th«' case of uniform coefficient. = 0.19 instead of rj T — 0.12. r / 5 = 0.32 instead 
of 0.29, — 0.46 instead of 0.34; in the case of variable coefficient, >/., ~ 0.71 
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Tabic 7. Vort icitv- velocity formulation; Model 1 and Model 2 * ith scaling (a); 
12S* — * 32 s with sharp cutoff. 


instead of *j r = 0.37. r/, = 0.74 instead of 0.60, i)d — 0.80 instead ti 0.59, with 
essentially the same ratio rms/mean as before, and a pdf which is more skewed 
towards positive C. sec Fig. 5. 

Again, the hy|>er eddy viscosity version of the model performs even better than 
the eddy-viscosity version, see Table 7 and pdf of Fig. 5. 



FlGl r RF. 5. Normalized pdf for Model 1 (a ) and Model 2 (•*• ) with s'aling (a) in 
the vorticity velocity formulation; 128 3 — * 32* with sharp cutoff. 

Moreover, one finds for both models that the coefficients optimized globally are 
close to each other, and that they are also close to the average of the coefficient 
optimized locally. This is also indicative f good candidate models for LES. 

For completeness, the case of smooth filtering of the DNS data is also investigated, 
see Table 8. The Gaussian and top-hat filter produce similar results. The eddy- 
viscosity model in the vorticity- velocity formulation perforins slightly better than 
in the velocity-pressure formulation: in the case of uniform coefficient, = 0.28 
instead of 0.26: in the case of variable coefficient, r?-, = 0.55 instead of 0.33. with 
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Table S. Vortieity-vektcity formulation: Gaussian and lop-hat filtering of tin* 1 2S 1 
DNS: 1 with scaling in). 


a *-:nall~i ratio lins/mean i2.1 instead <rf 2.6l. Again. niicu tin 1 L' tJ term i' not 
included ( i<\. whoa using 5 instead <*f ). the model correlates very |x»irly. 

So far. all correlations havr las -a obtained using the same 12S 1 DNS dataltase in 
forced isotropic turbulence i !t> \ = 9o.S I With sharp cutoff filter, the filtering was 
always done from 1 2 > ' DNS to a 32* synthetic LES field. An investigation i> now 
done i a i using the sane database, hut filtering to a 16 1 svnthetie LES fiehl. and lb) 
filtering the 512 1 DNS database in decaying isotropic turbulence {Rt \ — 63. 5) to 
I s >t h 64 1 ami 32’ synthetic LES fields. Tile regitais of tin- spectra where the cut is 
done are marked in Fig . 1 and 2. Although there is no pun- 1 'inertial range’ in 
this 312 1 computation at such r - a. *her« v is 'almost' an inertial range, tin- 64 5 cut 
Iteiug to the far right of it. and tin* 32* cut Ix-ing within it. With tin' 12S 1 dataiwise. 
tin- 32’ cut is als.i to the far right of the inertial range' (actually probably more 
at the Ix-ginning of the dissipation range'), and the 16 1 cut is within the inertial 
range. Results of this investigation done in the velocity pressure formulation are 
rejtorted in Table 9 and in Fig. C. The results corres|KHidmg to the vorticity- velocity 
formulation are presented in Table 10. 
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Table 9 Investigation of different databases and of different cut locations in each 
database, velocity- pressure formulation; Model 1 with scaling (a;; sharp cutoff. 


V."e concentrate on correlations obtained with uniform coefficients. When con- 
sidering tiiffere.it cuts within the same database, one finds that the cut within the 
inertial range produces higher corrclat ions than the cut to die far right of that 
range. We don't see any obvious reason at this time why this should lx- the case. 
Nevertheless, rfiis finding holds for lx»t!i databases investigated and for both formu- 
late His. 

Notice that the sujierior performance of the vortieity-velocitv formulation over 
the velocity -pressure formulation is not as marked in the 512 1 runs as it is in the 
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Table 10. Invalidation of different databases and of different cut locations iu each 
database: vortieity velocity formulation: Mode! 1 with sealing (a): sharp cutoff 



C/C mrtK 

FlC.l RK 0. Normalized pdf for Model 1 with sealine (a) in the velocity-pressure 
formulation. 12S* — 32' if i. 128 s - 16 3 t* i. 312’ - 04 1 (a i. 512 1 32* •• ) 

with sharp cutoff. 

128 1 runs. In particular. the 512 3 — » 32' eases are very eotuparabh- when C is 
uniform t still slightly Utter when C is allowed to vary ... 

5. Conclusions 

A few coivliisit us can 1*- made from the investigations ilom- using the sharp cutoff 
filter to produce the synthetic J.ES fields from tlie DNS databases. T?ie choice for 
the 1 /T scaling in the eddy-viscosity is found to la- unimportant as it does not 
significantly aff«-ct the correlations between modeled and exact sgs quantities at any 
of the three levels, trace -free tensor, solenonlal forcing, dissipation. It is found that 
the hvjter eddy -viscosity model yields higher correlations than the eddy- viscosity 
model in I iot h tin velocity pressure and the vorticity velocity formulations. It thus 
appears as a good candidate for real LES aud should Ik- tested auiwrically. Scale 
similarity models exhibit essentially no correlation with the exact sgs quantities 
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wii^ti the sharp eutotf filter is used. The correlations obtained with simple LES 
mutiels iu the voriieitj-retority (onnulatkm are higher than those obtained with 
tin* conntet (tart models in tin velocity- pressure fonnulatiou. This suggests that the 
wirtieity-wkicity formulation might be a good candidate tor real LES. with reduc'd 
sgs ntiKieiing ern'T. It certainly appears as a natural choice. It should al^i lie toinl 
numerically iu real LES. 

Some conclusions arc alst» reached from the investigations done using the Gaits 
siau anil lop-hat filters in onfer to produce the synthetic LES fields. It is found 
that the £.*, eout ribution is essential in order to produce significant correlations 
The correlations are then artificially higher than those obtained with sharp cutoff. 
Indeed. the filtered field still contains significant small-scale information that would 
not lie available iu a real LES. In particular, some scale similarity models exhilwt 
remarkably high correlations when smooth filters are used 

FinalU . it is found that the level of obtained eorrelatkm is quite sensitive to flic 
datalmse invest igat< d. and to tlie location of the spectral 'cut' used to pcudtwv the 
syiitlietie LES field. If anything, our invest :gat» >n shows that one must e*ert ise can- 
non winui comparing romlatiMis reported by different authors and sben working 
with different tlataliases and with different models or formulations. 
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LES on unstructured deforming meshes: 
towards reciprocating IC engines 

By D. C. Haworth 1 AND K. Jansen 2 


A variable explicit /implicit eharacteristics-based advection scheiue that is sceond- 
order accurate in space and time has been developed recently for unstructun'd 
deforming meshes (O'Rourke 4: Sahota 1996a) To explore the suitability of this 
methodology for large-eddy simulation (LES). three subgnd-scale turbulence mod- 
els have been implemented in the CHAD CFD code (O'Rourke A: Sahota 1996b): 
a cor st ant -coefficient Smagorinskv model, a dynamic Smagorinskv model for flows 
having one or more directions erf statistical homoget<eiiy, and a Lagrangian dynamic 
Smagorinskv model for flows having no spatial or temporal homogeneity ( Meneveau 
rt ml. 19961. Computations have been made for three canonical flows, progressing 
towards tin- iutended application of in-cylinder flow in a reciprocating engine. Grid 
si/es were select#-*! to b#‘ comparable to the coarsest meshes used in earlier sj»eetral 
LES studies. Quantitative results are reported for decaying homogeneous isotropic 
turbulence, for linear < non - solenoidal ) strain of homogeneous isotropic turbulence, 
and for a planar channel flow. Computations are compared to experimental mea 
surenw-nts. to direct -numerical simulation (DNS ) data, and to rapid- distort ion the 
orv (RDT l wh#T** appropriate. Generally satisfactory' evolution <rf first an«i s#-#-on*l 
moments is found on these coarse meshes; deviations are attributed to insufficient 
mesh resolution. Issues include mesh resolution and computational requirements 
for a sjiecified level of accuracy, analytic characterization of the filtering implied by 
the numerical method, wall treatment, and inflow boundary conditions. To resolve 
these issues, finer-mesh simulations and computations of a simplified axisyinnu-tric 
reciprocating piston-cylinder assembly are in progress. 


I. Introduction 

C«Hit«-in|K>rar- three-dimensional time-dependent models for flow and combustion 
in reciprocating IC engines are based on solutions to Reynolds-averaged governing 
equations ( BANS' based modeling; Atnsden et mi 1989, Haworth et ml. 1990). In 
BANS, the local instantaneous value of a computed dependent variahie represents 
an ensemble- or phase-average over many engine cycles at a specified spatial loca- 
tion and crank phasing. In general, two-equation (k — f ) closures have lai n used 
to model turbulent transport, with standard equilibrium wall functions. Shortcom- 
ings of RAXS models have lx-en documented by several generations of turbulence 


1 GM R&D Omer 

2 ( VnDT for Turlmlt rirr Rrsrirrli. currently At Hefis^acr Polytechnic Institnti 
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rese-arche-rs. Disfii^iim erf engiue’-site-cifie- issues can 1m- found in tin- re-views by El 
Taluy A: Haworth <1092. 19%). 

An alternative to R ANS is large eddy simulatk»n t LES t. Here the governing equa- 
tions are spatially Hltereii rather than ensemble averaged. Explicit account is taken 
of flow structures larger than the filter width, which is ou the order of tlie tnesh 
s|»cing. while the influence of unre-solved scales is modeled using a suhgriel -scale 
(SGS) iimmIcI Because statisti«-s of small-seale- turbulence are exj»ect<d to i** more 
universal than those- of the large scales. LES offers the promise of wiele-r ge-m-rality 
and reduced modeling uncertainty. 

LES is |»articularly appealing for IC engine abdications. Turbulence moele-I for 
mulation and calibration traditionally have been earned out in statistically station- 
ary and/or liemioge-m-ems flows for simple geometric configurations. To bring these 
models to la-ar in a phase-averaged formulation iiuplie-s ait equivalence l>etw»eu 
ensemble- and spatial or teni|M»ral- averages (e-rgoelicity ) that has been demon- 
strated n«-itlu-r exiM-rimentally nor analytically. Use of conventi<Htal moele-ls also 
deutands a reasonable ek-gre-e of cetmmouahty in turbulence- structure- betwi-em the 
Iteue'hmark flow and tin- engine. While universality has he-eu argueel in the- limit 
of fully- dove-loped high-Roynolds number brejael-inertial-rauge turbulence, it is du- 
bious for the low Re-ynedds ntintlxTs (Se-ctiou 4) ami complex fhre-e-diiuensioual 
transient Aims that characterize the- «-ngiiie-. 

The same- tiiode-ratr Re-ymdels limn tiers that make- 1C engine flow proble-matic 
for RANS re-nele-r it an ap]M-aiing camlielate for LES. It has !>e*e*n e-stimated that 
grtd-imie|»e'?!d*iit i to a 10* { 2UV< l«-.-e-l| RANS cemiputations of iu-cylineler flow ami 
combustion re-quire- at le-ast 100 1 im-di points using se-e-oml-oide-retr higher nitine-rical 
im-tlieMls This corres|M>mls to sub-niilliin-.-teT nie-sh spacings in a typical automotive 
1C engine-, and is nett far be-yonel current practice <tf 250.000 te> 500.000 uexle-s. This 
mesh density shoulel stiffice- to capture large-- and intermediate- scale* fletw struct ur-.-s. 
Thus for IC etigiiK-s. LES mesli requirements ate- ex|K-eted to lie comparable to 
thetse- of RANS. 

LES alset premise's more elire*ct access to physical priM-e-sse-s. Cycle’- tit- cycle vari- 
ability in fletw ami combustion is out- phenomenon that has pretven elusive- 1* t ensemble 
mean moele-Iing ami analysis. Th«- irsult has Ixvn a uumlte-r erf large-ly ael hoc 
at tempts fit distinguish auietng ’tne-au.' ‘turbule nce.' an<l 'cyclic variability' rctnijMt- 
nents of th<- flow i El Tahry &: Haworth 1992). This eli-tim'tiem Ims-ohh-s metot in a 
sjtat ially - filter e-e 1 fe trmulat ion. 

A drawlrark of LES is that substantially more computational e-ffort may Ite re 
quire-el cenupaie-ei tet RANS. In the engine, for example . accuimilating ensemble-- im-aii 
statistics via LES requites computations through multiple- engine cycle-s. Other is- 
suer include geotue-tric « omplexity ; moving piston ami valves) and the re-lative-ly 
immature state of LES for modeling complex engim-e-riug flows. It i- the- pur|M*se- 
of the present research te> aelvatie-e- LES on se-ve-ral of these fronts. First, we- seek 
te» establish tin- limitations ami re-sointion requirements <rf a particular imim rie-al 
niethetelology (Se-e tton 2 ). Se e ottd. we implement ami evaluate the pe-rformance of 
state-of-the-art subgrid- scale turbulence mode ls on unstructured deforming meshe-s 
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(Sertiou 3). And third, we consider several other physical modeling issues that 
arise in engines, including treatment of solid walls and inflow/outfiow boundaries 
(Section 4). 


2. Numerical methodology 

The high-order finite difference schemes and spectral methods that traditionally 
have l>een used for DNS and LES are not suited to complex geometric configurations 
with moving l»oundaries. On the other hand, the first -order time, second-order siwtce 
discretizations typically employed for engineering RANS computations ( Amsden rt 
al. 19S'J. Haworth rt mi 1990) are overly dissipative for LES. Here we require loth 
that the numerical methodology be compatible with the intended application of 
in-cylinder flow and combustion, and that it be sufficiently accurate U‘ T meaningful 
large-eddy simulation. 

A novel discretization scheme called NO- UTOPIA f NOd e-Centered Unstructured 
TOi x.logv. Parallel Implicit Advev tion ) has been developed recently by O'Rourke 
k Sahota (1996a, 19%b). NO-UTOPIA is a variable explicit /implicit advection 
scheme that differences along characteristic directions to yield formal second-order 
accuracy iu space and time, provided that the material-speed Courant number is 
less than unity. It has been implemented using node-centered variables and an 
rxlgr-ltased data structure, allowing fully unstructured meshes. 

For the present study, the equations solved are those of conservation of mass, 
momentum, and enthalpy; the equation of state is that of an ideal gas with con 
stant sjjecific heats. Computations are compressible, although the Mach number 
is small for all cases considered here. To accommodate arbitrary mesh deforma- 
tion. advective terms in the governing equations are written using velocities relative 
to the moving grid. A pressure- based iterative solution procedure pattern'd after 
SIMPLE is used. 

The momentum equation for a control volume is obtained by integrating the 
Xavier- Stokes equations over an arbitrary volume V with bounding surface 5 that 
is moving with velocity c. Density, Cartesian velocity components, and pressure 
are denoted by p. u and p, respectively; the (constant) laminar viscosity is pt 
Adopting Cartesian tensor notation with summation over repeated lower-case Ro- 
man indices, the tnometitum equation has the form. 


dt 



+ 


L 


pu,(uj - Vj)dAj = - 



ri-ir 



di 


Here y, is a IkkIv force per unit mass. The effective stiess r t Hj, is the sum of a 
viscous or laminar stress ft Jt and the subgrid scale stress r$ csji. 


jt - n, ji 1 ^scs ji 


<v 

with rij, = 2pl S,, - 


( 2 ) 


Here S Jt is the rate of- strain tensor. Sjt = (jj^- -t- &)/-* ami f'j, is Kmnecker's 
delta. No supplementary turbulence model transport equations are carried for the 
suhgrid-scale models considered here (Section 3). 
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Care is needed in the specification of initial conditions. For each flow, we select 
a reference velocity and length t'o and L a (Section 4). Fluid properties = c f /c v 
(ratio of specific heats) and J? (specific gas constant) are set to nominal values for 
air. The Mach number based on l'o is A/„ = I'o/co where c a = ->/fT u is the square 
of the reference sound speed and To the reference temperature. Reference density 
and pressure are po and /%, respectively. Laminar viscosity pi is set to match the 
desired reference Reynolds number Rfo ■ Remaining reference quantities and fluid 
properties are specified as: 

*> — 1.4 . R — 28S.291 J/kg - K . A /« = 0.1 . 

Po — 10 , po — (iM £ ) _1 . pl — poVoLofttQ 1 . 

Initial nodal velocities and pressures are prescribed, and nodal temperatures are set 
such that the initial entropy is uniform. T — T®(p/p..>) <7_,, /'^ 

3. Subgrid-scale models 

The three models considered are of the Smagorinsky type. Here the influence of 
unresolved (subgrid-scale) motions on the resolved scales is treated as an additional 
viscosity, so that r S( ; S } , has a fbiui identical to that of r\, Jt , 

dm 

fscis jt = 2psosSj> - 2psgs^*j./3 . (4) 

The subgrid-scale viscosity psGS is taken to be projxirtional to a norm of the local 
rat e-of- strain |S| and to a filter width A, 

Psgs = ( >C,A J |S| . with |S| s 2(5 IJ 5 U ) ,/1 . (5) 

The single model coefficient is C,. It is the specification of C, and A that distin- 
guishes the three models. 

S. 1 Constant- coefficient Smago rtnsky model 

The simplest model results from taking C, to be a constant and A to be equal 
to the mesh spacing. To accommodate non-uniform mesh spacing. A in Eq. (5) »-s 
specified as. 

A = V' ,/3 . (6) 

where V is the volume associated with a computational element. 

Calibration with respect to benchmark turbulent flows has led modelers to a<k>pt 
different values of C t For homogeneous isotropic decaying turbulence, the value 
C, = 0.17 2 is found to result in a good match with the measurements of Comte 
Bellot A: Corrsin ( 1971 ) (Section 4.1 ). For planar channel flow, a value of C, = 0.1 2 
yields better agreement with measurements and DNS data (Section 4.3). The non- 
universality of C, motivates the need for a more general model. 
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S.S Dynamic Smagortnsky model 

Germane tt al. (1991) proposed an approach for equating subgrid-scale model 
r»H-tficients from information contained in the resolved fields. Two filter widths are 
introduced, A and A, where A > A. Dependent variables filtered at scale A are 
denoted by the overbar notation () while the hat notation () denotes filtering at 
the larger scale. Formally, the first filter corresponds to an explicit filtering of the 
governing equations at the scale A. In practice, the first filter is implicit in the 
numerical method. That is, the quantity u,{x,t) denotes the computed velocity 
delivered by the numerical method at position x and time t. 

The second filter, or “test filter,’ corresponds to a hypothetical second filtering at 
a larger scale. Thus u,(r, t) represents the LES-comput.ed velocity field filtered at 

scale A. Stress tensors r Jt and T }1 represent the subgrid-scale stresses for the two 
filter widths, respectively: t } , = pxijU, - pu jU, , and T„ = pu } u, — pUjU,. Here the 
fluid density p can vary in time, but is nearly uniform in space (low Mach number). 
Filtering r Jt through the second filter yields the quantity f Jt = pu } u, — pUjii,. Then 
subtracting r } , from T }% yields a second-order tensor L t ,, which can be thought of 
as the stresses resulting from turbulent motions at scales intermediate between d. 

and A: 

Eji — Tjt - ptij u, pUjti, . ( t ) 

Equation (7) is the Germano identity. 

In the Sinagorinsky model, subgrid-scale stresses at both scales are modeled con- 
sistently as, 

r )t = 2pC,A*|S|S> t , and T } , = 2pC,A |f|5 Jt . IS) 

Equation (8) is substituted into Eq. (7) to yield. 



Under the assumption that C, and A are constants with respect to the second (test ) 
filtering operation, 

L } > = 2pC,A 2 ( {i/A) 2 |f |f„ - jfj^, ) = -2pC.A 2 \l„ . (10) 

Equation (10) defines the second-order tensor M Jt which, like L Jt , is directly <~om 

putable from the LES resolved velocity field. 

— 2 

The quantity C,A is chosen in a manner that minimizes the error in satisfying 

Eq. (10), t }l = L } , + 2C',A 2 A/j, . Here we follow Lilly (1992) in minimizing this 

2 

error in a least-squares sense with the constraint that C,A does not vary over 
homogeneous directions to yield, 


f A 2 - 

* ~ 2(M k ,M k ,) ' 


(ID 
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The angled brackets ( ) represent an average over homogeneous directions. 

The dynamic model offers several advantages compared to the constant-coefficient 
model. Subgrid-scale viscosity increases locally in areas of low grid resolution in 
response to the high energy found between the two filter scales (large Lji). And, 
pscs decreases to zero in case all scales of motion are fully resolved locally (L Jt — * 0). 
A second advantage of the model as formulated here is that the filter width itself 

A need not be explicitly specified. It is the ratio of the filter widths A/ A that 
appears in M, t (Eq 10). It is expected that the ratio of filter widths should be 
more uniform than the filter width itself on nonuniform deforming meshes. 

A fundamental limitation of ihe model as outlined here is that it requires at least 
one direction of statistical homogeneity. We therefore consider a third variant of 
the Sm igorinsky model that addresses this shortcoming. 


S3 Lagmngian dynamic Smagorinsky model 


Meneveau et al. (1996) proposed to accumulate the averages required in the 
dynamic model over flow pathlines rather than over directions of statistical homo- 
geneity. in this case, the error incurred by substituting the Smagorinsky model 
(Eq. 8) into the Germano identity (Eq. 7) is minimized along fluid-particle trajec- 
tories. The error to be minimized is the accumulated local squared error E along 
the pathline followed bv the fluid particle that is located at position i at time t: 
E= where z(f') = x-f' l(i(t" ),f")d<" is 

the trajectory followed by the fluid particle at times t' < t. The quantity W r (t - f') 
is a weighting function that determines the relative importance of past events, and 

the error t, } is the difference between left- and right-hanu sides of Eq. (10). As 

— 2 

in the previous formulation (Section 3.2), it is assumed that C,A does not •.•ary 

—2 

strongly over the scale of the test filter. Then the value of C^A that minimizes the 
error E is. 


^ —2 Ilm 

V “ T 

1mm 


( 12 ) 


where. 


Ilk #(£,*) 


Imm(lJ) 






t' )H'(t - t’)dt' . 


(13) 


An expedient choice of weighting function is one that decays exponentially back- 
wards in time. W(f - t') = r _, exp(-(< - t f )/TJ, T being a memory or lelaxation 
time scale. This choice allows the integral quantities Ilm and Zm m to be expressed 
as solutions to transport-relaxation equations. Meneveau et al. ( 1996) observed 
that high numerical accuracy is not needed in the solutions of these equations, and 
adopted the expedient of updating nodal values of Ii\t and I mm by interpolating 
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from surrounding nodes at the upstream position: 

whete (i = (Af/T")/(1 + At/T n ). Here superscript n + 1 denotes quantities eval- 
uated at the current time, superscript n quantities at the previous time, and At is 
the computational time step. Trilinear interpolation is used to evaluate quantities 
at the upstrei.m position s - uAf from computed values at. the surrounding nodes. 

We adopt the relaxation time T selected by Mcneveau et at. (1990). 

r = 0A{ (2A a fhuTuK, ]- 1/8 , (lo) 

where the value of the model coefficient is 0 = 1.5. This choice for T tends to reduce 
the memory time in regions of high strain (large M t} M t} ) and in regions of large 
nonlinear energy transfer (large ). The memory time increases to reach back 

further in time along the particle s trajectory in case L t} M,j remains negative over 
a persistent period. Negative L tJ M, } might otherwise result in negative subgrid- 
scale viscosity, implying energy transfer from small to large scales and numerical 
instability. 

4. Flow configurations 

In a reciprocating engine, all flow velocities scale with the mean piston speed, 
which is pro}>ortional to the crankshaft rotational speed; length scales are inde- 
pendent of engine speed. Thus the mean-flow’ Reynolds number Ret, (based on 
bore diameter and mean piston speed) and the turbulence Reynolds number R< t 
.based on turbulence intensity and integral length scale) increase in proportion to 
engine speed. At 2.000 r/min. these are estimated to be f?c» as 36, 000 and Rt ; 
1.000. respectively. In-cylinder turbulence, particularly at low engine speeds, is a 
low- to- moderate Reynolds number phenomenon. 

The number of turbulence ‘eddy-turnover’ times available for the decay of induction- 
generated turbulence in the engine is estimated to be greater than ten. Induction 
generated turbulence has largely decayed by the time of ignition: it is the breakdown 
of the large-scale induction-generated flow’ structure that has the major influence on 
near-TDC turbulence r.ud flame propagation. During compression and expansion, 
the iu-cylinder flow is subjected to linear mean strains. The mean strain due to 
piston motion is slow compared to turbulence time scales, but persists for a large 
number of eddy-turnover times. These observations guide our choice of test cases 
for LES. 

4-1 Decay of homogeneous isotropic turbulence 

This canonical configuration is of relevance to the engine by virtue of the long 
times available for turbulence decay between intake-valve closure and ignition. 
Benchmark measurements were reported by Comte-Bellot & Corrsin (1971). There 


- max( 0 . n[Z 0 A/ u ]" + 1 (£ ) + (1 - a)J" M (x - « n A<) ) . and 

v > (14) 

- a[M,j\f, } ] n+l (x) 4 ;i -a)I\ n MM (x- u n At) . 
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the temporal decay of homogeneous isotropic turbulence was approximated by grid- 
generated turbulence in a wind tunnel. 

Here we compare computed turbulence kinetic energy decay k = (u,u,)/2 and 
three-dimensional energy' spectra to the experimental data of Comte- Bellot & Corrsin 
( 1971 ). Turbulence was generated using a grid spacing of M = 5.08 cm in a uni- 
form mean flow of velocity Uao — 10 m/s, yielding a Reynolds number of U x Mju 
= 34.000. Data were reported at three downstream stations: V x t/M = 4?. 98. and 
171. 

Computations are done on triply-periodio uniform cubic meshes of length 2ir along 
each edge. Scaling!' are such that the edge of the computational box 2n corresponds 
to a physical length of 0.55 m, and the computational reference velocity U 0 = 1.0 
corresponds to the physical velocity U x — 10.0 m/s. Other scalings and parameters 
are summarized in Eq. (3). 

The initial velocity field is prescribed by a procedur lar to that used for 
incompressible spectral simulations. We begin with a superpt, tion of Fourier modes 
having a prescribed energy spectrum but random phases; this is projected onto 
the divergence-free space. The resulting field represents the flow upstream of the 
first measurement station. It is advanced in time over several turbulence eddy 
turnover times to adjust to compressibility and to build phase coherence. The 
process is repeated with different initial fields until a satisfactory match is obtained 
betw’een the computed and measured energy spectrum at the first measurement 
station U x t/.\f = 42. 

Comparisons between model and measurement are made on the basis of filtered 
quantities. Energy spectra are filtered based on our limited understanding of the 
nature of the filtering implied by the numerical method. We assume that () corre- 
sponds to a top-hat filter in physical space at the mesh spacing with trapezoidal-rule 
integration. 

Initial computations are for a mesh of 32 3 nodes. This has been the tradition, 
starting point for new numerical methodologies in LES. but is marginal for resolving 
the physics of the flow. At the initial measurement station U x t/M = 42, the 
computational box edge corresponds to between ten and twenty integral length 
scales of the turbulence: fewer than three mesh points span an integral scale. By 
the final measurement station U x tjM = 171, the turbulence integral scale has 
roughly doubled. The computational time step is prescribed such that materia] 
Courant numbers are less than unity. 

4.2 Linear strain of initially isotropic turbulence 

Homogeneous strain of initially homogeneous isotropic turbulence has been a 
second canonical configuration for analysis, modeling, and experiment. Here we 
consider the linear expansion and the linear compression for their particular rele- 
vance to the IC engine. Results are compared to rapid-distortion theory (RDT). 
a linearized theory of turbulence that is appropriate in the limit where the mean 
strain rate is large compared to an inverse turbulence eddy turnover time (Kassinos 
i: Reynolds 1994). Although IC engines appear to be far from the RDT limit, this 
nonetheless provides a sound basis for model evaluation. This configuration also 
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exercises the code's mesh deformation capability. 

The behavior that we seek to capture is the distribution of energy among the three 
normal stress components. We monitor the evolution of the normalized anisotropy 
tensor h,, as a function of the total strain C*. 


b, } = (M i « J )/(u/u/) - 6, j/3 , C* = exp[ j \S m \dt ] . (16) 

Here 5* is the dominant eigenvalue of the modified rate-of-strain tensor S* } . where 
S'j - S t j - Sii6, } / 3. In the absence of mean rotation, the evolution of b tJ {C * ) 
in the RDT limit for a non-solenoidal mean strain S t) is the same as the evolu- 
tion of b l} (C *) for the corresponding divergence-free rate-of-strain S' } (Kassinos Ac 
Reynolds 1994). 

The linear expansion is the superposition of spherical (isotropic) expansion and 
irrotational axisymmetric contraction. Experiments (see Kassinos & Reynolds 1994 
for references) show that the anisotropy b, } depends weakly on the magnitude of the 
mean rate of strain. Thus even for slow linear expansions, the evolution of W) 
is exj>ected to be similar to that predicted by RDT. The linear compression is the 
superposition of spherical compression and irrotational axisymmetric expansion. In 
this case, experiments reveal that stronger anisotropy develops at slower mean rates 
of strain. 

Initial meshes and velocity fields are the same as those for decaying turbulence 
simulations ( Section 4. 1 ). The mean strain rate is imposed by deforming the domain 
in a manner that maintains a constant rate-of-strain Sj 3 along the coordinat' 
direction. The mesh deformation rate varies linearly from zero at jj = 0 to S*yL 
at .rj = Li{t). yielding exponential expansion or contraction of the mesh with tune. 
= Z. 3 ( 0 ) • exp[5 3 .i<]. 

4-S Planar channel flow 

The planar channel flow adds the complexity of walls and a single statistically 
nonhomogeneous direction. Computations are performed on a rectangular prism of 
dimension L\ (streamwise) by L 2 (normal to the wall) by £ 3 . Relevant dimensionless 
parameters are Reynolds numbers based on the wall friction velocity u r , and on the 
bulk velocity: Rt r = u T 6/v, and Res = Ub6/v where Ub — J^’(ui(.T 2 ))dT 2 /L 2 , 
and b is the channel half- width. Here angled brackets ( } denote averages over 
planes parallel to walls. 

Results are computed for a low Reynolds number of Rf r = 180 (Rcb * 2.800). 
The computational domain is 4ir 6 by 2b by 4 tt< 5/3. The initial mesh of 33 x Go 
x 33 nodes is comparable to that adopted by earlier researchers for this Reynolds 
number. although higher-order numerical methods have been us 1 in most previous 
work (e.g., Piomelli 1993). Mesh spacing is uniform in ij and ,r 3 and follows a 
tauii distribution in x 2 . Grid spacing varies from a minimum of Ay + = 0.87 at the 
wall to a maximum of Ay + = 11.7 at the channel centerline, where the + notation 
denotes standard wall-units scaling (y + = yv T jv). Computations are periodic in .ri 
and .r 3 , with no-slip boundaries at *2 = 0 and x 2 = L 2 . 
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Fl«a RI. 1. Decav of fiben-d itirimti-iuv kinetic energy for homogeneous isotropic 
tlecayiug turbulence. Filter corresjrouds to a top-hat in physical space on a 32* 
uniform mesh with trapezoidal-rule integration. Syiul«»ls arc measurements of 

Comte-Rellm V' Corr-m s 1971 1: o . Lines are computation-- no subgrid-scale 

motlel: constant c. .efficient Siuagot insky model with C, — 0.17*: dy 

nailin' Sinagoriiiskv ni««U-h 

Periodicity in the st teamwise (hrection is maint anted by imposing a streamwise 
IkkIv foice yi tE<j. 1 * consis'ent with the <h-sir<‘<! I{< .. A gl. >1 »al force balance in the 
f \ tliai-tk«i yields. 

</i - '2L 2 ' l {i-'Ri T /t > '~ . ( 17i 

Fluid viscosity is set to maintain tin* desired bulk Reynolds numlier Rt /*. Velocity 
an<l length scales arc f = t/« and L u = i': remaining parameters are set accord- 
ing to E«|. <3}. The How is allowed to develop for a!»oti; 20 flow-through times 
^-i 51 20 ( l =; l.jl. Profiles of mean velocity. Reynolds stresses, anti 

other sta. tics as functions of r • then are accumulated by averaging over planes, 
parallel to .vails and ovei time mint avet aging times of at least t txtL n T /f> - .j 
Computed results are compared to DNS results of Kim it al. (l9S7i at the same 

R’r 

4 4 ATtff/mmrthf pnton-r.yhndi r ox. rnbly 

The target configuration for establishing the feasibility of in -cylinder LES is the 
siiuphfitd piston-cylinder assembly of Morse rt al. t'197Si. There How enters a 
pancake (Hat head and piston) chamber through a cet ral pipe of insitle diameter 
IS. 75 mm and length l.S in. The piston is driven in simple harmonic motion at a 
speed of 200 r/mitt through a 60 mm stroke; there is no compression. Bore diame- 
ter is 75-miii bore, and iop-dead-center clearance height i» ‘*9 mm. Laser lh»j>pler 
aneinoniet ry has been hm <| to obtain ensemble mean i phase- averaged i radial pro- 
files of mean amt ruts axial velocity at 10 mm axial increments starting at the 
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FlGl rf. 2. Evolution of filtered three-dimensional energy spectra for homogeneous 
isotropic decaying turbulence. The filter is a top-hat of width 2x/16 in physical 
space with trajiezoidal-rule integration. Symbols are experimental measurements of 
Comte-Bellot Ac Corrsin (1971): • V^t/M = 42: « = 98: ♦ V x t/M = 171. 

Lines arc computations tor the constant -coefficient Smagorinsky model with C, — 
0.17 2 on 32* meshes: U*>tfM =42; V^t/M = 88: — — l '»f/Af = 171. 

head for crank positions of 36°. 90°. 144°. and 270 c after top-dead-center. This 
How can lie thought of as an extension of the classic statistically stationary sudden 
expansion /contract ion to a statistically periodic case. 

Several pieces of information are sought from these computations. First, w 
can evaluate the performance of subgrid-scale turbulence models in a configuration 
approaching that of an engine on a deforming unstructured mesh. Second, we will 
build experience with explicit phase- (ensemble-) averaging compared to spatial 
filtering and traditional RANS modeling. Third, we can establish mesh resolution 
requirements, particularly in the vicinity of walls. This includes a determina.ion of 
the n<fd for explicit wall models beyond that provided by the subgrid-scalc model 
And (mirth, we will explore the nature of inflow forcing required to generate realistic 
in cylinder flow variability. 

5. Results 

All displayed results represent the resolved motion delivered by the numerical 
method in combination with th" specified subgrid-scale model. These are the ()- 
filtered quantities as defined in Section 3. No attempt has been made to add explicit 
subgrid-scale contributions to the stresses. 

5.1 Decay of homogeneous tsoiroptc. turbulence. 

The eff<-< t of filtering on the fraction of resolved turbulence kinetic energy in the 
experiments of Comte-Bellot A; Corrsin ( 1971 ) has been computed. For the filtering 
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Figi RE 3. Evolution of thr normalized anisotropy tensor b, t as a function of 
total strain C* for the linear expansion. Open symbols are RDT results (Kassinos 
A: Reynolds 19S4): c RDT. Aji; o RDT. Ajj; o RDT. bj 3 . Lines are computations 
for the constant coefficient Smagorinsky model with C, = 0.17 2 on 32 1 meshes: 

3 Sn-k/f % 4. h u . Sjj k/( s = 4. bn. S 33 */« * 4, kjj: 5j S 

k/r 6 - in: S 33 kft Si 8, bj 2 . ■ H -* M S 33 • kft =s 8 , 633 . (Results for the 

lower rat e-of-st rain Sjj are indistinguishable from those at the higher S«.) 

assumed to be closest to our numerical method (top- hat filter with trapezoidal - 
rule integration) only about 45% of the energy is resolved at the first measurement 
station on the 32' mesh. 

The decay of filtered turbulence kinetic energy versus tune for the 32 s mesh is dis- 
played in Figure 1 . With no cubgrid- scale model, there already is substantial decay 
resulting mainly from numerical dissipation. Constant -coefficient Smagorinsky adds 
sufficient additional dissipation to yield good agreement with measurements, using 
the standard value of the model coefficient 'C, - 0.17 2 ). The dynamic Smagorinsky 
model yields similar results, returning a value of C, =s 0.16 2 , close to the standard 
value. 

Filtered three dimensional energy spectra are plotted in Figure 2. There is a 
pile-up of energy at wave numbers just beyond the peak of the spectrum in the 
computations. Thus while we are able to match the energy decay rate on this coarse 
mesh, the dynamics of the system are not fully captured This is not surprising in 
a computation where less than half of the energy is resolved. 

5.2 Linear .dram of initially isotropic turbulence 

Evolution of the normalized anisotropy tensor as r. function of total strain is giver, 
in Figs. 3 and 4. Results are presented for two different values of Sjj k/( to show 
the influence of mean rat e-of-st rain. All numerical results are for a 32 3 mesh using 
the constant-coefficient Smagorinsky model (C, = 9.17 2 ). RDT data are shown for 
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C* 

Fioi rl 4. Evolution of the normalized anisotropy tensor i i; as a function of total 
strain C“ for the linear compression. Open symbols are RDT results (Kassinos & 
'Reynolds 19941: o RDT, RDT. 4*2; ° RDT, 6 jj. Lines are computations 

Tor the constant coefficient Smagorinsky model with C, = 0.17 2 on 32* meshes: 

5j j - Iff * -4. 6 m ; Sy i_ k/t ss -4, k/f % -4, kjj: 

S-m • k/f ~ —8, 4 ji : Sii • k /e ~ —8, kji • Milt Sa ■ k/f as —8, 633 


comparison. 

For the linear expansion, computations are in good quantitative agreement with 
RDT and are insensitive to the applied mean rate-of-strain (Fig. 3). This is consis- 
tent with experimental trends reviewed by Kassinos t Reynolds (1994). 

Results for the linear compression warrant further discussion (Fig. 4). In this 
case computed results are closer to RDT for tue slower mean rate-of-strain. and the 
degree of anisotropy increases with increasing mean rate-of-strain. This is contrary 
to experimental trends, which show increasing anisotropy at slower rates of strain 
( Kassinos 4; Reynolds 1994). 

The Reynolds-averaged turbulence stress transport equation for liomogeneous 
turbulence subjected to a uniform mean strain rate is derived by standard proce- 
dures. 


— J, — - -fM-azr + T " + r; ' ~ ' 


(18) 


The prime notation emphasizes that there is non-zero mean flow, 5^ = u, - (»,). 
Here the first two terms on the nght-hand side represent the rate of production. 
T kl and f' kl are the ’rapid' and ‘slow’ pressure-rates-of-strain, respertively, and f kt 
is the viscous dissipation. In the limit of rapid distortion. e*i and T k , are negligible. 

For the present linear mean strains. d{u,)/dx } = SvrAjOyj. Thus all turbulence 
production goes directly into (u'j 2 ) and is redistributed U? the other two components 
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Ficctc 5. Streamwi* mean velocity profiles normalized by the bulk velocity 
fg for the planar channel flow at Re r = 180. Symbols ( « ) axe the DNS data of 

Kim et «/. (1987) Lines are computations on the 33x65x33 mesh: constant 

coefficient Smagorifi^y. O. = 0.17*; dynamic Smagonnsky. Lagrangian 

dynamic Smaexinsty. 

(«T, 2 ) and («^ 2 ) via the pressure- rate-ofst rain terms. For the lowre solution LES 
computations of linear compression, the effective rapid prcssure-rate-of-strain model 
does not redistribute sufficient energy from the 'direct' production component to 
the other two. Moreover, the effective slow pressure- rate-of- st rain model responds 
incorrectly to a decrease in the mean rate-of-strain. 

5.5 Planar channel fUts 

Mean velocity profiles from the dynamic Smagonnsky and Lagrangian dynamic 
Smagonnsky models are very similar to one another, and show better agreement 
with DNS than the constant -coefficient model (Fig. 5). AO three models deviate 
from DNS in the logarithmic region (y + > 10). Ratios of centerline mean velocity 
to bulk velocity {u t [y = £))}Ug are 1.22 for constant -coefficient Smagonnsky. 1.15 
for dynamic Smagonnsky. 1.15 for Lagrangian dynamic Smagonnsky. and 1.16 for 
the DNS of Kim et «d. ( 1987). 

Both dynamic models effectively 'turn down' the subgrid-scale viscosity in the 
vicinity of the wall. The mesh spacing A decreases dose to the wall, as does 
the modr‘1 coefficient C, The latter behavior is demonstrated in Pig. 6. There 
computed profiles of Cl f2 extracted from the dynamic model and the Lagrangian 
dynamic model are shown. For the former model, the standard value of 01 is 
recovered iu the center of the flow, with a rapid drop-off to zero at the wails. The 
Lagrangian dynamic model behaves similarly out to a distance of about y + % 40, 
but levels off to a lower value of Cl /2 » 0.06 at the centerline. 

Computed Reynolds -stress piofiles from the Lagrangian dynamic model are given 
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FlGl’RE 6. Computed profiles of C X J 2 adjacent to the lower wall for the planar 
channel flow at Rt T — 180. Svmbob (•.«, + ) are planar- averaged profiles from the 

dynamic Smagorinsky model at three instants of time. Lines ( , , ) 

are planar - averaged profiles from the Lagrangum dynamic Smagorinsky model at 
three instants of time. 

in Figs. 7 and 8. Results from the dynamic model are similar, while the constant 
coefficient model yields somewhat poorer profiles (not shown). This is consistent 
with our findings from the mean velocity profiles of Fig. 3. Normal stress com- 
ponents display qualitatively correct behavior (Fig. 7), but there are significant 
quantitative departures from the DNS data. In particular, on this coarse mesh, all 
models tend to leave too much energy in the direct production component (iT', 2 ) 
at the expense of («T^ 2 ) and (u^ J ). The value of the peak shear stress is computed 
reasonably well, although the LES profile is drifted outward from the wall compared 
to the DXS data (Fig. 8). These findings suggests that the p res ent mesh resolution 
is marginal for computing second-order statistics, especially in the log-law region. 

5-4 Axtsymmetnc piston- cylinder assembly 

Computations are in progress at the time of this writing. Quantitative compar- 
isons with measurements of Morse et al. (1978) are forthcoming. 

6. Discussion and conclusions 

This research has explored a candidate numerical methodology and subgrid-scale 
stress nuxiels for LES of flow in reciprocating IC engines. The present results 
have been obtained using coarse meshes that are representative of minimal mesh 
requirements for spectral LES. Generally reasonable evolution of first and second 
moments has lx*en found ncv**rtheless. This is an encouraging finding, given tin* 
low formal accuracy of the numerics. Based on these early results, it is anticipated 
that acceptable accuracy can lx* obtained using practical mesh densities. 
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FlGl HE 7. Turbulence intensities normalized by the wall friction velocity u T for the 
planar channel flow at Rt T = 180 Symbols are the DNS data of Kim el at. ( 1987): 
• streantwise ( r t ) component: « wall normal {r ^ ) component; «■ cross-stream ( 4 - 3 ) 
component. Lines are computations using the Lagrangian dynamic Smagorinsky 

model (resolved portion!: streamwise (X|) component; wall-normal 

(rj ) component: cross-stream (Xi ) component 

Specific deficiencio have been attributed to inadequate spatial resolution. These 
include the energy spectrum decay for isotropic turbulence and insufficient energy 
transfer from the 'direct' production component for linear compression and planar 
channel flow. The two dynamic models have demonstrated an advantage compared 
to the constant-coefficient model in the planar channel flow. No specific deficiencies 
of the dynamic subgrid-scale models have been identified. In some cases, model 
results are not much different than those obtained in the absence of any explicit 
subgrid-scalc model. This is consistent with earlier LES work for coarse meshes 
and low -order numerical methods. It remains to establish that these deficiencies 
can be overcome through mesh refinement, and to quantify resolution requirements 
for a specified level of fidelity to experiment or to benchmark computations. Short 
of explicitly filtering tlir governing equations at a scale much larger than the mesh 
spacing, it will remain difficult to isolate numerical inaccuracy from subgrid scale 
model performance in LES. 

Beyond spatial resolution, the most pressing outstanding issue is the lack of an- 
alytic characterization of the filtering implied by nonspectral numerical methods: 
what is «,? While it is straightforward to analyze and implement a variety of filters 
in spectral methods (e.g.. spectral cutoff, spatial top-hat. spatial/spectral Gaus 
sian), there has Ixs-n little analysis to guide the implementation of filters implicit in 
finite-difference, finite- volume, or finite-element schemes on unstructured meshes. 
Our experience with the initial spectrum for decaying turbulence shows that the 
present discretization scheme affects all wavenumbers to some extent. The same has 
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FlGl RE 8. Turbulence shear stress normalized by the square of the wall friction 
velocity for the planar channel flow at Re r = 180. Symbols (o ) are the DNS data of 

Kim et aL (1987). Lines ( ) are computations using the Lagrangian dynamic 

Smagorinskv model (resolved portion). 

been found for other non-spectral methods that are being explored for unstructured 
LES (Jansen 1995). 

Other outstanding issues for in-cylinder LES include wall treatment and inflow 
boundary conditions. Piomelli (1993) has shown that accurate LES results can 
be obtained using the dynamic model at high Reynolds numbers without further 
explicit wall modeling. The challenge at inflow boundaries is to establish the nature 
of forcing needed to yield in- cylinder velocity statistics representative of measured 
'cyclic variability.’ A final determination of suitability awaits the results of finer- 
mesh simulations for the three canonical configurations, and multiple-cycle results 
for the axisymmetric piston-cylinder assembly. 
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Large-eddy simulation of a backward facing step 
flow using a least-squares spectral element method 

By Daniel C. Chan 1 AND Rajat Mittal 2 


W<* report preliminary results obtained from the large eddy simulation of a backward 
facing step a» a Reynolds number of 5100. The numerical platform is based on a 
high order Legendre sjieetral element spatial discretization and a least squares time 
integration scheme. A non-reflective outflow boundary condition is in place to 
minimize the effect of downstream influence. Smagorinsky model with Van Driest 
near wall damping is used for sub-grid scale modeling. Comparisons of mean velocity 
profiles and wall pressure show good agreement with benchmark data. More studies 
are needed to evaluate the sensitivity of this method on numerical parameters before 
it is applied to complex engineering problems. 


1. Introduction 

Many aerospace and commercial products operate in a dynamic flow environment. 
The structural integrity, performance, and development costs of these products are 
affected by the unsteady flowfields they encounter. In rocket propulsion systems, 
dynamic loads are the cause of many life limiting and failure mechanisms. For 
instance, a number of dynamic load related issues manifested themselves during 
the development of the space shuttle main engine, resulting in hundreds of mil- 
lions of dollars of program development costs in terms of hardware redesign and 
testing. Unsteady flows can also be a very effective sound generating mechanism; 
George (1DD0) states that the aerodynamically generated noise increases approxi- 
mately as velocity to the 6 1 * power. Therefore, the aerodynamic noise generated 
by vehicles traveling at high speeds can be very annoying to both passengers and 
communities located in ihe proximity of major highways and railroads. In some 
European countries where trains can travel in excess of 200 MPK, the responsible 
agency has to erect sound walls along the railroads to minimize the effects of noise 
pollution. This requirement can drastically increase the construction and mainte- 
nance costs of a railway system. For passenger cars, unacceptable noise levels inside 
the compartment can have adverse effects on sales. 

In light of the importance in characterizing the dynamic flow environment in 
both aerospace and commercial applications, Rocketdyne has initiated a multi-year 
effort, to develop a general purpose computational fluid dynamics based analysis 
system fm dynamic load prediction. This system will provide high-fidelity pre- 
dictive capability through the development of a novel numerical algorithm and 

1 OKI) Technology Center. Rocketdyne Division. Rockwell International Corporation 

2 Center for Turbulence Research 
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utilization of distributed parallel computing. The numerical algorithm is a high 
order spectral method which provides the unique capability to accurately model 
complex geometries and rapidly varying flowfields. Parallel computing provides 
the necessary memory capacity and speed required for large scale computations. 
All these features have been incorporated in the Rocketdyne Unstructured Implicit 
Flow' (UniFlo) solver. The UniFlo code is capable of performing a hierarchy of fluid 
dynamic analyses including direct numerical simulation (DNS), large eddy simula- 
tion (LES) and Reynolds average Navier-Stokes solution (RANS). Only DNS and 
LES can provide tune accurate information that is needed for unsteady turbulent 
simulations. LES models flow features that are not directly captured by the grid 
resolution employed. This technique is also known as subgrid scale (SGS) modeling 
The LES approach (vs. DNS) can relax the requirement on grid resolution that is 
uormally very demanding for turbulent flow simulations making it an effective too! 
for engineering analyses. However, one also has to be concerned with the numerical 
errors that increase as the grid is coarsened. If not controlled properly, these errors 
can overwhelm the advantage offered by LES. Therefore, the purpose of this work 
is to first evaluate the numerical accuracy of UniFlo in predicting time dependent 
flows. Once this is accomplished, we then assess the capability of the Smagorinsky 
SGS model in predicting turbulent flow. The backward facing step configuration is 
chosen as the benchmark case since it mimics the flowfield in a rocket engine com- 
bustor and existing numerical and experimental data are available for comparison. 

In what follows, we describe the numerical method, boundary condition and 
SGS model employed by UniFlo. Numerical results demonstrating accuracy of the 
method and effectiveness of the Smagorinsky model are also provided. 


2. Numerical method 

The Navier-Stokes equations are written as a first order system and can be repre- 
sented as £u = f in a domain ft C 3?"' which is subjected to the condition Bu — y 
along a piecewise smooth boundary T. £ is a first-order partial differential operator: 


r- ST' a a - 

— y ^ wHj q "4" 


i=I 


rid = 2 or 3, depending on the spatial dimensions, j 's are the Cartesian coordinates, 
u has a length n, where n is the number of dependent variables, / is the forcing 
function, and both B and g describe the appropriate boundary conditions, ,4’s are 
m x n matrices which describe the characteristics of the system of equations being 
solved. The idea behind the least squares spectral element method (LSSEM) is to 
minimize the residual 

R — C(i — f 

in a least squares sense within the domain of interest and construct th< functional 
as 

/( S) = \ il cs - f\\l = (cu- f. CS - f) 
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'‘y setting SI — Q and Su = w, one can reduce the problem to 

(Cw,tu)— ^Cw,cf*J w e s 

where, S — {u € Hq(SI);3u — g on T}, and is the Sobolev space with a 
compact support. For incompressible viscous Bows, the working variables are ve- 
locity, pressure, and vorticity. By using this system of equations, one can employ 
any of the C° functions to approximate the spatial variation of the dependent vari- 
ables. UniFlo employs isoparametric mapping to transform the governing equations 
from the Cartesian coordinate system to a generalized, coordinate system where the 
spatial discretization is performed. The domain of interest is divided into a set 
of non-overlapping elements and within each element, basis function derived from 
Legendre polynomials is used for spatial discretization. The spatial accuracy de- 
pends on the choice of the order of Legendre polynomial b» sis function and can vary 
from element to element. This approach, also known as spectral element, has been 
formulated by Ranquist and Patera (1987). LSSEM uses a common interpolating 
function to approximate all of the dependent variables. Even with the presence of 
the convective terms, the resulting set of algebraic equations are positive definite 
and symmetric. LSSEM maintains a tight coupling among all of the governing 
equations and provides a set of well-defined boundary conditions that are consis- 
tent with flow physics and mathematical constraints. It does not require any user 
defined artificial damping factor to maintain numerical stability. To maintain high 
spatial accuracy at the domain boundary, UniFlo does not need special treatment 
such as the utilization of ghost points. The convective terms are linearized with the 
Newton- Raphson procedure so that the spatial derivatives can be discretized im- 
plicitly. Sub-iterations are required at each time step for the purpose of minimizing 
the effect of linearization errors. For most problems, the residual can be reduced 
by four orders of magnitude in less than three iterations. The accuracy is second 
order in time with the application of a backward differencing scheme. For instance, 
the temporal derivative of the velocity component, tx, can be discretized as 

du u*~ l — 4u 4 -r 3u* +1 
dt ~ 2 It 

where superscripts represent different time levels. The resulting algebraic equations 
are solved by the conjugate gradient method with Jacobi preconditioning. The 
structure of the coefficient matrix is completely arbitrary and the solution procedure 
does not rely on any pre-defined order. More details of this method is given by 
Chan (1996). 

The boundary conditions are: (1) specified velocity at the inlet, (2) no slip along 
solid walls, (3) stress free and vanishing normal velocity component along the plane 
of symmetry and (4) ‘free boundary’ along an outflow plane. For a Cartesian grid, 
stress free condition is imposed by setting the horizontal vorticity components to 
zero. Points located on a ‘free boundary’ are treated as unknowns arid solved 
directly. 
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FIGURE 1. Streamlines behind a backward facing step at Re = 389; top half: 
result for long domain: bottom half, result for truncated domain. 

For turbulent flows, we relate the subgrid scale stresses to t'.° strain rate of the 
resolved velocity field via Boussmesq approximation The dilution term of the 
Navier- Stokes equations then becomes 


1 


du, 


Re * U ' )e, > k dx] ~ dx] 2S '> 


where vt is the eddy viscosity, S t) is the strain rate, and w is the vorticitv. The va! ue 
of t tJ k is equal to zero unless each of the number 1.2, and 3 occurs as a su' script. 
Furthermore. e, }t is equal to 1 if the order of subscripts is cyclic, it becomes -1 if 
the order of subscripts is not cyclic. The eddy viscosity is computed as 

!/« =(C,A| 2 1S„|/ 1 

A = (6x£y6«r) ! ' ,;5 

0.1 and f, is the Van Driest damping function defined as 


where C, 


f, = 1-0 


-A 4 


In reality the value of C, is not constant and can change in time and space. Near a 
corner, b + is determined with the shortest normal distance from the adjacent walls 
This procedure is somewhat ad hoc and is problem dependent. 
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Fici'RF. ‘2. Predi'ted profile at an axial distance of 5 inlet heights behind a 

backward facing step with Rt — 3S9. results obtained with long domain 

results obtained with truncated domain, (n) axial velocity profile and (bj 

vorticity profile. 

3. Numerical results and discussion 

To demonstrate the effectiveness of t he current outflow boundary condition, we 
apply it to compute the laminar flow behind a backward facing step studied ex 
yrimen tally by Armaly rt al ( 19S3). The Reynolds number, based cm the inW 
height ami average velocity, is 3S9 The ratio between the inlet and step lieights 
is 0.94. Flow separates behind the step and reattaches at an axial distance that is 
- 4 'ial to als>ut eight step heights from the plane of expansion. Two exit domains, 
one long and on. short, are used. For the long domain case, the axial length be- 
hind ihe sttp is 17. the flow has room to reattach after separation and recover to ** 
ful'y-iievelopol flow: therefoie. the downstream influence on the flowfield near tin* 
?*ep is small, and f«>r comparison we can use the predicted profiles as the baseline. 
For the short dour in case, he outflow plane, which cuts through the separated 
region, is fixated at 5 iniet heights behind tin step. Because of tli»‘ accuracy 
of the predicte«l profiles is strouglv influenced by the outflow Ixmndmy cotnlhion. 
Foi time dejx-ndent turbulent flow, this situation is similar to having r.n eddy pass 
across an outflow boundary. A parabolic profile is imposed along the inlet plane 
which is located at 2 inlet heights upstream of the expansion. Figure 1 shows tin- 
grid systems and streamlines predicted by L’uiFlo for both the short and long do- 
mains. In both cases. 5 collocation points are placed within each element. The 
total numlier of elements i 72 for the long domain and 36 for Hie short domain. 
The flow pattern is almost the same in both cases. For tin- shoit domain case, 
having ;• reverse fine on part of tin* outflow boundary does not present numerical 
convergence p rob !. -hi and this further demonstrates the robustness of the current 
numerical method and outflow boundary condition. The predicted reattarhment is 
S.C tiui-s the inlet height and is in good agreement with fin- test data. Armaly rt 
al. also rcjM»rt‘ that at Rt — 389. the flow la-gins to separate from the upj»er wall 
an 1 l«'.oii>* s thr«-e dim-nsionai. but tin- separation region is so small that its size 
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FlGl RE 3. Predicted profiles behiud a backward faring step with Re = 800: 

Gart ting's results, c c'* order, & 6 ,h order, and c 7'* order: («.) axial location 

of 7 and (b) rxial U» at ion of 15. 

could not be measured. This phenomena is correctly predicted by L’niFlo. Figure 2 
shows the axial velocity and vortieity profiles at an axial location of 5 inlet heights 
behind the step. The trend in lx>th cases is identical, with only less than 1 j percent 
discrepancy on the magnitude. 

The next test case i" due to Gartling 11990) and Gresho et a l. (1993). The pur- 
pose of this exerci-i is to answer some of the tpu-stu us raio-d by Gr«-sho ct «J. as 
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FlGl'Rt 4. Predicted wall vorticity distribution for a backward-facing step with 
Rf = 800. o 5“ order, a 6‘* order, and o 7** order, (*) upper wall and (b) lower 


wan. 


to whether spectral methods can handle flow geometries with a sharp corner and 
predict the correct flow behavior. Through careful numerical studies and stability 
analysis, they conclude that at a Reynolds number of 800. the flow behind a back- 
ward faring step with 1:2 expansion ratio is indeed steady. With this in mind, we 
first perform the simulation as a steady state problem by turning off the transient 
terms in the Navier- Stokes equations. The rectangular flow domain is 17 units long 
and 1 unit high. The flow enters the domain along the top half portion of the left 
boundary with a parabolic profile The Reynolds number based on the step height 
and mean velocity is 800 Figure 4 shows the grid skeleton employed; there are 
4 elements in the vertical direction and 11 dements in the streamwise direction. 
Within each element, we apply 5'*, 6**. and 7 th order polynomials, respectively, in 
each of the two directions. Figure 3 shows the comparison between the predicted 
profiles and benchmark data at two different streamwise locations. All except the 
vertical velocity profile at the axial location of 7 show an excellent agreement with 
the benchmark data of Gartling. Figure 4 shows the vorticitv distribution, which 
is proportional to shear stress, along the bottom and top boundaries. By examin- 
ing these plots, one can determine both the separation and reattachment points. 
Along the lower wall. UniFlo predicts a reattachment length of 6.1. whereas along 
the upper wall, it predicts a separation at the strean .vise location of 4.S and a 
reattachment at the streamwise location of 10.5. These predictions are in excellent 
agreement with the benchmark data. These results also indicate that for steady 
flow' computation, numerical error incurred from using an under-resolving grid is 
very localized. 

We then compute the same problem by treating it as an unsteady How. Initially, 
the flow is stagnant inside the domain. Figure 5 shows the temporal evolution of 
the streamlines for the case where 6 f * order polynomials are used inside each el- 
ement. Overall this grid resolution produces satisfactory results for steady state 
calculation, however, this is not the case tor time accurate simulation. A transient 
process, which involves a sequence of vortex shedding, takes place along the upper 
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Fl«. i hi “»»:«< tnh:i* >■ Jin'vmt thr *-v* »hs‘» v >». *>f t !»** flmvft»-i<t behind a 

liaekwas <i a Reynolds mmifter of 800; i'i>sa|»t*at!>»n jH-rfor tiled with it 

s 1 ■ -I arid and <»r«tr« Legendre polynomial--; final Matt i> a tenipotally jtenodif 
H< tv. from top <«> bottom itmr= 10. 2(1. 30 ~Jl. »H, jUO. and 140. 

tval! at t}ji >? p.tnci'. j--< tvlittt* tix- -ready Mat* te-aii* a tlw|«ijt; 

n the vt itsral wiofj’y profile prediction, Ilia- result demonstrate- that mimeri 
« al trior that develop- ;n a -mall regain can £T< *w nvn time and rotttamituife the 
Hovrfield W* refine tin- *»t i. i by men-asing t i$«- ihuhImy ••{ elements in 

?h«- >trt ainvviM» dii«c?!on to 18 while tmunf amine, fr * ojdej {Kiiyuotninls in <•;»* !; ele 
iiititt Ifi. r< "tth •>: own in Fie, G ifidicfites (fiat tie initial transient H< ,.v ft -attire- 
decay rapidly in ntn« ant I the flow t 'Volt**- n-y mpto-icafiy toward- a steady -Taf>- 
Thi> predation agree- with tlx- tindme of Cit » -h«* > ! cl It is appaient tb it the 
Uausn u» flow predicted altove i- a tmm< i ten! art i fix i 1 'nfoitunateh. the flow ft -a 
tines g< ix rat. d by ?hr- nitmerirai t i»oj 1 ««»k -<> i making them titbit '. St to detect 

riiet. foi. . ft >* un-ready How siimilatioit one nm*> peifoi m end de]-enden»-« -rudy 
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PffJVfU. 6- Streamlines showing the time evolution erf ilk* flwficki behind a 
Itarjcwari! faring step at a Reynold* miinUr «rf 800: iMnputatkin jierformed with a 
IS * 4 grid and O'* order Legendre {xdynomials: asymptotic staff is steady; from 
top to bottom time 10. "JO, .10. m. m 100. and 140. 

Ix-for* attempting t<» I'Xplam the underlying flow phvsjr* 

Having addn'ssi-d some of the relevant numerical issues, we then in Urn Flo to 
simulate the f lire* • dimensional backward facing step configuration where exjx ri 
mental data of Jovic and Driver { 1004 1 DNS data of Le and Moin I 1004 i. and LES 
data <rf Akselv.rf! and \1«mii * 1005| are available for c.>ru] tart son The grid system 
employed is shown m Fig. 7 There are 13 elements in the stream wise directioti. 6 
elements m the vertical direction and 0 elements in the spanwisr direction Within 
radi eh-ment. order L^grodre ix>lyn<uuials are used in each of the fhr<t dir«-c 
lions TSie expansion ratio is >VG Ti»»- gootuetr. is scaled with the step height. f{ 
Th** inlet plane is located at 3// upst ream . rf the expansion, and « he outflow plane is 
u -rated at 17// downstream of *he expansion plane Tie *}K»nw»se width i* 4// ami 
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H«.i m < f it »' s 'Hi; (tH ?!i<- tin* r dint* irM«»su:l K,*« k t« »j* 

through H< nv plan*- l*>ftotii' rro-o-sor? >onaI plait* 


a p»rknlir boitmian lOHditioii tmjtovd m thiv duo-tkm fret- rondittoji i> 

imp* .Mai alt«u< th< top i« mialtiiy. and m» -’ll;* rondt* ion i;- ?i;t|*o>rd alt «uk »h«- Itotmru 
wall A? the jnM plain . w taka tin- time * i« nulml* -at itmiud.uy lay» r pr»» 

M' computed ?n Ak-«'lvitjl and Mt»m am'. u.*< -i »1<< in onto the niriviit er i« 1 

{ !i< fi< «--t i . ar velocity i-s taken to Ik- <»ne, amt tin- f ui i*- »t take-. f< >i tin- ti< nv to 
travel on*- *4ep height e al't* one Sint*** cut implicit fit M»lvei i> not ie>»jiried 
in tin- ('FI. . oudif son for tin: erica} stability, w. * an t«k* a l«u*ei tuisd step sj/r 
oi o.i. which j*. five times higher (halt tiiftf employed it;. Xk-dvof! anti Mom. A> a 
result. each through f}*»\ takes 220 time -jo. Tim< ;n* ta«,< (piuntittes ai« «*< *11** ted 
aft. i tin' H<nv has evolved through tin (Ionian: C> tunes Fpt comparison. ue fm titer 
• *iag;e tin data m tin tl*r» « 'i*-n ami -lant them m Fig, > Fin- predicted 

wall pressure distribution is m <y*»d agic tuent ujtj. tin < sja rituontal data »usi«l« 
tin- !*< irmlatijijg i<-«iot« behind tin at-p. iiuv t u i . in tin- recover A region, all tin 
numerical met laid* . tin lading « niFio. j»-.* tft« t a fa-:. to «>:••: y iat« than that of t In- 
expert mental measurements. Tin- vrio-jtv profit* •» at* t ompased to the DNS data 
<>f L< ami Mom Tit*- ns*n-* mem -,s good fm nil H->»- o teamwise locations 
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Flc;i'RF. 8. Time and spanwise average flow quantities predicted by UniFio for a 
three-dimensional backward facing step at Rt = 5100, top: pressure coefficient along 

bottom wall. UniFio prediction, DNS result of Le &: Moin LES 

result of Akselvoll &: Mom. and o experimental result of Jovic &: Driver: bottom: 

axial velocity profiles at selected streamwise locations: UniFio, o DNS result 

of Le A: Moin. 


4. Summary 

VVe have demonstrated that a spectral based flow solver can be used to simulate 
the flow behind a backward-facing configuration. The weak singularity located 
at the corner does no* present numerical problem to the least squares method 
Numerical error can generate unsteady flow phenomena that could be mistaken as 
'real How physics. Therefore, grid dependence study is paramount (more so than 
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•Ik* steady state flow calculation) in unsteady flow simulation. The preliminary 
results obtained from the LES show good agreement with lx»th experimental data 
ami numerical data. Further studies are needed in order to understand the role of 
the sultgnd scale i irk lei in these simulations. The Smagoriusky model with Vau 
Driest wall damping is. however, difficult to implement for complex geometries. 
Future work will include the implementation of dynamic models that do not req-. in- 
wall damping function and user specified model constant. 
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Evaluation of a vortex-based subgrid 
stress model using DNS databases 

By Ashish Misra 1 AND Thomas S. Land 2 


The performance of a subgrid stress (SGS) mode! for large-eddv simulation (LBS) 
developed by Misra & Puliin (1996) is studied for forced and decaying isotropic 
turbulence on a 32 s grid. The physical viability of the model assumptions are 
tested using DNS databases. The lesults from LES of forced turbulence at Tay- 
lor Reynolds number f?x — 90 ere compared with filtered DNS fields. Probability 
density functions (pdfs) of the subgrid energy transfer total dissipation, and the 
stretch of the subgrid vorticity by the resolved velocity -gradient tensor show rea- 
sonable agreement with the DNS data. The model is also tested in LES of decaying 
isotropic turbulence where it correctly predicts the decay rate and energy spectra 
measured by Comte- Bdlot & Corrsin (1971). 


1. Introduction 

The aim of this study is to use DNS data of isotropic turbulence to evaluate the 
performance of a new subgrid- stress model. LES is performed for both forced and 
decaying turbulence, and statistics are compared with appropriately filtered DNS 
fields and with some experimental results. The SGS stresses are calculated from 
a structural mode] of the subgrid vorticity proposed by Puliin If Saffman (1994). 
henceforth PS- This model has some similarity to the eody-axis structure model for 
one-point closure proposed independently by Reynolds I: Kassinos (1995). PS as- 
sume that the subgrid structure consists of an ensemble of straight stretched vortex 
structures each with an arbitrary internal vorticity distribution. Some support for 
this type of structure of the fine scales is provided by the observed tendency, in sev- 
eral numerical simulations, for the alignment between the vorticity vector and the 
eigenvector corresponding to the algebraically intermediate value of the principal 
rate-of-strain. Moreover, stretched- vortices have been used to make quantitative 
predictions for a range of fine-scale turbulence properties (Lundgren 1982, Puliin 
I: Saffman. 1993, 1994). Misra If Puliin (1996) have examined and implemented 
several different versions of the locally anisotropic model of PS. In this report we 
will discuss one such model and examine its performance when measured against 
experiment and filtered DNS. 

1 Graduate Aeronautical Laboratory. California Institute of Technology Pasadena CA 91 125 

2 Center for Turbulence Research 
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2. Vortex orientation model 

In tin* PS model. the or knit at ions of the structures arc given by a jxlf of the distri- 
bution of EuW-augles describing the transformation fr<«n laboratory to structure- 
fixed axes. The Reynolds stresses are proportional to t lie turbulent kinetic energy 
of the vortex collection times a tensor- moment of the pdf. For example, a delta- 
function pdf in which all vortices in a subgrid domain have a common direction 
describ'd by the unit vector e gives Reynolds stresses, 

fij — — t,£j) [ E(k)ttk (1) 

J *, 

where t c is the cutoff wavenumber and the subgrid kinetic energy is given by A’ — 
fj* £{h PS promised a simplified version of the model using a rapid-distortion- 
like approximation in which the orientation of the Mibgrid vortices have a two- 
delta fuuctiou pdf defined by the eigenvectors corres|xmding to the largest two 
eigenvalues of the resolved rate-of- strain tensor S, f It can l*e shown that such 
a model can not produce backseat ter In this report we study the performance 
of a slight variant of their original model wherein there is alignment between the 
eigenvector corresponding to the maximum eigenvalue of the rate-of-strain tensor, 
aud the resolved vorticity vector, 2. The Reynolds stresses are then given by 

T„ = (rft.j -i u £ tj ) -Ml jf E{k)dk. (2) 

where ft is the fraction of structures aligned with the maximally extensive eigen- 
vector and e~ is the unit vector along 2. As partial justification for (2) we remark 
that one should expect complete alignment with 2 in the DNS limit. We currently 
rake p = 0.5. hi order to calculate the subgrid energy. K. a local balance !>c- 
tween production by the resolved scales, and the sum of subgrid and resolved .scale 
dissipation is assumed. When coupled to an assumed Kolmogorov subgrid energy 
spectrum produced by the (unknown) internal structure of the vortices with a cut- 
off at A»/ = 1, where ,/ — (i/ 3 /r)*/ 4 is the local Kolmogorov length, an equation 
sufficient to determine the dissipation is obtained. This is given by 

, - 2 „s„s„ - ,«/> (, - a,,,,'/') s„ 

X • <3) 

where A' 0 is the Kolmogorov constant. When the model parameter A‘ 0 is specified. 
(3) can be solved for the total dissipation f and the suhgrid energy determined from 
the Kolmogorov spectrum. This gives closure. 

Equation (3) has the dimensions of £ 2 T~ J : we therefore divide (3) by k* e* which 
results in two non-dimensional parameters (see Misra K: Pullin for details). 

c _ 

' " H > 2 ' 

c c - **•'*>) + - 'T'p) 

2X7,7 


( 4 ) 
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where 5j represents the resolved scale dissipation while S 2 represents the stretch 
experienced by the subgrid vortices by the resolved velocity-gradient tensor. The 
SGS dissipation may be written as, 

— —Stj ^2^'^ — + 2^'i — < c p) ^ 

§2 A, 

= Sir 

where S', r is tlie component of S i} aligned with the vortex. Hence backscatter. 
defined by £,,, < 0 occurs whenever Sj > 0 - the subgrid vortices are being com- 
pressed on the average - while S 2 < 0 - the vortices are axially stretched - gives 
cascade. 

This model has been implemented for both forced and decaying box turbulence 
by Misra Sc Pullin. They examine several alternative scenarios for determining the 
instantaneous orientations of vortices in a given cell. 

3. Results and discussions 

The incompressible, filtered Navier-Stokes equations are solved in a 32 3 box, with 
and without forcing, using periodic boundary conditions in all three directions. A 
Fourier-Galerkin pseudo-spectral method is used with ‘3/2 dealiasing rule' for the 
non-linear terms, i.e. 32 Fourier modes in each direction were advanced in time, the 
computation of the non-linear terms were done using 48 modes in each direction. 
A second order explicit Runge-Kutta scheme is used for time advancement. 

3.1 Decoying turbulence 

We study decaying isotropic turbulence in order to compare our results to the 
experiment of Comte-Bellot and Corrsin. They measured the energy spectrum at 
three downstream locations in grid turbulence. One can relate this to decaying 
isotropic turbulence by invoking the Taylor approximation. We mimic their exper- 
iment by studying turbulence in a cubical box with periodic boundary conditions. 
In a frame of reference moving with the mean flow speed, 

r dx' 

'~l P(C) 

where x is the downstream distance from the grid and U(x) is the mean flow ve- 
locity over the cross-section of the tunnel. We have non-dimensionalized the ex- 
perimental data_by the following characteristic velocity, length and time scales: 

Vrtj = ^3C"o 2 /2, L rr j = £/2jt and t„f = L rt f/U rt j. In their experiments the 

velocity fluctuation at the first measuring station is >/U'J = 22.2 cm/s. the free- 
stream speed is = 10 3 cm/s and the spacing of the turbulence generating mesh 
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Figure 1. Decay of resolved ( ) and subgrid f ) kinetic energy. No 

model: . Experiment: Resolved, ■: subgrid. A 



FIGURE 2. Time evolution of spectra in decaying turbulence. Experiment: □ . 
t =42: ^ . t=98: o . t=171. Simulation at corresponding times: . 

is M — 5.08 cm. The size of the computational box. L — ll.Vf. was chosen to 
contain roughly four integral scales. The times at the three stations were measured 
in terms of V^t/M. The initial Taylor Reynolds number is R\ ~ 80. In order 
to compare the resolved and the subgrid part of the turbulent energy producer! by 
the computation, the measured spectra have been integrated over the relevant scale 
ranges. 

Figure 1 shows the decay of the resolved energy with time. The LES gives good 
agreement with experiment. The dotted line is the result of running the simulation 
with the model switched off. It is evident that the model plays an iin|>ortant role in 
predicting the correct decay of the kinetic energy. Aside from the parameter // (set 
to 0.5). the model requires a value of the Kolmogorov constant. While acceptable 
results were obtained with the standard value of 7i«, = 1.5. a slight improvement 
was observed when higher values were used, The results in Fig. 1 were obtained 
with A*o - 1.6. While this value is on the edge of the uncertainty band from 
experimental measurements (Sreenivasan 1995). it is well within the predicted range 
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from numerical simulation; Jimenez et si. report & value of A'o as 2 in a 256 3 DNS 
of isotropic turbu'ence at Rx - 94.1. It is possible that elevated values of the 
Kolmogorov constant in numerical simulations is a low Reynolds number effect. If 
this is the case, it stands to reason that a larger value should be used »n the present 
simulations which are also performed at relatively low Reynolds number. 

The decay of the subgrid energy with time is also shown in Fig. 1. Note that 
the subgrid energy is obtained from the model without the solution of additional 
field equations. The subgrid energy is a quantity derived from a knowledge of 
the resolved fielvl and the chosen subgrid energy spectrum; it therefore can not be 
initialized to match the experimental value. Figure 2 shows a plot of the resolved 
energy spectra with the meaourements at the initial time and then at the two later 
instants. T> .nitial spectrum is generated to match the experimental date, while 
the later two curves are the predicted spectra arising trora the LtS calculation. 
Figure 1 gives the area under the curve of Fig. 2 at the three time instants, over 
the resolved range of scales. 


S.t Forced turbulence 


Forcing is achieved by exciting low wavenumbers such that the total energy in- 
jection rate is constant in time. A certain selected number of Fourier modes are 
chosen from a wavenumber shell |k| = to- The Fourier coefficient of the forcing 
term is then written as, 


u 


6 U* 

N ~ 2 

|U*I 


( 6 ) 


for all modes in the specified shell. The above choice of f* ensures that the energy 

injection rate, £ ft • U*, is a constant and equal to 6. We have chosen h 0 = 2. .V = 
20, and 6 = 0.1 for all the runs. (Gee Carati ei sL 1995) 

Simulations with forcing were performed such that a statistical steady state is 
reached when statistics are collected. Results in this report are presented for Taylor 
Reynolds number, Rx - 85 in order to make comparisons with 128 3 DNS results at 
approximately the same Taylor Reynolds number. 

Figure 3a-b shows scatter plots of Sj versus Sj from the LES as well as from 
filtered DNS data. These plots show the intensity of the vortex stretch as a function 
of the resolved dissipation rate. Notice that the DNS data displays a significant 
fraction of points with positive stretch parameter, § 2 , (backscatter) whoreas the 
model rarely predicts these events. Quantitatively, the DNS shows roughly 30% 
backscatter, which is consistent with previous measurements (Piomelli et al. 1991). 
In contrast, our model yields only ~ 3% backscatter. While there is clearly a large 
discrepancy in the prediction of backscatter in Fig. 3, it should be noted that the 
percentage of backscatter can be controlled through the parameter ft in Eq. 2. ft - 1 
corresponds to complete alignment with ej and results in no backscatter. while 
fi = 0 corresponds to complete alignment with <i and gives about 40% backscatter. 
When 0 < ft < 0.4, the decay of the kinetic energy appears correct, but the decay of 
the energy spectra is somewhat unsatisfactory with a trend towards flattening of the 




FKJI'RE 3. Scatter plot of Sj and St in filtered DNS (a) and LES (hi 


spectrum at later times In the range 0.4 < n < 1, there is a general insensitivity 
to fi. leading to correct statistics and diminishing back scatter. The performaru v of 
the model for all value* of /< in forced turbulence is satisfactory. Presently we show- 
results for p = 0 5 which are typical of the belt:,* tor of the decay of the resolved 
energy spectrum and of the resolved and subgrid energy for 0.4 < p < 1.0. 

An interesting feature of Fig. 3 is that all points lie within a bounding parabola. 
An estimate based on a Wally two-dimensional "max. mum stretch' scenario for $,, 
gives a bounding parabola S t - 16 Sj, We find however that Si ss 12 Sj gives a 
slightly better boundary and so this curve is displayed in the figure- The importance 
of backseat ter has been a question <4 debate though there is s >nie - lence in the 
literature of its importance in wall-bounded flows The barW’Oter property of tie 
model is also illustrated in Fig. 4a. which shows a pdf of the streuli'. that part 
of the velocity-gradient tensor which stretches the subgrid vorticity. The stretch is 
suitably normalized by While the two curves peak at approximately the same 

location, the LES shows predoiiMliatit stretching. Figure 4b is a plot of the pdf of the 
subgrid energy- transfer. points on the left of the origin exhibit backseat ter 

It is clear from the figure that the LES does well in the cascade region. The pdf 
of the total dissipation togjo (*/<=) is displayed in Fig 4c. The total dissipation ( is 
a positive definite quantity by construct fen as dititrd in f3*. The distribution of * 
appears to be approximately log-normal. 


4. Concluding remarks 

The behavior of an SGS model for LES has beer* tested against filtered DNS fields 
at similar Reynolds numb- .o. The model is stable and appears to produce a good 
quantitative description of the resolved flow and of the subgrid energy. It shows 
the right decay rate and gives good agreement with the experiments of Comte- 
Bellot and Corrsm. The model seems to work well for forced turbulence. Misra 
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FIGURE 4. Pdf of: (a) stretch, (b) subgrid energy transfer, (c) total dissipation. 
LES, DNS. 

k Pullin demonstrate that it produces negligible SGS dissipation in the limit of 
fully resolved flow. A small amount of backseat ter is produced by the version of 
the model tested presently albeit not as much as is indicated by the filtered DNS 
field. An adjustable parameter in the model is the Kolmogorov constant. The 
value presently used is within the bounds of experimental values. The model is 
about 25% more expensive in CPU time than the simple Smagorinsky model. Some 
subgrid model features show qualitative but not strong quantitative agreement with 
the equivalent quantities from filtered DNS fields at a similar Reynolds number. It 
remains to be seen how well the model will function for free- shear or wall-bounded 
flows. Future work will aim at constructing models with alternative representations 
of the subgrid vortex orientations. 
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Hydroacoustic forcing function 
modeling using DNS database 

By I. Zawadxki 1 , J. L. GershfcM', Y. Na 2 3 AND M. Wang 1 


A wall pressure frequency speetrum model (Blake 1971 ) has been evaluated using 
databases from direct numerical simulations (DNS) of a turbulent boundary layer 
(Na Ac Moin 1996 i. Good agreement is found for moderate to stro ig adverse pres- 
sure gradient flows in the absence of separation. In the separated flow region, the 
model underprrdirts the directly calculated spectra by an order of magnitude. The 
discrepancy is attributed to the violation of the model assumptions in that part of 
the flow* domain. DNS computed coherence length scales and the normalized wall 
pressure cross-spectra are compared with experimental data The DNS results are 
consistent with experimental observations. 


1. Introduction 

Understanding the physics of the interaction of the airfoil turbulent boundary lay- 
ers incident to the trailing edge is of interest to the designers of practical airframe 
components and lifting surfaces. Flaw at trailing edges involves complex phenom- 
ena including adverse pressure gradient effects, flow separation, vortex shedding, 
and pressure scattering at the edge boundary discontinuity. It is not surprising 
then, that even an approximate treatment of practical cases, particularly from the 
vantage point of sound generation, encounters serious difficulties. Inviscid flow the- 
ories that capture the purely acoustic interaction of the flow with the trailing edge 
have been developed (Howe 1978.1988). Several experiments have also been per- 
formed (Brooks A: Hodgson 1981. Blake 1966) which shed some light on the physics 
of the viscous flow problem Well designed experimental efforts are invaluable in 
improving our understanding of the phenomena as demonstrated by Gershfeld et 
al. (1988) and Blake A: Gershfeld (1989). They are. however, limited in terms 
of providing global information about the flow. One of the principal weaknesses 
of the experimental estimations of the flow acoustic source terms is that they are 
essentially ad hoc. The experimentalist must assume a prion which of the several 
I>otential flow acoustic sources are relevant so that estimates of the dipole source 
strength may be made. It is only when the direct dipole sound field is measured 
that the empirical estimates of the forces associated writh the direct dipoles can 
Ik- determined to be relevant. Unfortunately, there have been very few success- 
ful measurements of the trailing edge direct dipole sound field. When the inviscid 

1 David Taylor Model Basin. NSWC'/CP 

2 University of Illinois at Urban* Champaign 

3 Center for Turbulence Research 
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turbulent flow dijiole sound formulations of Howe ( 197$. 19SS) are applied with a 
Kutta condition. the pn-dicted dipole sound field do»> not arris' with experimen- 
tal data (Brooks A: Hodgson 1981) Only when tin- Kutta condition is removed 
does his model agree. Viscous DNS calculations may add iusight into this modeling 
dilemma The advantage of flow databases obtained by means of numerical simu 
lations is that tliey contain spatial and tenqKiral data throughout the flow domain 
which is not attainable in laboratory experiments. 

Trailing edge flows of interest often include both attach«*d and separated flow 
regimes (Brooks A: Hodgsou 1981. Blake 1984). With that in mind, we utilize the 
numerical datalwise developed by Na V Nloin ( 1996). Since the database include-, 
flow with adverse pressure gradient and separation, it was well suited as a first 
step towards modehug of the more complex flow trailing edge interactions. Our 
goals were two- fold. First, we wanted to re-examine the database from the point 
of view of an aeroaooustician to complement the results already presented by Na 
V Moin. (There is a certain degree of skepticism among the applied commtmity 
as to whether relatively tow Reynolds number DNS calculations can lx* of use for 
predicting high Reynolds number flows found in practical realizations. Wall pressure 
sjiectra reported by Na A: Moin show many features and trends observed in the 
experiments, a hint that DNS calculations are. in fact, relevant.) Our second goal 
was to revisit a wall pressure model developed long before there were means of 
reliably assessing its accuracy or limits of applicability. DNS datal>ase provides 
such means since it contains both the complete flow data necessary for the input to 
the model as well as directly calculated wall pressures which can lie used to verify 
or invalidate the model predictions. 


2. Wall pressure model 

In the following sections i. y. and r (or j-,. i — 1,2.3) will denote the st Teamwise, 
wall normal, and spanwise coordinate, respectively, while «. e. w (or t = 1.2.3) 
wil* be the corresponding fluctuating \-elocity components. Other quantities jxrtam 
ing to a given coordinate direction will carry an appropriate coordinate suliscript 
(e.g. t, is the streamwise component of tlx* wavo-nuudxr vector kl. For an in 
compressihic flow invoking the usual boundary layet approximation. e\-alualioii of 
pressuie can lx reduced to solving the Poisson's equation is<-e. for example. Blake 
1986) 


V^/HX-0 = -2po 


dv i K (x.f( 


Of dy 


p«> 


Os, Or J 


(D 


where l is the mean streamwise velocity. Lilley ( I960) deiivetl a solution of Eq. j 1 t 
in terms of the wave number frequency spectrum of the wall pressure. 


*„< k *’ I = J" dy J~ ^ ^ + * ? ' r( U )r< )*,< y'. k. ). 


( 2 ) 


where k = (k r .k : ) is the wave number vector in the plane parallel to the wall. 


T (y ) = jf- is the mean shear, and 4 , ,(y, y': k.---| is the cross-sjxctral density of 
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the vertical velocity field. Equation (2) was derived under the assumption that the 
second term on the right hand side of Eq. (1) is negligible compared with the first 
term, and that the source field is spatially homogeneous in the (k x .k : ) plane. Blake 
(1971) further modified Lilley’s solution by introducing a separable model for the 
vertical velocity spectrum: 

= vHy)R rv (y.y')6l t .(k t )6 : rv (k : )4> m (uj - k t U c )- (3) 

Here, v 2 ( y ) is the mean square of vertical fluctuating velocity. R vv (y, y ' ) is a normal- 
ized correlation in the y-direction. - k. r U ( ) is the moving axis spectrum. t> is 

the convection velocity, and £*,.( k x ) and <?,%( fc, ) are wave number spectra defined as 
the Fourier transforms of, respectively, normalized streamwise and spanwise separa 
tion correlation functions of vertical velocity. (We use the lowercase symbol 0 to de- 
note the normalized spectrum functions. The normalization is: 0(k,)dk, = 1.) 

Using (3) Blake (1971) obtains the wall pressure frequency spectrum by integrat 
ing Eq. (2) with respect to the wave number components k x , k.. The final result 
can be written in the form 

***(-'•) = Vo / d y f d y , ^ 2 (y)Rrw(y.y , )T(y)T(y)-^-0l r (^-)H^~,y.y'). 

J o Jo be L’c be 

(4) 

where 

ia-r.y.y')= f (4«) 

Taylor's hypothesis of frozen convection was used in the integration leading to Eq- 
(4). Mathematically, the hypothesis states that 0 m ( k T — jf-) = 6(k z — jr- ). which 
leads to the following equivalence of the normalized wave number spectrum 0* t .( k t ) 
and the frequency spectrum 0 ct -(u;): 

^rt-(4‘r ) = J7~0*r(y7— )■ (5) 

be L’C 

In order to evaluate Eq. (4.4a) one needs to compute the vertical correlation 
r 2 (yii? rr (y.y'). the mean shear r(y). and the wave number spectra 0* v (k x ) and 
Q' t ,(k z ) (See discussion in sections 4.2 and 4.3 on selecting the location at which 
the spectra should be evaluated). Calculation of these quantities from the DNS 
database is a straightforward matter. We should point out that in principle one 
could compute the cross-spectral density function ♦,(y. y'; k.w) without resorting to 
the separable model (Eq. (3)) and integrate numerically Eq. (2) directly to obtain 
the pressure frequency spectrum. Besides not being physically revealing, such a 
procedure, however, would be prohibitively expensive in terms of computational 
time and memory. 

We should also point out the modeling described above is applicable only to 
convective wave numlxrs near k t = in other words. Eq. (4) does not 

encompass sources outside of the convective range. Other models of wall pressure 
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spectrum (Chase 1980) could be used to include broader range of wave numbers. 
However, trailing edge noise is dominated by scattering of convective wall pressures 
(with boundary discontinuity providing the conversion mechanism to acoustic wave 
numi>ers - Howe (1979)). Therefore, from the standpoint of acoustic radiation. 
Blake's simplified approach to computing the wall pressure spectrum should be 
sufficient. 

3. DNS database 

Most of the data presented here {with the exception of Fig. 2a) will refer to 
the separated flow calculation in the Na A: Moin (19%) database. Following Na A: 
Moin. we introduce the non-dimensional variables given by 



where t' 0 is the mean velocity at inlet and is the (dimensional) inlet displace 
incut thickness. All quantities discussed in the following sections, including the 
wave number and frequency spectra, incorporate this noudimensionalization. The 
superscript *. denoting uon-ditnensional quantities, has been dropped to simplify 
notation. 

In order to establish for the reader the reference coordinates for different flow 
regimes, the mean streamlines were reproduced in Fig. 1. 


60 r 



FlGl RF. 1. Mean flow streamlines. 

In non-dimensional units (Eq. 6) the streamwise and spanwise extent of the 
computational domain is. respectively. 350 and 50. The vertical height is 64. Flow- 
separation is induced by prescribing suet ion- blowing velocity profile along the upper 
boundary. As a result, strong adverse pressure gradient exists between the non- 
dimensional coordinates x = 90 and x — 150. Boundary layer separation occurs 
around x — 160. Coordinate x = 220 corresponds to the renter of the separation 
bubble. Grid resolution is 513 x 193 x 129 points in the streamwise, wall-normal, and 
spanwise directions, respectively. The Reynolds numlxr based on inlet momentum 
thickness and free stream inlet velocity is 300. For additional details of the flow- 
calculations, including description of the computational method, we refer the rentier 
to Na A: Moin (1996) 
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4. Results and discussion 

4-1 Wall pressure data analysis 

Standard tools of correlation analysis were utilized to analyze the DNS calculated 
wall pressure data. We wanted to establish whether DNS results, which are obtained 
for a relatively low Reynolds number, are in agreement with experimental data. The 
comparisons also served to validate our numerous computer codes. Let r = (r,,r,) 
be a separation vector in a plane parallel to the wall. Defining the cross-correlation 
function of a field quantity q as an ensemble average. 

R„(x.r. r) rr {q‘(x,t)q\x + r,* + r)), (7) 


the cross spectrum function is the Fourier transform of (7) with respect to the time 
delay: 


+„<x 


.*■.-.•)= I R„(x.r, 

J -oc 


dr. 


(8) 


Coherence is defined as the cross spectrum squared, normalized by the local au- 
tospectrum: 


-(x.r.wO = 


!♦„(*, r . u .-)| 2 


( 9 ) 


j*„(x,0,«/)||+ ff (x + r, 0,w)| 

The Corcos ( 1963) model of the cross- spectrum of tne wall pressure, p. has the form 


B( yr^). (10) 

Co L'c 

with .4 and B modeled as exponentially decaying functions. These functions are 
calculated by expressing the square root of the coherence (Eq. 9) in terms of the 
similarity variable jjr/Uc- The results for the streamwise component are shown in 
Fig 2 

As a reference, the results for the zero pressure gradient flow, obtained using 
a separate DNS database (Na k Moin 1996, Chapter 3), are plotted in Fig. 2a. 
They are closely describ<-d by the experimentally observed exponential function 
with decay constant a = -0.125 (Brooks & Hodgson 1981). Abraham & Keith 
(1995) report similar agreement with the experimental results for DNS simulated 
turbulent channel flow. When an adverse pressure gradient is present, however, the 
streamwise coherence curves decay at a much faster rate (Fig. 2b) and the Corcos 
constant has to be altered. A reasonable fit is obtained with a decay constant 
a — 0.4. This trend is in agreement with the observations of Schloemer (1967). We 
evaluated the Corcos ~,4" function for several streamwise locations corresponding 
to varying degree of pressure gradient and found that the decay constant increases 
monotonically with the pressure giadient. 

By contrast, we found the rate of decrease for the epanwise Corcos similarity 
function "B" to be practically independent of the pressure gradient. As shown in 
Fig. 3a. the results at x = 120 agree reasonably with the experimentally observed 
exponential rate of decrease b = -0.7. The situation changes dramatically, however. 
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FIGURE 2. Streamwise coherence in Corcos similarity form (a) Zero pressure 
gradient flow for selected values of frequency u/: • 0.31 . • 9.47. v 0.63, © 0.79, ■ 0.94. 

* 1.1: e~° i 2 '-t« 7* • (b) Adverse pressure gradient flow at x — 120; <*•' = 

• 0.21. » 0.31, v 0.42. o0.52. ■ 0.63. « 0.73: f -o 




FIGURE 3 Spanwise coherence in Corcos similarity form, (a) r — 120, (b) i — 220: 
for selected values of frequency: • 0.21. » 0.42, v 0.59. o 0.8, ■ 1.0: 1 _0 >“ r i /<-<.- 

when the function is evaluated inside the separation bubble (Fig. 3b). All the 
curves stay very close to a constant value of unity which demonstrates that the wall 
pressure in the separated flow region is essentially two-dimensional. 

Another experimentally measurable characteristic of the wall pressure is given by 
the frequency dependent, streamwise and spanwise length scales. These are obtained 
by calculating the coherence for a suitably chosen separation vector and integrating 
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the result over the separation distance. For example, the spanwise length scale is 
given by: 

A s (x,^) = f y/j 2 (x,r t 'u:)dr t (11) 

Jo 


where r t is the spanwise separation distance. Gershfeld et al. (1988) have calcu- 
lated both spanwise and streamwise coherence length scales for their trailing edge 
measurements which included adverse pressure gradient effects. They have assumed 
the Corcos relation: A = C— and proceeded to calculate the proportionality con- 
stant C for varying flow conditions. They have found the constant value to range 
between 0.5 and 1.5 for the spanwise length scales and between 1-75 and 6.0 for the 
streamwise length scales. Figure 4 shows that the DNS calculated length scales fall 
within the range observed by Gershfeld et al. 




FIGURE 4. (a) Streamwise coherence length scales: • DNS, 1.75 U/ui, 

6.0/w. (b) Spanwise coherence length scales: • DNS, 1.5 U/u>, 0.5 Uf 

One of the quantities required for the integrand of Eq. (4) is the two-point 
correlation of vertical velocity. Hunt et al. (1987) have demonstrated that for 
boundary layer flows the normalized correlation has an approximately self-similar 
form when expressed as a function of y/y\ (0 < y < y'). In Fig. 5 we plot the 
correlation with the normalization as prescribed by Hunt et al. 

In the attached region (Fig. 5a) the self-similarity can be clearly observed for 
values of y' up to 4. At the streamwise location where the correlation in Fig. 5a 
was calculated ( x — 80), the y = 8 position lies too close to the boundary layer 
edge so the self-similarity is not expected to be preserved there. On the other hand, 
at the center of the separation bubble the boundary layer thickness is much larger 
than 8, and as a result none of the curves plotted in Fig. 5b shows drastic departure 
from the other curves. However, the collapse is not as good as for the first four y- 
locations in Fig. 5a. This is not surprising as the flow in the separated region does 
not at all resemble a typical boundary layer profile. 
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FIGURE 5. Two-point correlation of wall-normal velocity component, (a) t = 80. 
(b) x = 220: y’—O o. y'=1.0. y'=2.0, y'=4.0. y'=8.0. 

4.2 Discussion of the wall pressure model assumptions 

For the sake of completeness we list the assumptions made in deriving the wail 
pressure model Eq. (4): 

1 . Boundary layer approximation. 

2 . Spatial homogeneity of the source term in the planes parallel to the wall. 

3 . Dominance of the linear source term over the nonlinear part. 

4 . Spatial localization (in the wall-normal direction) of the sources. 

5 . Spectral separability of the source field. 

6 . Taylor's hypothesis of frozen convection. 

Assumption 1 is readily satisfied before the flow separation. This allows neglecting 
certain terms when deriving the Eq. (1). In the separated region, instantaneous 
velocity vector plots (Na Ac Nloin 1996. Fig 5.14) show very small velocity vectors 
with frequent flow reversal in the region between the wall and the separated shear 
layer. Therefore, in this region the boundary layer approximation, which presumes 
preferable mean flow direction with the streamwise component being much larger 
than the other components, is no longer valid. 

Assumption of spatial homogeneity is implicit in expressing the pressure and 
velocity fields in terms of wave number spectra (Eqs. (2) and (3)). Strictly speaking 
one cannot expect to find homogeneity in the streamwise direction in a spatially 
developing flow. All we can hope for is for the flow to be “locally homogeneous”, in 
the sense that the streamwise variation is locally small enough so that computing 
the ensemble average (Eq. 7) and taking the Fourier transform with respect to the 
streamwise separation is physically meaningful at least for a certain range of the 
wave numbers. Figure G shows one of the diagnostics of the -.patial homogeneity. 
It shows two-point streamwise separation correlation contours of the wali pressure. 
One can see that up to the point of separation (x < 150) and inside the separated 



Hydroacoustic forcing function modeling 


377 


region (190 < x < 260), the field is nearly homogeneous (contour lines are nearly 
parallel to the abscissa). In the vicinity of the separation point, (150 < x < 190) 
the correlation function is strongly dependent on the stream wise location. 



•40 l 1 — — ■ ■ ■ I— 1 i— 

100 ISO 200 250 


X 

FIGURE 6. Wall pressure two-point streamwise separation correlation contours. 

The next approximation - neglecting the nonlinear term in Eq. (1) - used to be 
considered very plausible until the work of Kim (1989). Kim has demonstrated that 
the contributions of both terms to the wall pressure are of comparable magnitude, 
with the total pressure exceeding both the linear component’s contribution by about 
30 percent. Therefore, we expect Eq. (2) to underestimate the spectral levels of the 
wall pressure. 

Spatial localization of the sources is the key to representing the vertical velocity 
spectrum via Eq. (3), which de-facto puts all the dependence on the y-coordinate in 
the correlation term and makes the remaining terms independent of y. We plotted 
the magnitude of the {/-coordinate dependent part of the source term in Fig. 7. 

One can see a clearly pronounced peak very close to the wall for locations up- 
stream of the separation bubble (Fig. 7a). At the detachment point (Fig. 7'b. 
x = 160). the height of the peak has decreased by an order of magnitude and its 
effective width has become comparable with the thickness of the boundary layer. 
In the center of the separated region (x = 220), the maximum of the source term 
has moved away from the wall to coincide with the location of the shear layer and 
the peak has become even broader. In the reattachment region (x = 280), a new 
maximum begins to reappear near the wall. 

The assumption of spectral separability states that the wave number spectrum 
in the plane parallel to the wall can be expressed as a product of two functions, 
each dependent on, respectively, only the streamwise and spanwise wave number 
component. It is a convenient tool which allows obtaining the final result (Eq. 
(4)) in a simple form. In principle, one could compute the exact two-dimensional 
spectrum by calculating two-point correlation for all possible pairs of streamwise and 
spanwise separations and taking two-dimensional Fourier transform of the result. 
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FIGURE 7. Wall pressure model source term as v function of the distance from 

the wall, (a): -r = 80, x = 120, (b): x = 160, x = 220, 

x = 280. 



FIGURE 8. Normalized spectra of vertical velocity component at (a) (x, y) = 
(80,0.76), (b)(x,y) = (130,0.76); #,(*« >• ' - ir ^(-’)- 

We have not performed such calculations and, therefore, cannot comment on the 
errors incurred by using the separable representation. 

The last aj 'roximation, the Taylor s hypothesis of frozen convection, can be 
tested by calculating and comparing the spectra in Ea. (5). Before making the 
comparison, one must choose a proper value for the convection velocity Uc- A 
natural choice is the local mean velocity. The normalized spectra calculated in the 
y — 0.76 plane at two selected streamwise locations, x — 80 and x = 130, are shown 
in Fig. 8a, 8b The local mean velocity Ui oca i at these coordinates is, respectively. 
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G.56 and 0.29. Clearly, with this choice of L'c = f - toc*l- the sjxvtra agree very well 
■ veil when evaluated at the location with a severe toe;, d verse pressure gradient 

(Fir. Shi. 

j.S Comparison of model predictions with DNS data 

The model predictions are calculated by numerically integrating (4). The integra- 
tion is straightforward once ail the ingredients of the integrand are known. There 
are. however, issues concerning the determination of the convection velocity t c 
and the wavenumber spectra and in the integrand, which deserve 

a brief discussion. 

Using the wal! pressure convection velocity inferred from time-space correlations 
calculated by Na A: Moin would not be compatible with the spirit of this work. One 
would prefer to rely exclusively on the velocity field data and not to use any variable 
that is a characteristic of the quantity that we are trying to predict . With regard to 
the normalized velocity wavenumber spectra, one t *pects them to be independent 
of y. since the y- dependence has: been included in the vertical correlation function 
in the separable representation (3). Under this premise it appears reasonable to 
pick a single constant -y plane and take the ) and 4^,! k . ) there as the rep 

resentative wavenumlxr spectra required in (4). The convective velocity l< can be 
approximated by the local mean velocity, as demonstrated by Fig. 8. Ideally, one 
would prefer the selected y- plane to coincide with the location of maximum source 
magnitude, as the contribution from the vicinity of the source peak is expected to 
dominate over contributions from all other locations (Blake 19S4). (Of course, the 
notion that the maximum source magnitude contribute s most to the wall pressure is 
valid only when the shear layet is close enough to the wall. Otherwise, the effects ol 
the exponential factor in Eq. (4a) may become significant ). However, the difference 
should he small even if the selected plane deviates from the source peak, so iong as 
it lies within the active source region where the separable representation (3) holds. 

In the present calculations, the vertical-velocity wavenumber spectra are approxi 
mated by those at y a: 0.76 for the streamwise stations x = 80 and 120. y = 7 07 for 
1 - 160. and y - 19.07 for x = 220. Our choices of the y-pianes are limited by the 
available DNS data (there are only five y-planes with complete space time velocity 
information saved in the original DNS database). The Vc value is approximated 
by the local mean velocity at the given {x. y )- position . 

The model predictions at four different streamwise locat ions, representing differ 
ent How regimes, are shown in Figs. 9 and 10. The directly computed pressure 
spectra are also plotted for comparison. In the attached flow region at x — 80 (Fig. 
9a) and x — 120 (Fig. 9b). the agreement between model and DNS is very good. 
The under-prediction at low frequencies may be attributed to neglecting the non- 
linear terms in Eq. (1). Considering that the contributions from the retained and 
neglected term are of comparable magnitude (Kim 1989). and given the approxi- 
mations involved in the evaluation of the integrand, a discrepancy (underestimate) 
should be expected. 

At the How separation point jt = 1G0 (Fig. 10a) familiar underpredirtion at low 
frequencies is again observed. There is also a marked difference at the high end of 
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FKU'Kb 9. Wail pressure frequency spectrum, (a) x - sO.ibix = 120; model 

(Em 41. DNS 





FlGl'Rt: 10. Wall pressure frequency spectrum, (a) x — 1G0; model ! Eq. 4 

using; velocity spectrum at y — 7.07). — — model (Eq. 4 using velocity spectrum 
a t v ^ 2.28). DNS. <1>) x ~ 220; model ;E<j- 4 *. DNS. 

the frequency spectrum t compare solid and dashed lines in Fig. 10). One possible 
reason for the ''misalignment” of the spectra could l>c an improjHT choice (restricted 
by the limited available data) of the representative wavenumber spectrum t ) 
an<l the corresponding convection velocity l,-. Indeed, if we use the y 3: 2.28 
plane instead of our first choice y = 7.07. the model spectrum shifts towards lower 
frequencies (Fig. 10a) These results seem to cotitiun that the optimum choice 
would be y ar 5. i.e, near the location of the peak of the source term jef Fig. 7b). 

In the separated region (Fig 10b I. the model and DNS results differ by more 
than an order of magnitude. As discussed in section 4.2 the model failure may be 
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attributed to the fart that the nature of the flow in this regime is largely inconipat 
ible with the model assumptions. For the model to perform well, the wall pressure 
has to be the signature of a specirallv separable source localized in the indirection 
(cf. (31). moving at a constant speed. This condition is violated, given the large 
vertical extent and the wide range of flow characteristics in the separated zone. 
The exponential decay of the Green’s function (cf Eq. 4a) accentuates the contri- 
bution of the eddies closer to the wall than the detached shear layer, particularly 
in the high frequency range. In other words, less energetic eddi«*s may comjtcte. 
in terms of their contribution to the wall pressure, with higher intensity sources 
depending on their relative proximity to the wall. For the separated flow, therefore, 
a representative” source y - layer with a single convective velocity is difficult, if not 
impossible, to identify. 

5. Conclusions and future work 

There is an ongoing need for an accurate predirt ion of wall pressure sjiectnun 
in aeroacoustic engineering applications. Since current computational capabilities 
cannot provide the necessary space and time resolution for computing tin* pressure 
spectrum directly (for the Reynolds numbers of interest), appropriate models have 
to be utilized. In this project we have demonstrated that a simplified model de- 
veloped for a flat plate turbulent boundary layer can lie used for prerlicting wall 
pressure frequency spectrum of a flow with a strong adverse pressure gradient. In 
practical cases RANS calculations could provide the mean shear am! wall-normal 
turbulence intensity required by the model. Hunt et al's. (1987) similarity model 
can be used for the correlation function of vertical velocity. The wave number sp«-c- 
tra of vertical velocity, also needed as input to the model, can lx- calculated from 
exjR-rimental two-point correlation flow measurement. 

Our results also show- that in the separated region the model s performance is 
unsatisfactory. It is perhaps premature to assume that the model would fail for 
anv separated flow scenario. From the exponential form of the Green’s function in 
Eq. (4a). it is apparent that the contribution of the shear layer as a source term 
of the wall pressure rapidly diminishes with the distance from the wall. Therefore, 
the accuracy of the model's prediction should depend on the distance lie tween the 
shear layer and the wall as well as on the strength erf the shear layer relative to 
th*' turbulence level in the separation bubble. In any event, the non-linear pressure 
source terms need to be included in order to obtain accurate wall pressure sjieclrum 
predictions for a broad class of separated flows. 

We plan to use the exjterienee gained during the course of this work as a stepping 
stone towards modeling, with the aid of DNS and LES simulations, of wall pressure 
spectra of ino.e complex trailing edge flows. 
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A study of the turbulence structures 
of wall-bounded shear flows 

By M. S. Chong 1 J. Soria 2 A. E. Perry 1 
J. Chacin 3 Y. Na 4 AND B. J. Cantwell* 

This project extends the study of the structure at wall-bounded flows using the 
topological properties of eddying motions as developed by Chong et al. (1990). 
Soria et al. (1992, 1994). and as recently extended by Blackburn et al. (1996) and 
Chacin et al. ( 1996). In these works, regions at flow which are focal in nature 
are identified by being enclosed by an isosuiface of a positive small value of the 
discriminant of the velocity gradient tensor. These regions resemble the attached 
vortex loops suggested first by Theodorsen ( 1955). Such loops are incorporated in 
the attached eddy model versions of Perry k Chong (1982), Perry et al. (1986). 
and Perry k Klarusic ( 1995). which are extensions of a model first formulated by 
Townsend ( 1976). The DNS data of wall bounded flows studied here are from the 
zero pressure gradient flow of Spalart ( 1988) and the boundary layer with separation 
ami reattachment of Na k Mom ( 1996). The flow structures are examined from the 
viewpoint of the attached eddy hypothesis. 


1. Introduction 

In the attached eddy hypothesis, eddying motions are envisaged to consist of 
vortex tubes or cores which form loops as first proposed by Thecdorsen (1955)- 
These loops are referred to by many names depending on the shape one believes they 
possess, e.g. horseshoes, hairpins, f"|, A or II eddies, etc. A problem immediately 
arises as to what constitutes a vortex core. There has been some debate regarding 
this over the years and many workers have been involved, e.g. Truesdell (1954), 
Cantwell (1979), Vollmers (1983), Dallman (1983), Chong, Perry k Cantwell ( 1989, 
1990). Robinson (1991), Lugt (1979), and Jeong it Hussain (1995), to mention a 
few. To avoid endless discussion and debate the authors will simply identify those 
regions in the flow which are “focal”, to be shortly defined, and refer to them as 
“focal regions”. The attached eddies postulated in the attached eddy hypothesis 
need not necessarily be focal since this condition depends cm the relative strengths 
of the local rate of rotation tensor and the local rate of strain tensor (defined in Eqs 
(8) ami (9)). The results of the attached eddy hypothesis are derived purely from the 
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Figure 1 . Local Don-degenentr topologies in the Q - R plane. SF/S: stable fo- 
cus/stretching, uf'/C : unstable focus /contracting, SN/S/S: stable node/saddle/saddle 
and V SN/S/S : Unstable node/saddle/saddle. 

Biot Savart law and in no way depend on the above relative strengths. Whether or 
not a region of vorticity is focal depends on the rate of strain environment in which 
it is embedded and so also do all definitions for a vortex core. Nevertheless it is 
felt that most if not all of the attached eddies should display extensive focal regions 
as a result of the work of Blackburn, Man sour & Cantwell (1996), who examined 
the data from channel flow computations of Kim ( 1989). Here focal regions were 
found to exist in tubes, some of which extended from very close to the wall to the 
center plane of the channel. The authors consider these to be the clearest and most 
spectacular indicators of eddying motions so far seen in DNS data and at first sight 
look like the attached eddies envisaged by Perry and Chong (1982). 

Following Chong, Perry & Cantwell (1989, 1990), the geometry of the streamline 
pattern at any point in the flow, as seen by a non-rotating observer moving with 
the velocity of that point, can be classified by studying certain invariants of the 
velocity gradient tensor ,4,y = du,/dx } at that point. Here u, is the velocity vector 
and i, is the space vector. The characteristic equation of A tJ is 


\ 3 + P\ 2 +Q\ + R = 0 


(1) 
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where P, Q and R are the tensor invariants. These are 


P = — <roce(A) 

(2) 

Q=i(P J -tro«(A J )) 

(3) 

and 


R « — det(A). 

(4) 

For incompressible flow. P = 0 from continuity and so 


A 3 + Q\ + H = 0. 

(5) 


The eigenvalues A which determine the topology of the local flow pattern are 
determined by the invariants R and Q In fact the R-Q plane, shown in Fig. 1, is 
divided into regions according to flow topology. 

The discriminant of A tJ is defined as 

D=^R 2 +Q 3 ( 6 ) 

4 

and the boundary dividing flows with complex eigenvalues from real is 

D = 0 (7) 

Figure 2 shows contours of D on the R — Q plane. For D > 0, Eq. (5) admits 
two complex and one teal ^dutioo for A. Such points are called foci and are part 
of the focal regions mentioned earlier. If D < 0, all 3 solutions for A are real and 
the associated pattern is r e ferred to as a node saddle-saddle point according to the 
terminology adopted by Chong et al. (1990). 

As implied earlier, the velocity gradient tensor can be split into two components 
thus: 


A tJ = S, } + W„ (8) 

where S tJ is the symmetric rate of strain tensor and W' tJ is the skew symmetric rate 
of rotation tensor These are given by 


and 


2 efej + dx, > 


(9) 


2 l ar, dx, } 


(10) 


The invariants of S, } are P,, Q,, and R. and are defined in an analogous way as 
the invariants of A , } . For incompressible flow P, = 0, 
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FlGl RE 2. Trajectories of constant D in the R - Q plane. 

= (ID 

and 

R, = -jSaSjtS* (12) 

The corresponding invariants of VC,, are P* , Q w and R w . P„ — R w = 0 but Q u . 
is non zero and is given by 

Q w = l -W„W, } (13) 

and is proportional to the enstrophy density. Other relations of interest are 

4> = 2uS,jS tJ = -AvQ, (14) 

where o is the dissipation of kinetic energy into heat per unit mass and it should 
be noted that Q, is always a negative quantity. 

It can be shown that 


<? = <?* + <?, = - S,jS,j) ( 15) 

According to the work of Viellefosse (1982, 1984) and the more recent work of 
Cantwell ( 1992), the evolution of the velocity gradient tensor A t} for a fluid particle 
is given by the following : 
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^ + + A,tAij ~ A *~Amt S -£ = H„ (16) 

Here S tJ is the Kronecker delta and 

u _ / d*P &*P *'i \ . v A,j 

[ dx,&xi dx k dx k 3 ’ dx k dx k 1 ' 

If the viscous term and the pressure Hessian terms are small, the evolution of 
A, } for fluid particles follows Hie so called restricted Euler equation, and solution 
trajectories of such particles follow the contours of constant D on the R-Q plane as 
shown in Fig. 2. It is thought that th*s might be an appropriate description of the 
motions for fine scale eddies at high Reynolds numbers. It is found here that this 
restricted Euler equation is not valid for the Spalart ( 1988) data, which is of course 
at low Reynolds number. H owe v e r, computations show that once a particle is focal 
it is highly probable it will remain focal. This study of particle trajectories on the 
R — Q plane gives us a first glimpse of how fluid dynamics might be combined with 
the usual kinematic description of eddy structures as has been used in the attached 
eddy hypothesis. 

It has been pointed out that three-dimensional plots of vortex lines or particle 
trajectories are extremely complex and confusing and not very helpful in gaining 
an insight into eddying motions (Cantwell (1979)). However, a very interesting 
feature of the isosurfaces of constant D found by Blackburn et al. (1996) is that 
they enclose a rather concentrated and well-ordered bundle of vortex lines. Finally, 
Blackburn et al. found that isosurfaces of constant D were superior to isosurfaces 
of enstrophy density or dissipation of kinetic energy for showing clear, well defined 
structures. The authors do not fully understand why this should be and this is a 
question which needs to be pursued in future work. 

2. Results 

1. 1 Normalization of the discriminant 

The raw values of the discriminant D were used in the case of the Spalart DNS 
data without any additional normalization. In the case of the Na & Moin DNS data, 
it is assumed that the inflow free-streaxn velocity is unity and that all length scales 
in the database are normalized by <$*„, the displacement thickness of the inflow 
boundary layer. The computed raw values of D were normalized by a velocity 
gradient representative of the mean separation bubble flow to the power of 6. This 
resulted in the raw values of D being multiplied by a factor of 10*, and so maximum 
values of normalized D were of Older 10®. Typical values of D used in the isosurface 
visualization of D were of the order of 1 — 10. 

8.2 Zero pressure gradient boundary layer 

Figure 3 shows a very clear picture (from Chacin et al. 1996) of isosurfaccs of the 
discriminant for part of the Spalart (1988), Re$ = 670, zero pressure gradient turbu- 
lent Ixmndary layer simulation data. Some Theodorsen-typc vortices are apparent 
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FIGURE 4. Isosurface of constant discriminant, D. for zero pressure gradient 
turbulent boundary layer flow at i?# = 670 for different threshold values of (a) 
D - 1.0, (b) D = 0.25 and (c) D = 0.1. The displayed boundary layer structures 
cover Ax + = 2442, y+, n = t>.4. = 375 and A; + = 1221. Here + <leuotes 

viscous lengths. 
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Flfit R6 5. Particle trajectories on the R — Q plane computed from the zero 
rcssure gradient, ttubulent boundary layer data of Sj>alart (1988). 

together with intertwining tubes forming braids which are near the surface and are 
aligned with the streamwt.se direction. Figures 4{a). (b), and (c) show the same 
flow case of Spalart !mt for a different time frame covering a larger field of data. 
The figures are ordered for diminishing values of D. Figure 4(a) shows structures 
which could be interpreted as fj or A eddies when viewed from upstream. These 
loops appear to lean in the streamwi.se direction; As the ‘threshold” is reduced (i.e. 
as the value of D for the isosurface is reduced), more attached von-"' ‘ -ops become 
apparent, but the picture becomes confusing. The structures arc ». as smooth as 




FIGURE 6. Particle trajectories using a lire »r diffusion model for Hi, of Martin & 
Dopazo (1995). 

the Chacin et of. (1996) data, and this is because of computer storage problems. 
There is nonetheless a suggestion of Theodor sen type structures with focal tuhes 
coming down to the wall and running along it in the streamwise direction. Super- 
position of vortex lines (done at the computer terminal) is confusing, but they tend 
to loop and lean in the streamwise directin ' in a manner similar to the isosurfaces 
of D. 

Particle trajectories on the R - Q plane show that there is a rapid convergence 
to small but positive D. Figure 5 shows a typical calculation for a selection of 
particles with D > 0 at the initial time. These particles are identified at t = 0 
and then followed in space as the DNS code is run forward in time for several eddy 
characteristic turnover times. These calculations show that once a particle has a 
positive discriminant (i.e. once it is focal), it has a high probability of remain- 
ing focal over several eddy turnover times. Varicus models for the H,, torn are 
currently being formulated. One recent model by Martin & Dopazo (1995) shows 
ensemble averaged R — Q trajectories with the topology sketched in Fig. 6, and this 
is consistent with the above findings. Time evolution computations and animations 
of the isosurfaces of the discriminant show that such surfaces retain their shape 
and identity for considerable streamwise distances. Wlien viewing a movie mark- 
up of successive frames, these structures appear to convert downstream in close 
accordance with Taylor’s hypothesis. Smah r structures close to the wall appear to 
be convecting at smaller velocities than the larger structures further away from the 
wall. All of this is consistent with aspects of the attached eddy model discussed by 
Perry ct <d. ( 1986). 

In zero pressure gradient layers, there seems to be a strong link between these 
attached eddies and the Reynolds shear stress. Perry and Chong ( 1982) .-bowed that 
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FlGtRE 7. Tinr awtapsixl of -«V' for z«to |>rrssur»' ^rwlicut turlmh'iit 

Ixotmdary layer flow with J?t# = 670 in (a) viscous sub-layer y* < 5.0 (b» latUer 
layer. 5.0 < y + < 41. (• I logarithmic region. 41 < y* < 107 end id} wake region. 
y* > 107. The contour level* sbo*m are hy 

it is likely that they contribute almost entirely to the mean vortirity distribution 
and the Reynolds sh«it: tress distribution. Figure 7 *hows that }>eaks in the time 
averager! values of -n'r' occur near to and c»n either side of the contour D — 0 
on the /? > 0 branch of the R - Q plane. Here n‘ and c* are the strramwise and 
wall normal ewm|KH*eiifs of the velocity Hurt nations iv*|>ectively. 

Chaci'i d at j 1006! found that the contributions t<< r }»*• Pnnoids shear stress 
by an at?ache«t eddy come from regions close in physical space to the tsosnrface 
of D. which is small and jmsitive as *vn in Fig. 9 of that reference. They found 
that high Reynolds srress events are strongly eonelated with changes in sign of 
the discriminant This i« important near the wall where the discriminant and the 
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FlGtRE S. Joint probability density function betweer Q and i? for w ro pressure 
gradient turbulent boundary layer florae with /?« = 670 in (a) vtscwu subUjn 
y + < 5.0 (b) buffer layer, 5.0 < y* < 41, (c) logarithmic region. 41 < y* < 107 
and (dj wake region, y* > 107. 

vorticity have completely different character The role of the discriminant needs 
to be clarified. One approach would be to analyze the velocity gradient tensor 
induced by artificial isolated eddies of various shapes using the Biot Savart law in 
the manner of Perry and Marusic (19951- 
Figures 8. 9. 10, and 11 show joint probability distribution diagrams of the various 
tojjologie&l invariants. On these diagrams are shown contours of the joint pdf's of 
various pairs of quantities. Figure 8 shows the joint pdf’s of R and Q and Figs. Si a) 
through to 8(d) show results for the sublayer, buffer mnc. logarithmic region, and 
wake region respectively. Figure 9 shows the joint pdf of R t and Q,. In the sublayer. 
Fig. 9(a) shows that most of the rate of strain is two dimensional, since the data 
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Fi«*i HI D. -Mu* probability tkusity function bet wen Q s and its for zero pressure 
gradimt turbulent boundary layer flow- with R* = 070 in (a) viscous sub layer 
v" « 5.0 fbt buff'd layer. 5.0 < y* < 41. tc) logarithmic region. 41 < < 107 

and <d* wake region v* > 107. 

rolWts along the Q, axis and very high Q, values arc- encountered. Ui the buffer 
'.*!!«■ results shown in Fig. 9tb? there is a drift towards D = 0. and KJ#j is half 
that of rite sublayer h. Fig. 9irh the k*garithmsc region. there is a further decrease 
in Q, and further mo.-ment towards the D = 0 contour. The rate of strain is 
very three ditie-usional In the wake region shown in Fig. 9(d). |Q«| is orders of 
magnitude- smaller than the other regiot.s .md very little dissipation is occurring 
thm\ 

Figure 1(1 show* the f.<int pdf between -Q, and Q M . A line of 45" through the 
origin is symptomatic of vortex sheet behavior <»r two dimensional sheartug Data 
miming close to the axis eottld lie interpreted as Iwdottging to vortex tubes. and 






where w, jv tin vor? icily vector Also it ran be siK*wn |e.g. --re Sana and Chon* 
t 1993 m tlu»t 


-»i S i /? ~~ i?# * 1 < 

The quantity \a\n *2 i* a measure of the stretching and contracting in the direction 
of she viirtirity vector. For ail cases in Fig 1 1 ?h« highest vortinty has no stretch 
aig Figure 12 shouts the conditional hiIuiw integrat'd Q u and Q, for D greater 
than a specified threshold value a> a function of this thresliold value of D. These 
volume integrals have !*eeri boftnalii*d by the total volume integral of Q n and Q, 
respectively, in addition to the cases including the viscous gone. these normalized 




tli#* di^rnninani I'D!- — «►— / QjD > 7 f — w— f Q w * D > 

D, wtn s4Y. (Q w dV. -•-/ Q.iD > D^Wi f Q,d\'^4 9 * > 6.4, '-+-JQJD 
D^ldV / Q* </V and ^ > 6.4. — s~ / <?*,(£? > W*7 / Q.rfl * and 

y* >3?. j Q»iD > D ltr , K <d\’ > / {^*.<{1’ and y + > 37. 



Fl«a Hi. 13 Mean streamline pattern for turbulent boundary layer with separation 
and reattachment. The dimensions shown were normalized by the displacement 
thickness at the inlet plane. 


conditional integrals have been computed for > 6.4. thus eliminating the viscous 
sublayer contribution, and for y* > 37.4, thus eliminating the entire viscous zone 
contribution. The results show that independent of the y* threshold, focal regions 
x< count for approximately 75*51 of all volume integrated Q K (i.e enstrophy) and 
66's of all volume integrated Q, (i.e. dissipation of mechanical energy ). 
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2 .? Separating and reattaching boundary layer 

Figure 13 shows the aiean flow streamlines of a turbulent boundary layer which 
nominally starts as a zero pressure gradient layer using the Spalart data of /t# = 330 
as an inflow lxnindary condition. These computations wire carried out using a 
finite differences method. As the flow moves downstream, the pressure gradient 
is arranged to be zero, then adverse, and then favorable, resulting in a separation 
bubble. The flow bears a strong resemblance to the experiment of Perry and Fairlie 
(1975). but the Reynolds number for that experiment '•as orders of magnitude 
higher than this computation. 

Figure 14 (left side) shows an elevation view of the isosurfaces of the discriminant, 
and one can see a myriad of structures, many of which extend through from the 
wall to tie- outer i-dge of the boundary U> n ami generally lean in the st ream w in- 
direction. The structures leave the wall completely downstream of the mean separa- 
tion |>omt and title over the separation bubble and tlien reattach. In the separation 
bubble tliere is an extensive region which seems to lie devoid of fluid particles with 
positive discriminant. Figure 15 (left ride) shows the instantaneous surface limiting 
streamlines or “skin friction lines'' . In the upstream part of the flow, bifurcation 
Hues (curves towards which neighboring trajectories asymptote) are most evident. 
The precise definition and property of such lines «r *■ given by Hornung and Perry 
(1984) and Perry ami Hornung ( 1984). As the pressure gradient becomes adverse, 
the skin friction lines reveal critical points all over the surface prior to the mean 
flow sejiaratiou region. Under the bulilile. the scale or spacing of tl»e critical points 
is nuich larger than in the mean attached flow and large “nodes’ of separation ami 
reaUaciimeiit are evident mar the mean flow separation and reattachiiwnt "lines’ 
respectively. After leattaciunent, bifurcation lines are phnard after a short stream- 
wise distance with a much wider spanwi.se sparing than upstream of the sejiaration 
bubble This sparing is no doubt related to the viscous scaling as a lower shear 
velocity gives rise to the wider sparing 

Figure 15 (right ride) shows the surface vortex iines which are orthogonal to the 
skin friction lines. In regions far upstream and downstream of the separation bubble, 
kinks iu the vortex lines indicate a bifurcation line in the skin friction lines. Hornung 
aud Perry ( 1984) showed that near a bifurcation line, neighboring skin friction lilies 
are exjioneutial curves and the vortex lines are ortlmgonal parabolas. Figure 16 
shows skin friction Jim’s and vortex lines superimposed for selected parts of the 
flow and tk- bifurcation patterns just mentioned are apparent. This ortht.gouality 
property throughout the limiting wall field acts as a useful check on the corr-ctuess 
in our data processing and in some aspects of the computations. Critical points iu 
the limiting surface streamlines are also critical points in vorticity. In the separation 
region. th<- la;ge velocity field nodes which are apparent are foci in the vorticity fir hi. 

In Figure M. the side and plan views of the isosurfaces of the discriminant sho e 
that the structures appear to b- pulled apart and stretched as they ride over tin 
s«-jiaration bubble. Coles ( 1956. 1957) formulated a hypothesis for the mean velocity 
profiles which considers a turbulent boundary layer to consist of two components 
Miperimpusr'd namely a wall component which follows the universal law of the 
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Fir;i RL 14 Isosxirfar*^ of I'oustnut D 1 to 10 showing foral structure in 
turbulent boundary tayrr with M'jiaraTioti and nattitrlmn'ist from t / &* r ^ 90 to 
s/S' n »s 300 Left, El«*vmion vitav-v Right ] Plan vi<ws. 
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hi. Skm friction hues am! surface vortic'ty ism-s atjHi'iiu 
r» , «ion. (b) Separated region. 


wall am! a wake which follow a universal law of the wak*'. Recently tin-* 

has 1 mh*u extended to include fin* turbulence structure by Perry and Marusir 1 1905 < 
and Maru'jr and perry {1995? where the wail roi!t|*»iK’nf for l>oth nu an How and 
Reynolds stress ts < ousiderni to lie generated by wail attached eddies where tin- 
vortex lines former? to the wall like tin* Thcodorseu tvjre eddies as shown sketched 
m Fie. I7(ah Tire wake eonifionenf of veioeity and the peak in the Reynolds shear 
stress which occurs well away from the wall when the Coles wake factor is appre- 
ciable is considered to be generated bv wake eddies wiiich are thought to consist of 
s panwise undulating vortex cores as shown in Fig. 17(b). This model is supported 
by mean How. broadband turbulence and spectra! measurements and an analysis 
using convolution integrals for computing the effect of a random array of eddies wi»h 
a range of scales (mi* Perry k: Marusic ( 1995) for details). It is almost obvious from 
the picture of the isosurface of the discriminant in Fig. 14 that as the flow develops 
its tin* adverse pressure gradient and as the Coles wake factor increases, more of 
the eddies which contribute to the Reynolds shear stress and mean flow vorticity 
are eddies which arc not connected to the boundary Once separation has occurred, 
t Imre are no eddies connected with the wall, i’nfortunately. memory limitations of 
the flow visualization software jifevenred a full tendering of tin* details of the flow 
field causing the isosurfaces ?<> appear lumpy and niistrucf tired. Mote work on this 
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Figure 17. (a) Wall eddies and (b) wake eddies, after Perry & Marusic (1995). 

Note that here, unlike earlier convention, z is the coordinate normal to the wall 
rather than y. 

3. Conclusions 

This study has shown that there exists evidence for Reynolds shear stress 
carrying structures in zero pressure gradient turbulent boundary layers, and they 
consist of attached eddies in the form of tubes of positive discriminant connected to 
the wall. The vortex loops envisioned by Theodorsen, th** vortex tubes used in the 
model of Perry and Marusic (1995), and the tubes or arches of positive discriminant 
observed in simulations all bear striking resemblance to one another. But there are 
important differences which still need to be reconciled. The evidence presented here 
indicates that Reynolds stress generation is correlated, not with the vorticity, but 
with the discriminant of the velocity gradient tensor, especially near the wall where 
these two quantities have quite different character. 

For adverse pressure gradients, there is evidence of wake structures which are not 
connected to the wall. However, because of the early stages of the present work 
and the difficulties encountered with the resolution of the stored data (if not the 
computed data), the evidence, although encouraging, is not conclusive. Furthermore 
we should keep in mind at all times that we are dealing with low Reynolds number 
flows where the range of eddy length scales is relatively small. 
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Optimal and robust control of transition 

By T. R. Bewtey 1 AND R. Agarwaf 2 

Optimal and robust control theories are used to determine feedback control rules 
that effectively stabilize a linearly unstable flow in a plane channel. Wall transpi- 
ration (unsteady blowing/suction) with zero net mass flux is used as the control. 
Control algorithms are considered that depend both an full flowfield information 
and on estimates o f that flowfield based on wall skin-friction measurements only. 
The development of these control algorithms accounts for modeling errors and mea- 
surement noise in a rigorous fashion: these disturbances are considered in both a 
structured (Gaussian) and unstructured (“worst case”) sense. The performance 
of these algorithms is analyzed in terms of the eigenmodes of the resulting con- 
trolled systems, and the sensitivity of individual eigenmodes to both control and 
observation is quantified. 


1. Introduction 

The behavior of infinitesimal perturbations in simple laminar flows is an impor- 
tant and well-understood problem. As the Reynolds number is increased, laminar 
flows often become unstable and transition to turbulence occurs. The effects of 
the turbulence produced in such flows are very significant and often undesirable, 
resulting in increased drag and heat transfer at the flow boundaries. Thus, a natu- 
ral engineering problem is to study methods of flow control such that transition to 
turbulence can be delayed or eliminated. 

Transition often occurs at a Reynolds number well belov that required for linear 
instability of the laminar flow. Orszag Sc Patera (1983) demonstrate that finite 
amplitude two-dimensional perturbations can highly destabilize infinitesimal three- 
dimensional perturbations in tho flow. Butler Sc Farrell (1992) show that the non 
orthogonality of the eigenmodes of subcritical flows implies that perturbations of a 
particular initial structure will experience large amplification of energy before their 
eventual decay, and suggest that such amplification can sometimes lead to flow 
perturbations large enough for nonlinear instability to be triggered. Such nonlinear 
instabilities can lead to transition well below the critical Reynolds number at which 
linear instability occurs. Results such as these have renewed interest in the control 
of the small ( linear ) perturbations, as the mitigation of linear perturbations also 
lessens the potency of these nonlinear “bypass” mechanisms. 

A firm theoretical basis for the ^ontrol of small perturbations in viscous shear 
flows is only Wginning to emerge. An important step in this direction is provided 

1 Mechanical hnginminn Department . Stanford University 

2 Aerospace fc ngiurrring Department. Wichita Stale t niversily 
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by Jnsiin et ml. i 1995) and Joshi, Speyer. k Kiin ( 199Gi. who aualrM- this prnbkiu 
in a closed-loop framework, in which the dynamics of the flow system together with 
the controller are examined. Joslin tt ml. (1995) apply optimal coutrol theory to 
a problem related to the oik- presented here: in their approach, the control is de- 
termined through an adjoint formulation requiring full flowfieid information Joshi. 
Speyer. A: Kim < 1996) consider essentially the same problem analyzed in this paper, 
and show that a simple constant gain feedback with an integral compensator may 
l>e used in a single- input /single-output (SISO) sense to stabilize the flow: a single 
output (the appropriate Fourier component of tlw streamwise urag I is multiplied by 
some scalar A and summed with a reference signal to fkt ermine the ct»rresp*>nding 
component of the control velocity. This proportional apprr*ach is a special case of 
a class of proportional integral-derivative (PID| controllers. wh<ch combine Unas 
which are proportional, integrals, and derivatives of a scalar output of a system. 

The present work extends these analyses to rigorously account for state distur 
bances and measurement noise. A two-step control ajrproach is used. First, a state 
estimate is develop'd from a (potentially inaccurate) nKtdel of the flow equations, 
with corrections to this state estimate provided by (noisy) flow measurements fed 
back through an output injection matrix L. This state estimate Is then multiplied 
by a feedltack matrix K to determine the control. P<*tentially. this approach can 
yield better results than a PID controller. In cont]»aiisoit to tlie PID ajqrtoach. the 
present approach has many more parameters in tin- control law (specifically, the 
elements of the niatnc«-s K and L ). which are rigorously optimized for a clearly de- 
fined objective. In this manner, multiple-input /multiple-output (MIMOj systems 
are handled naturally and the controller is roupbd with an estimator whicli models 
the dynamics of the system itself. 

Many pnvblrms it: fluid im'chanics. ••sjx'cially those involving turbukmce. an- doni 
mated by nonlinear behavior. In such probfonis. tin- linear analysis performed in 
this paper is not valid. However, optimal control approaches, which use full state in- 
formation. may still lx- formulated ( A her gel Aj Temam 1990* and jx-rformed (Moin 
Ac Bewley 1995* with impressive results. In order to make such schemes practical, 
one must understand how to account for distuvlwuico in a rigorous fashion and 
how to estimate accurately the necessary components of jIh- '»ato (for instance. *he 
location aiul strength of the near -wall coherent structures) based on limited fl>tv 
measurements. The current i»aj»er makes tin's*- cmicepts clear in a fluid mechanical 
sens**, albeit for a linear problem, and thus provid«-s a step in this development 

The controllers and estimators used in this work are detei mined by Tit and Ji^ 
approaches. These techniques have recently been cast in a compact form by Doyle * f 
ml. (1989'<. and are well suited to the current problem, tu which the issue of interest 
is the ability of a closed-loop system to reject disturbances to a laminar flow when 
only a few noisy measurements of the flow are available. 

In f)?. we derive the governing equations tor the pre-a n* flow stability problem and 
cast these equation' in a standard notation. In ^3. the control problem is analyzed 
in terms of the controllability and observability of each individual eigenmode of tlie 
system develop'd in t?2. In ^4. the control approach develops! in Doyle ft a>. ‘ 1989* 
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is summarize! and applied to the present system. In this control approach. two Ric 
ati equations describe a family of H? and H x controllers which lake in.'o account 
structured i Gaussian i and unstructured ("worst case - ) disturbances. R -suits of 
these approaches arc* presenter! in §5. and §6 presents some concluding, remarks. 

2. Governing equations 

This chapter derives the equations governing the pcrttirtatinus t«» a laminar chan 
nel flow and casts them in a flora: to which standard control teehniqties may hr ap- 
plied. This familiar discussion is presented to precisely define the control problem 
under consideration 

2. 1 Continuous form of flow «f motions 

Consider a stea _ plane channel Bow with maximum velocity ( « and channel 
half- width t Xon-dimecsainaliring all velocities by l 9 and lengths by t>. tb mean 
velocity profile iu the stream wise direct km (r) may be written Viy* = 1 - y* on 
the tbmnin y € *-1.1]. The equations governing small, incompressible, three 
(lituensknial pet turluvt ions ir.w) are 

ir= { -lk r C A + i 1, (’* + A(A/#e)} i* ( 1«) 

-* ={-,k z l”) r+ + (It) 

when- t, :s the stream wise wavenumber. k ; is the spanwive wavenumber. A -3 
d^jdy' - t; - k~ is the Laplarian, Ir s is the Reynolds number, c is the 

Fourier component of the wall normal velocity, and — is the Fourier com|>onent 
of the wall-normal vorticity Equation (la) is the (fourth order) Orr-Socnmerfotd 
equation for the wall-n<*rmal velocity modes, and (lb) is the ( second order ! equation 
for the wall normal vurtieitY modes. Note the one-way cou^inj between these two 
equations Also note that, from any solution (r.«c). th< -t ream wise velocity a and 
spanwise velocity ir may be extracted by manipulation of tbc continuity equation 
and the definition of wall normal vorticity into the form 



Control will be applied at the wall as a boundary condition on the wail-normal 
oompomnt of velocity r. The boundary conditions on u aad «r are no- slip (a - 
a* = Oj. which implies that -. =0 and (by continuity ) drjdy = 0 on the wall 

In this development, it is assumed that an array of sensors, which can measure 
streamwise and spanwise skin frietkm. and actuators, which provhle wall normal 
blowing and suet ion with 2 ero net mass flux, are mounted on the walls of a laminar 
channel flow. It is also assumed that a sufficient number of snisors and actua- 
tors are iustalied such that individual Fourier coni|x>t»etits of wall skin friction and 
wall transpiration may Ik* approximated, and the analysis is carried t lire u eh for a 
particular Fourier iwdc. 
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2-2 Discrete form of flow equations 

The nntinuou pint leui desenbd above is disrniiwi <>n a grid of.V+1 CWn - sh<i- 
Gauss-Lobatto po nts stirh that 

j u — cos( zl/X * for 0 1 I < X. 

An ».V f 1 j * {.V T I; matrix P may Ijf expressed (Cauuto et *L 198S. eqn. 2 4. 31 i 
fflidt that the drriwtiv- «if with respect to y on the HisrMc set of .V -f 1 points 

L- Ritm by 

- !>-■ and = P-\ 

where the prime ('« t»« indicates thr (partial > derivative of thr discrete quantity 
with n-sprt to y. The i*«i»ugeneuus Neumann Iwuinlan condition on c e> armoi 
pitched by mudibiny; the first dmntivr matrix such that 

- f 9 1 = 0. X 

\ Pj« 1 < / < .V - 1. 

Difnniiiatioii of r with respect to y b thru given by 

r = Pr. t" = Pr'. r" = Pr". and r~ = Pr". 


With these derivator wa'nccs. it is straight feirward to write (1 j ut» matrix form. 
Tliis i> accomplished by first expressing the matrix form of 1 1 ; on all -V * | colio 
cation jKunts such that 

r = Cc (3a) 

-- = C r + S~\ ( 34* 

where C. C. and 5 are i.V + 1) x (.V -*-!). (Sotr that. 6r r thr matrix 

form «if the LHS of * la - is invertible. so the form (3a* is easily determined. * The 
Diriehlrt boundary conditions are explicitly prescrilted as srparate "forcing" terms. 
To acounjfch this, (kvoinpasr C. C. and S according to 



( * * 

* \ 


( ’ 

• 


f * 

* 

c = 

4u -4 h 

4j » 

C = 

4*1 I*| 

4j2 

S = 


• 


V . 

. j 


*. • 

. i 


4 • 

. i 


where .4 1 1 . .4 2 i. ami .1.. are \S - li * i.V - It and 4 ti . 4 U . ^i- and 4 22 an* 
(A - 1) x 1. Noting that — ,.v = 0 by the noslip condition, and defining 


l " \ , 


-■lii 

0 

B~ 

4„ 

4|j 

-*^2* 
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where x is 21 .V - 1) x 1, A is 2(A r - 1) x 2(\* - l), B is 2(.V - 1) x 2. and « is 2 > 1. 
we may express (3) in the standard form 

r = .4r + Bn. 14) 

The vector x is referred to as the “state" . and the vector a is referred to as the 
“control" . 


t S Wall Rutnmietti 

We will consider control algorithms using both full flnwfieid information and wail 
information only. For the latter case, we will assume that measurement* made 
at the wall provide Information proportional to the stream wise and spauwise skin 
friction 


du 1 

du i 

Jr "* 1 djrLppn 

dyiioMT »<n 

- — i 

dxc | 

By «■ 

fm4 — q j 

oy lt«m 

Equations (2a) and (2b) allow us to express these measurements as linear combi- 
nations of v and Defining a = i k t /{kj -f k 2 . ) and h ~ -t k s /{k* + k : ) and using 

the derivative matrices, the measumnents are expressed as 

$■1 = (at * 1 r + IP.-) 

9m,2 = (a X>* r + kV*A 

' ' apytr malt 

' /town wdl 

jfmi — flP 1 r + «Pj) 

' ' Ifftf maM 

V 'lomrf m ail 


Now decompose T* 2 and P according to 



where n. ej. cj, and e« arr 1 x (JV — 1) and d t . d t , rfj, and d« ate 1 x 1. Finally, 
defining 



where y n is 4 * 1 , C is 4 x 2( .V - 1 ), and D is 4 x 2, allows us to express y m in the 
standard form of a linear combination of the state x and the control « 


Jfm = Cx + Du. 


(oi 


The vector y m is referred to as the “measurement". 
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J. Analysis of control pr ob l em 

In $2, it was shown that the eq u a tio n s governing small perturbations in a laminar 
channel flow may be expressed in the standard form 


i = A r -f flu (6a) 

y« " Ci + Du, (64) 

where all variables are complex and the system matrix .4 is dense and non self 
adjoint We now discuss the eigenmodes ci A and identify which of these modes 
may be modified by the control a and which may be detected by the measurements 

y- • 

It has been shown (Orszag 1971 ) that, for Re < 5772. the uncontrolled problem 
itself b stable and. for ft > 5772. weak instability is seen (though most of the 
eigenvalues remain stable j. with the greatest instability near k z = 1.0 and k. = 0.0. 
We seek a method to determine the control u which stabilizes the system in a manner 
which b robust to system uncertainties. To simplify our discussion, we will restrict 
our attention in the remainder of this work to the particular case Re = 10,000. 
k z = 1.0. and k. = 0.0. Joshi. Speyer, k Kim (1996) explore the (ft, k r . k.) 
parameter space further. 

For 1,-0 (two-dimensional perturbations), C — 0 in (3), entirely decoupling the 
eigenmodes from both the r eigeuroodes and from the control u = (t*. ) T 
In the language of control theory, the w eigenmodes are this ^unroot reliable" by 
the control u. (However, it b also seen that the eigenmodes are stable, so these 
modes will, so to speak, “take care of themselves-.) Thus, for the remainder of this 
paper, we will restrict our attention to the r eigenmodes according to system (6) 
with 






where i is (.V — 1) * 1 . .4 b (*V — 1) x (A* — 1), B is (.V — 1) x 2. and u is 2 x 1 . and 


V m — 




D = 



where y m b 4 x 1. C is 4 x (:V — l). and D is 4 x 2. (All the constituent matrices, 
vectors, and flow measurements are described in the previous section.' 


3.1 System analysis 

We now address whether or not all of the current system's .V — 1 eigenmodes 
may be controlled by the rn = 2 control variables, and whether or not all of these 
eigenmodes may be observed with the p = 4 measurements. To accomplish this, it 
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is standard practkr t»> consider tw mat rices which characterize the controUalkility 
and observability of the s}*sfeni as a whole (Lewis 1995). These are tin- system 
controllability Gnuniau I f of j.4 9) and the system observability Gramian L g of 
(C. .4). which may be found by solution of 

AL r 4 

A m I # 4 - I B .4 + C* C = 0. 

Note that stable numerical techniques to solve equations of this form, fdcrntl to 
as Lyapunov equations, are well developed . 

If L< is ( nearly ) singular, there is at least one cigeemode of the system Thich 
is ( nearly | unaffected by any choice of control tr, and the system is railed “un- 
controllable'’. If all uncontrollable eigenmodes are stable, and a controller may 
be constructed such that the dynamics of the system may be made stable by t!»e 
application of control, the system is called “stabilizable". 

Similarly, if L„ is (nearly) singular, there is at least one eigenmode of the- system 
which is (nearly) indiscernible by the measurements y m . and the system is called 
“unobservable" . If all unobservable eigenmodes are stable, and an estimator may !>e 
constructed su<4i that the dynamics <4 the error of the estimate may be made stable 
by appropriate forcing of the estimator equation, the system is called "detectable". 

Foe the present system, the smallest eigenvalue of both L r and L a are computed 
to be near machine zero, indicating that the present system as derived above is 
both uncontrollable and unobservable. Gramian analysis can not identify which 
of the eigenmodes are uncontrollable or unobservable, however, so it is impossible 
to predict from this analysis alone whether or not the system is sfabilizable and 
detectable. For this reason, we now develop a method to determine which of the 
eigenmodes <4 a system may be affected by the control u and. similarly, which 
eigenmodes may be discerned by the measurements y m . 

S.2 Individual ngenmodt analysts 

We will now make use of the modal canonical form of the system (6) to quantify 
the sensitivity of each eigenmode of .4 to both control and observation (Kailath 
1980 * In order to clarify the derivation, we shall examine each cigenmode of the 
system separately. Define the eigenvalues A, and the right and left eigenvectors. (, 
and »/,. of .4 such that 

right eigenvectors : A (, = A, (, 

left eigenvectors : ij* A = A, q*. 

where the eigenvectors are normalized such that ||£,j| = |[q,|j = 1 for all ». Assume 
.4 has distinct eigenvalues (this may be verified for the present system described 
above). Then any x may be decomposed as a linear combination of the (independent 
but not orthogonal) right eigenvectors such that 


(7«i 
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Differentiating with respect to time. 

' = (76) 

« 

Also, note that left and right eigenvectors corresponding to different eigenvalues are 
orthogonal, but those corresponding to the same eigenvalues are not 

(ij , £.i = 0 (8a) 

(»b* £•)#<* j = i. (86) 


3.2. / Definition of modal control sensitivity 
By (6a) and (7). we haw 

d. = A ^ o, -f B u 

I t 

- y.o. *.£« + B “• 

I 

Taking the inner product with and uoting (8a) yields 


l, h' = ( T b- Q j *jtj) + ( r h • Bu). 


Noting (8b). this yields 


6, = X } a } + 


Vtj 


If the vector B' n, — 0. then ij — a, for any u. In terms of equation (7a). the 
component of x parallel to * } is not affected by the control u. and the eigenmode is 
said to be “uncontrollable" Further, the norm of the coefficient of u 

ln ;BB’r h l U2 


f,= 




(9) 


which we shall call the control sensitivity of moth* j. is a quantitative measure of 
the sensitivity of the eigen mode j to the control u. Note the dependence of this 
expression on the matrix B B ‘ , which is the same term which drives the Lyapunov 
equation for controllability Gramian L r . 


3.2.2 Definition of modal observation sensitivity 

By (6b) and (7) and assuming, for the moment, that h — 0. we have 

9- = 

i 

If the vector C (, } — 0. then y m will not be a function of Qj. In terms of equation 
(7a). the component of i parallel to (j does not contribute to the measurements 
y m . and the eigenmode is said to be “unobservable". Further, the norm of C 

9j = k;c*c*,! ,/ 2 . do) 

which we shall cal) tie observation sensitivity of mode /. is a quantitative measure 
of the sensitivity of tlie measurement y ra to eigenmode j Note the dependence 
of this expression cm the matrix C*C, which is the 1 same term which drives the 
Lyapunov equation for observability Gramian L 0 
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f, 

9 j 

1 

0.00373967 - 0.23752649* 

0.266545 

102.61 

3 

-0.03516728 - 0.96463092* 

0.000215 

72.85 

4 

-0.03518658 - 0.96464251 « 

0.000005 

1.45 

5 

-0.05089873 - 0.27720434 * 

0.02660G 

347.98 

6 

-0 06320150 - 0.93631654 i 

0.000513 

81.39 

7 

-0.06325157 - 0.93635178 * 

0.000021 

2.90 

S 

-0.09122274 - 0.90798305 « 

0.000931 

83.36 

0 

-0.09131286 - 0.90805633 * 

0.000056 

4.32 

10 

-0. 1 1923285 - 0.87962729 . 

0.001587 

77.67 

11 

-0. 1 1937073 - 0.87975570 * 

0.000124 

5-3 * 

12 

-0.12450198 - 0.34910682* 

0.171859 

69.50 

13 

-0.13822653 - 0.41635102* 

0.037660 

252.09 

14 

-0. 14723393 - 0.85124584 * 

0.902833 

63.31 

13 

-0.14742560 ~ 0.85144938* 

0.00026$ 

5.39 

IG 

-0.17522868 - 0.82283504 * 

0.005581 

44.14 

38 

-0.32519719 - 0.63610486* 

5.659801 

0.7S 

39 

-0.34373267 - 0 67764346 * 

4.685315 

0.64 

53 

-0.66286552 - 0.67027520* 

0.259581 

11.58 


Table 1. Least stable eigenmodes of .4 (n;< control) and the a.- sociated control 
and observation sensitivities. Note that all eigenvalues agree precisely with those 
reported by Orszag (1971). Calculation used Chebyshev collocation technique with 
•V = 140 in quad preejsion (128 bits per real number ). The second eigemnode, 
which is not shown here, is spurious (see text ). Note that the only unstable mode 
(j = 1 ) for the present system is both sensitive to the control u and easily detected 
by the measurements y m . 


3.3 Sensitivity of eigenmodes of A to control and observation 

The least stable eigenvalues of A and their corresponding control and observation 
sensitivities f ) and g } are tabulated in Table 1. Note that the fourth eigen modi' is 
five orders of magnitude less sensitive than the first eigenmode to modifications in 
the control. In general, those modes in the upper branch of Fig. la (large j3(A)|) 
are much less sensitive to control than those in the lower branch (small |3(A)j). 
Near the intersection of the two branches (jf(A) ~ -0.3). the control sensitivity 
is maximum, with this sensitivity decreasing slowly to the left of this intersection 
( A I < -0.3 J. It can be predicted that the eigenmodes corresponding to the largest 
may be affected most upon application of some feedback control u. 

Note that the flow measurements are two orders of magnitude less sensitive to 
the fourth eigenmode as they are to the first eigenmode. It can be predicted that 
the state estimates ol the eigenmodes corresponding to the largest yj will be most 
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Fw; I' RE la. Least stable eigenvalues: |3(Aj)| versus A ; ) 



FIGURE lb. Eigenvectors corresponding to (left to right): j = 1 (unstable, lower 
branch), j — 3 (stable, upper branch), j — 4 (stable, upper branch), and j = 5 
(stable, lower branch), plotted as a function of y from the lower wall (bottom) to 
the upper wall (top). Real component of eigenvector is shown solid and imaginary 
component dashed. Corresponding eigenvalues are report ed in Table 1. 


accurate when estimating the state based on noisy measurements. 

An important observation from Fig. lb is that eigenvalues in the upper branch of 
Fig. la have corresponding eigenvectors with vaiiatious primarily in the center of 
the channel, and are thus less controllable via wall transpiration and less observable 
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via wall measurements than eigenvalues in the lower branch. This observation is 
quantified by reduced values of f } and g } for these modes in Table 1. 

The second eigenvalue computed, at A 2 = —0.0235 + 1.520 i is spurious. Spurious 
eigenmodes may be easily identified two ways: i) the eigenvalue moves significantly 
when :V is modified slightly, though the eigenvalues reported in Table 1 mnain 
converged, and ii ) when plotted, spurious modes are dominated by large oscillations 
from grid |K>int to grid point across the entire domain, though converged eigenmodes 
are well resolved. Spurious eigenmodes are expected using this approach and may 
be disregarded. 


4. Summary of H 2 and W* control theories 

In §2, the equations governing the stability of a laminar channel flow were derived 
and cast in the form 

i = .4* + Bu ( 1 In) 

y m = Cx + Du , ( 116 ) 

where the constituent matrices .4, B , C, and D were summarized and discussed in 
§3. We now seek a simple method to determine a control u based on the measure- 
ments y m to force the state i towards zero in a manner which rigorously accounts 
for state disturbances, to be added on the RHS of (11a), and measurement noise, 
to be added on the RHS of (lib). 

The flow of information in this problem is illustrated schematically in the following 
block diagram. 


disturbances 


1 


measurements 

ym 


C 


plant 


estimator fo 


state estimate 
x 


control 

tt 


controller 


The plant, which is forced by external disturbances, has an internal state x which 
cannot be observed. Instead, a few noisy measurements y m are made, and with 
these measurements an estimate of the state i is determined. This state estimate 
is then fed back to through the controller to determine the control u to apply back 
on the plant in order to regulate x to zero 

To be more precise, we will consider fee'' . »> .lie measurements y m such that 

a state estimate x is first determined by ,::e system model 

i — As + Bu — w 


( 12c.) 
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(126) 

(12c) 


ilm = Cx + Du, 

« =C(y m -y m ), 

then this state estimate is used to produce the control 

u=AT(i). (13) 

Equation (11), with added disturbance terms on the RHS, is referred to as the 
“plant”. (12) is referred to as the “estimator”, and (13) is referred to as the “con- 
troller”. The problem at hand is to compute linear time invariant (LT1) functions C 
and K_ such that i) the “output injection” term « forces the state estimate i in the 
estimator (12) towards the state x in the plant (11). and ii) the control u computed 
by the controller (13) forces the state x towards zero in the plant (11). 

We will now demonstrate how to apply Hi and W*. control theories to determine 
C and K. (Note that we will redefine several variables used in §2 to derive the 
Orr Sommerfeld equation. Considered in the context of this chapter, this should 
present no confusion. ) With this presentation, one set of control equations, involving 
the solution of two Riccati equations. descril>es a family of Hi and H^ control 
algorithms. The reader is referred to Doyle et al. (1989), Dailey ct al. (1990), and 
Zhou. Doyle, &: Glover (1996) for derivation mid further discussion of the control 
theories summarized here, 

4-J Hi control theory 


4-1.1 Optimal control (LQR) 

The first step in considering the system (11) is to consider the problem with no 
disturbances and measurements which identically determine full information about 
the state, so that r = x ( t.e. no estimation of the state is necessary). These assump 
tions are quite an idealization and can rarely be accomplished in practice, but this 
exercise is an important step to determine the best possible system performance. 
It is for this reason that the controller in this limit is referred to as optimal. Un- 
der these assumptions about the system, the objective of the optimal controller, 
of the form in (13). is to regulate (i.e. return to zero) some measure of the flow 
perturbation x from an arbitrary initial condition as quickly as possible without 
using excessive amo .,s of control forcing. Mathematically, a cost function for this 
problem may thus be expressed as 


3 LQR - 



+ f 2 ii*ii ) dt. 


(14) 


The term involving |jjr || 2 is a measure of the state disturbance i integrated over the 
time period over which the initial perturbation decays, which is taken as t £ [0. oc). 
The term involving t<*u is an expression of the magnitude of the control. These 
two terms are weighted together with a scalar f 2 , which represents the price of the 
control. This quantity is small if the control is “cheap" (which generally results in 



Optimal and robust control of transition 


417 


larger control magnitudes), and large if applying the control is "expensive". As the 
state equation is linear, the cost quadratic, and the control objective regulation, 
this controller is also referred to as a linear quadratic regulator (LQR). 

The mathematical statement of the present control problem, then, is the mini- 
mization of Jiqr. This results in regulation of x without excessive use of control 
effort. Note that minimization of Jlqr is equivalent to minimization of the integral 
of z*:, where 

”V « )' 

and where Q is a diagonal matrix with diagonal entries Q J} — 7r/.V, as required by 
the appropriate definition of the inner product (C'anuto et al. 19SS). In order to 
arrive at a form which is easily generalized in later sections, define 



For notational convenience, the state equatiou (11a) will be considered as "forced" 
with a right hand side forcing term r which shall be set to zero, as this regulation 
problem simply drives the state towards zero without external command input. The 
state equation (11a), the performance measure c, and the state estimate i then may 
be written 


i = Ax + r + B2U 

(15a) 

Z = C\X + Z>jjU 

(156; 

x = x. 

dor) 


The optimal controller Klqr is sought to relate the (precise) state estimate x to 
the control «. which is applied to control the evolution of the state x such that the 
cost Jlqr(z) is minimized. The important matrices of the system described by 
( 15) may be summarized in the shorthand form 



T 

r 

ti 

i 

A 

I 


V LQR = 2 

Ci 

0 

D|2 

X 

I 

0 

0 


The flow of information is represented by the block diagram 


s 1 


_____ 

r = 0 




P LQR 



X 




u 


-H 

Klqr 

— 



where Vlqr is the flow system given by (15) and b- [,QR is the optimal controller, 
which is still to be determined. The system output r may be used to monitor the 
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performance of the system. Note that the command input, is r = 0 and there are 
no disturbance inputs; the task of the control u is simply to regulate the state x 
from nonzero initial conditions back to zero. The state x = x is fed back through 
the controller K lqr to control the system. 

Given this general setup, a Hamiltonian is defined such that 


H 2 = 


( 


A 

-crc, 


-B 2 B~ 

-A* 


)■ 


(16a) 


As shown in Doyle ei al. (1989), the Hermetian positive-definite solution X 2 to the 
algebraic Riccati equation defined by this Hamiltonian 


A * A', + X 2 A - X 2 ( B 2 B; )X 2 + [ c; C, ) = o, (166) 

denoted X 2 = Ric (H 2 ), then yields the optimal LTi state feedback matrix 


A a = ~B 2 AY 

The optimal LTI controller Klqr is then given simply by 


(16c) 


u = A'j x. (17) 

This controller minimizes J 0 °° :*z dt in a system with no disturbances and arbitrary 
initial conditions. Note that standard numerical techniques to solve equations of 
the form (16b) are well developed (Laub 1991). 

4- 1-2 Kalman- Bucy filter (KBF) 

When there are disturbances to the system, and thus the state is not precisely 
known, the state (or some portion thereof) must first be estimated, then the control 
determined based on this state estimate. The Kalman-Bucy filter, of the form (12). 
accomplishes the required state estimation by assuming that the state disturbances 
and the measurement noise are uncorrelated white Gaussian processes. To accom- 
plish this, we introduce two zero-mean white Gaussian processes uq and w 2 with 
covariance matrices £[»>Juq) = /, £[tt>2u> 2 ] = /, wheie £*[■] denotes the expectation 
value. With these new disturbance signals, and with G\ defined as the square root 
of the covariance of the disturbances to the state equation and G 2 denned as the 
square root of the covariance of measurement noise, the system (IV' takes the form 

x - A x + G\ uq + Bu ( 18a) 

y«t — f 'x + G 2 u ‘ 2 + Du. (186) 

The objective of the Kalman-Bucy filter is to estimate the state x as accurately as 
possible based solely on the measurements y m . Put another way, the Kalman-Bucy 
filter attempts to regulate the norm of the state estimation error if to zero, where 
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and where the state estimate f shall be determined bv a filter of the form (1*2). 
Mathematically, a cost function for this problem may thus he expressed as 

JhBF = £(l!-d ' 2 j- 

where Zf = X£ for notational convenience. (As Gaussian disturbances u-j and u» 
continually drive this system, an integral on 1 1 JO. dc). as user! to define Jiqh- is 
not convergent for this problem, and the expectation * ulue is the relevant measure, j 
The mathematical statement of the present control problem, then, is the mini 
mization of .7 k a f This results in a “best possible” estimate of the state x . In 
order to arrive at a form which is easily generalized in later sections, assume G< is 
nousingular and define 

B\ s ( G| 0 i Cj r Gj *r O 21 = ( 0 I ) 

and the vector of disturbances 



Also, define new “observation” vectors y and y by a simple change of variahh-s such 
tiiat 

V =Gj l (y m - Du) y = G^ l (y m - Du). 

Note that this change of variables does not represent any real limitation, for when 
ever any flow measurement y m is made in a physical implementation, the control 
u at that moment is also kuown, so the observation y is easily determined from 
the flow measurement y m . With this change of variables. (18b) and (12b! may be 
ex pressed as 


y = C 2 x + Dj\ u- (19ot 

y = Cj i. t VJh ) 

As we arc developing the equations for an estimator, it is appropriate now to exam- 
ine the equations for the state estimation error xg and the ouput estimation error 
yr = y — y. Subtracting (12a) from (18a) and ( 19b) from (19a) yields the *\steni 

= Axe + B\ w + « i20n 1 

ze = xe | 2 M ) 

yE = Cjxe f D 21 W. (20c) 

The Kalman-Bucy filter Ckbf is sought to relate the output estimation error 0 /- 
<0 the output injection term n. which is used to control the evolution of die state 
estimation error x/r such that the cost ) «* minimized in the presence ( >f 

Gaussian disturbances m'. The important matrices of the system descrilied by (*20t 
may l>e summarized in the shorthand form 
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it: 

IT 

a 

i e 

.4 

B\ 

/ 

Pr»F = : E 

7 

0 

0 

ye 

C 2 

An 

0 


The flow of information is represented by the block diagram 




Ft 




PhBt 



CkBt 



1 


where • a SF is the flow system given bj- ( 18) and £* nt h> the Kaiman-Bucy filter, 
which fi still to be determined. The system output may be used to monitor the 
perforrwmcc of the system This system accounts for Gaussian disturbances tr and 
noisy -ibservatiGtii yr of the system, which are fed back through the filter CkHt to 
produce the stale estimate Note the striking similarity of the structure of VhRF 
to the structure of the conjugate transpose of Plqr For this reason, these two 
problems are referred to as 'duals", and their solutions are rksely related. 

Given this general setup, another Hamiltonian is defined such that 


Ji 



-c; C; 

-A 


) 


(21o) 


As shown in Doyle rt «/ t 1989). the Hermrtian positive definite solution T> to the 
algebraic Riccati equation defined by this Hamiltonian 


A Y t ~ Y t A' - Yi ic: C 2 1 Y 2 + > B, B ’ t = 0. (21*) 

denoted ).> = Ric( J 2 *. then yields the LTI estimator feedback matrix 


L 2 = -Y 2 Ci (21c) 

The LTI Kaiman-Bucy filter Crbf is then simply givi-n by 


w = 1-2 ye- 


and thus the complete state estimator is given by 

x = .4i + B 2 u — L?(y - C> x) (22) 

This estimator minimizes £{ ||x - i|| 2 J in a system with Gaussi?*' disturlnuices in 
the state equation and Gaussian noise in the tneasuremnits. 
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4ISH2 central (LQG = LQM. + KBF) 

A com roller /estimator of the Conn ( 12)— I 13) for the completr system AntiIiwI 
by ( 18) with Gaussian disturbances may now be constructed. The objective of the 
control is to minimize 

J 2 = Ef!!r|j* + **«•«}. 

where jj - jj denotes the standard Euclidian norm, also known as a ~2 norm". Note 
that minimization of Jj is equivalent to minimization of the nepertatioa value of 
where 

and Q is a diagonal matrix with diagonal entries Q„ = x/.V as required by the 
appropriate definition of the inner product. As the control objective is the min- 
imization of the expectation value of the square of a 2-norm, this type of eon 
trailer /estimator is referred to as Hj. As the ste.tr equation is linear, the cost 
quadratic, and the disturbances Gaussian, this type of controller /estimator is also 
referred to as linear quadratic Gaussian (LQG) 

Combining the notation developed in the previous two sections 

B,=(G, 0) c **( Q, o /f ) D » = (/) 

B. = B C 2 = G 2 l C Dji = ( 0 /). 

with the vector of disturbances tr and the observation vectors y and j defined such 
that 

, = g 2 - , (»--d-) 

¥ = T Gj'iym - Du), 

the system (IS t and the control objective Cor the minimization of J 2 take the form 




z = Az + fli 1 C+B 2 * 

i23oi 

: = CiX+ Di;ll 

(238) 

)f = Cjr + Djir. 

(23c) 


An Hi controller /estimator is sought to relate the observations y to the control 11 . 
which is applied to control the evolution of the state z such that the cost J 2 { : ) is 
minimized in the presence of Gaussian disturbances <r. 

The remarkable result from control theory (Lewis 1995) is that the Hi con 
troller /estimator of the form (12)— (13) which minimizes J 2 for this system is 
formed by simple combination of the optimal controller and the Kalman-Bucy filter 
such that 


u = A’j x 

z — .4 f + 02 u - L 2 ( y - C 2 z ) 


(24n) 

(24M 
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where A’j is given by ( 16 1 

a * = - b ;. y 2 Xi =**(-c; Ci *v*) <**> 

and Li is given by (21 1 

l, » -» ■ c; »i - Kc ( ^ C? 4 C ’ ) 

Note the separation structure of this solution. The computation of A'j does not 
depend upon the influence of the disturbances, winch are accounted tar in B x and 
Cj- The computation of Lj does not depend upon the weightings in the cost 
function which are accounted for in C|, or the manner in which the root’d « 
affect- the state, which is accounted for in B t . In other words, the problem of 
control and the problem of state estimation are entirely decoupled. 

4-t W» cntrW 

The H x controller /estimator described in this section is very similar to the hj 
controller /estimator described preciously. Coosideratioo is now given to distur- 
bances. which we shall distinguish with a new variable \. of the “worst" possible 
structure (as made precise below), rather than the Gaussian structure assumed in 
the Hz case. Considered in the freq u ency domain, the caotroOer/estimators de- 
veloped in this section provide a system behavior in which the maximum singular 
value of the closed-loop transfer function, also known as the “oc norm", is less than 
some constant, which shall be referred to as •>. As this approach may be inter- 
prrt'd as bounding the x-nonu of the transfer function from the disturbances to 
the performance measure, it is referred to as 7f* control. For further details of the 
frequency-domain explanation of the reader is referred to Doyle t( ml. (1989) 
and Zhou. Doyle. 4: Glover { 1996). 

The governing equations to be considered in this section are identical to (23): 


r = .Ar 4- B i V 4 B 2 ti 

125 a) 

r — C|J+ Diju 

(254) 

y * Czx *■ Dz,\. 

(25c) 


An W-c controller /estimator is sought to relate the observations y to the control «. 
which is applied to control the evolution of the state x such that the cost J^jc) 
is minimized in the presence of some “worst case" disturbance \. As before, the 
G i and G» matrices used to define this system describe any covariance structure of 
the disturlwuiees known or expected a priari (for instance, if one measurement is 
known to be noisier than another). These matrices are taken as identity matrices 
if no such structure is known in advance. 

Effectively, the cost function considered for H-*. control is 

iK = £[r*Qx + 


(26) 
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A u is sought, through a controller /estinato. of the form (12) (13), to minimize 

J x , while simultaneously an external disturbance V is sought to maximize J x . (In 
this manner. \ is the “worst possible" disturbance, as it is exactly that disturbance 
which increases the relevant cost function the most.) Tims, the H x problem is 
a “miu-max" problem. The term involving —y 1 limits the magnitude of the un- 
structured disturbance in the maximization of J x with respect to V in a manner 
analogous to the term involving f 1 , which limits the magnitude of the control in the 
minimization of J x with respect to a. 

The result (Doyle ct al. 1989) is that an Woe controller /estimator of the form 
(12) -(13) which minimizes in the presence of some component of the worst 
case unstructured disturbance V for this system is given In- 


ti = A’oof (27 a) 

i = Ax + Biu-Locfy-Cjx) (27 b) 

where A'* is given by 

A’* = - B ; A * -Vot = Ric ^ c \ Cj 

and I* is given by 

I* = -r x c; lx = Ric ^ ^ g. 

Note first that, in the y — ► oc limit, the Wj coat roller /estimator is recovered, so 
the set of two Riccati equations in (27) describes both the Hj (optimal control -f 
Kalman-Bucy filter) and the W w problems. 

It may also be shown that, as the upper-right blocks erf the Hamiltonians may not 
be negative definite, a solution to these Riccati problems exists only for sufficiently 
large ■>; the smallest -y = y 0 for which a solution to these equations exists may be 
found by trial and error (Doyle et al. 1989). An “H x controller/estimator for y > y 0 
is referred to as suboptimal. 

4-3 Comparison of Hz *ni W* control equations 

Most of the robustness problems associated with H? stem from the state estima- 
tion. Optimal (LQR) controllers themselves, provided with full state information, 
generally have excellent performance and robustness properties (Dailey et al. 1990). 
Recall from §4.1-3 that the problems of control and state estimation in the Hz for- 
mulation are decoupled. 

An important observation of §4.2 is that the problems of control and state esti 
mation in the formulation are coupled. Specifically, the computation of K x 
depends on the expected covariance of the state disturbances, which are accounted 
for in B\. ami the computation of l x depends cm the weightings in the c«»t func- 
tion. which are accounted for in Cj. This is one of the essential features of 
control 


y-*B,B^B 2 B^ (2 _ c) 


y~ 2 c;c,-c;c 2 y {% 


■d) 
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By takiug into account the expected covariance of the state disturbances, re- 
flected in B\ . when determining the state feedback matrix A*, the components of 
x corresponding to the components of x that are expected to haw the smallest forc- 
ing by externa] disturbances are weighted least in the feedback control relationship 
u = A * x. 

Similarly, by taking into account the weightings in the cost function, reflected 
in C|. when determining the estimator feedback matrix [ K . the components of x 
corresponding to the components of x that are least important in the computation of 
Jx are forced with the smallest corrections by the output injection term £*. ( y — y > 
in the equation for the estimator. 

By applying strong control only on those components of x significantly excited bv 
extemal disturbances, and by applying strong estimator corrections only to those 
components of x important in the computation of the cost function, feedback 
gains for components of the system not relevant to the control problem are reduced 
from those in the Hi case. With such feedback gains reduced, the stability properties 
of Hx controller /estimators in the presence of state disturbances and measurement 
noise may be expected to be better than their Hi counterparts, at the cost of a 
(hopefully, small) degradation of performance in terms of the 2-norm of the output 
c for the undisturbed system. 

4-4 Numerical method 

Standard numerical techniques are now applied to all aspects of this problem. 
Iu order to simplify both the theory to be presented and the numerical algorithm 
to be coded, no further manipulation of the equations is used beyond the matrix 
representations (25 ) and (27 ). It was observed that the minimal realization approach 
(Kailath 1980) is well suited to reduce tire computation time necessary to determine 
effective control algorithms by the present approach; however, such an approach vr s 
not found to be necessary in the present case. 

The algebraic Riccati equations are solved using the method of Laub ( 1991 ), which 
involves a Schur factorization. This is found to be a stable numerical algorithm for 
all rases tested- The implementation of L&ub's method is written in Fortran- 30 and 
follows closely the algorithm used by the Matiab function are ■ (Grace et tl. 1992). 
A Lyapunov solver . modeled after the Matiab function lyap.a. is used to compute 
the system Gramians. 

Two LAPACK routines (Anderson e: !. 1995). zgeev.f and zgees.f, are used 
to compute eigenvalues j eigenvectors and Schur factorizations. These routines are 
compiled in quad precision (128 bits per real number) to ensure sufficient numerical 
precision in the eigenvalue computation. All computations are carried out with 
-V = 140 to ensure good resolution of all significant eigenmodes. The eigenvalues of 
,4 match all those tabulated by Orszag ( 1971 ) to all eight decimal places, as shown 
in Table 1, indicating that this numerical method is sufficiently accurate. 

5. Performance of controlled systems (no disturbances) 

We now examine the behavior of the "‘closed- loop” systems obtained by applica- 
tion of the above controllers and estimators to the “nominal" ( » e. no disturbances) 



Optimal and robust control of fn*n.«ifion 


425 


channel flow stability probk-m. In other words, we examine the behavior of the flow 
and tin 1 rontrolW*r /estimators operating together as a single dyuatnieal system. By 
looking at “root locus" plots which map the movement of the eigenvalues of those 
systems in the complex plane with respect to the relevant parameters, this liehavior 
is well quantified. We shall also examine the control and observation sensitivities 
defined in §3.2 for two special cases in order to better understand the fundamental 
limitations of controllers and estimators applied to the present system. 

5.1 ‘Hj control 

5.1.1 Optimal control (LQR) 

In order to investigate the controllability of the closed-loop eigenm<»d«*s when all 
moth ', are observable, consider the system described in §41.1. With r = 0 and 
examining only the equations few r and x. the plant is given (in the shorthantl 
notation used in §4) by 


x u 



with tlie control now given by 

u = Kjx + u\ 

where an additional control term «' has been added to study the sensitivity of the 
closed-loop system to further modification of the control Putting the plant and the 
controller together. **:e closed-loop system may be represented by 



The eigenmodes of .4/., = .4 + A’j describe the dynamics of the closed loop 
system few the unmodified control rule (u' = 0). Figure 2 shows the movement 
of these eigenvalues with respect to the free parameter of the control problem. (. 
used to determine Aj. The eigenvalues for £ — * oo are very near those of the 
uncontrolled system .4 in Fig. 1. with the previously unstable mode moved just to 
the left of the imaginary axis. The eigenvalues generally move to the left as l is 
<li . . eased. Comparing Fig. 2b with Fig. lb, it is seen that the control modifies most 
those eigenmodes with significant variations near the wall. 

The sensitivity of the eigenmodes of the closed loop LQR system to modification 
erf the control rule may be quantified by performing the analysis of §3.2.1. replacing 
the eigenmodes of A by the eigenmodes of .4 a, . The result of this analysis for small 
( is shown in Table 2. This table shows that, in the £ — » 0 limit, tlie system matrix 
is modified to the point that the eigenmodes are no longer sensitive to further 
modification of the control. In other words, all the controllable dynamics of the 
system have licen modified by A '2 and are accounted for in the closed loop system 
in this limit. This is one demonstration that the optima] controller extracts the 
best possible performance from a given (full-information) system. 
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FKil RE 2a. Root locus of least stable eigenvalues of Ik, as » function of the free 
parameter of the H- controller. ( The eigenvalues for I -♦ x arc marked with an 

ix). 



FlCilSE 2b. Eigen ««r tor* of .4^, . with ( — I0~ 4 , corresponding to (left to right): 
j ~ 1. j — 3. j = 4. and j - 5. Peal component of eigenvector is shown solid and 
imaginary component dashed. Corresponding eigenvalues are reported in Table 2. 

5. 1.2 Kalman But y filttr (KBF) 

The estimator itself has its own set of dynamics These dynamics are captured 
by the equations for the state estimator error, as d< -scribed in §4.1.2. We now make 
use of this system in order to investigate the observability of closed-loop eigenmodes 
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J 

3 

4 

5 

6 

7 

1 

8 

9 

10 

11 

12 

14 

15 

13 

16 


\» 

-0.03513233 - 0,96462128* 
-0.03518652 - 0 96464261* 
-0.06255259 - 0.2926271 It 
-0.0631035$ - 0.93629329* 
-0.06325089 - 0 93635257- 
-0.06644730 - 0.29721403* 
-0.09102975 - 0.90793951* 
-0 09130964 - 0.90805917* 
-0.11890731 - 0.87955083* 
-0.11936036 - 0.87976246* 
-0.14335180 - 0.43962023* 
-0.14673294 - 0 85111508* 
-0.14739907 - 0.85146161* 
-0.14803996 - 044586838* 
-0.17450455 - 0.82261690* 


S, 


0.000000029 

0.000000001 

0.000001101 

0.000000070 

0.000000003 

0.000001116 

0.000000129 

0.000000008 

0000000226 

0.000000020 


l.l.l.l.t*'*:! 


0.000000414 

0.000000045 

0.000003081 

0.000000842 


Table 2. Least stable eigenmodes of the closed-loop system .4*, and their sensitiv- 
ity to control for the optimal controller in the cheap control limit (f - 10~ 4 ). Tin- 
numbering of the eigenvalues shown is the same as the numbering of the eigenvalues 
of Table 1 to which they are connected by the root locus of Fig. 2. Note that the 
control in this limit drives all eigenmodes to positions at which they are insensitive 
to further modifications of the control, as illustrated by the large reductions in f r 
Note also that those eigenmodes with the largest values of f } in Table 1 (specifically, 
those in the lower branch ’ have moved the most. 


when all .nodes are controllable. With w = 0 and examining only the equations for 
ig and yg. this plant is given by 



with the output injection now given by 


« = ye + **\ 


where an additional output injection term *,'*' has been added to study the sen- 
sitivity of the closed-loop system to further modification of the output injection 
rule. Putting the plant and the estimator together, the closed-loop system may be 
represented by 


P 


KBF , r/oi ' d loop) 



l£ 



A + L2C2 

\ 1 

yt 

c 2 

0 


The eigenmodes of Ag, = A+LjC 2 descnlx- the dynamics of t he closed-loop system 
for the unm-xiified output injection rule in' = 0). Figure 3 shows the movement of 
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Fl<« l : RE 3. Root locus of least stable eigenvalues of .4/,, as a function of •I' fret- 
parameters of the H 2 estimator, 91 and g 2 (note that we take 91 = g 2 for the purpose 
of drawing the root locus). The eigenvalues for 91 = g 2 — * 0, marked with (x), are 
very near those of the uncontrolled system .4 in Fig. 1 , with the previously unstable 
mode moved just to the left of the imaginary axis. The eigenvalues generally move 
to the left as g x and g 2 are increased. 

these eigenvalues with respect to the free parameters of the estimator problem. This 
is done by assuming that the matrices describing the covariance of the disturlwmces 
have the simple form G\ — g\ I and G 2 — g 2 J, where g x and g 2 are real scalars. 

The sensitivity of measurements yj r to the eigenmodes of the closed loop KBF 
system may be quantified by performing the analysis of §3. 2.2, replacing the eigen- 
modes of .4 by the eigenmodes of .4/.,. The result of this analysis for large g , = g 2 
is shown in Table 3. This table shows that, in the g t — g 2 — » oc limit, the system 
matrix is modified to the point that the measurements are no longer sensitive to the 
eigenmodes of the closed-loop system In other words, all the measurable dynamics 
of the system have been extracted by L 2 and are accounted for in the closed loop 
system in this limit. This is one demonstration that the Kalman- Bucy filter extracts 
the best possible state estimate from a given (fuliy -controllable) state estimator 

5.1. S H 2 control (LQG = LQR + KBF ) 

It was mentioned in §4 1 .3 that the controller /estimator which minimized the 
relevant cost functional (J 2 ) in the presence of Gaussian disturbances could l>e 
found by considering the controller and estimator problems separately. In this 
section, it is shown that the closed-loop performance of a system of the form (23) 
(without disturbances) 


i = .4 1 + B 2 u 
y - C 2 x 
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J 

^ 1 

9j 

3 

-0.03505745 - 0.96474093? 

0.00000056$ 

4 

-0.03518656 - 0.96464253? 

0.000000004 

6 

-0.06287931 - 0.93668086? 

0.000000644 

7 

-0.06325136 - 0.93635193* 

0.000000008 

5 

-0.08362450 - 0.25066856* 

0.000002858 

8 

-0.09059621 - 0 90874817) 

0.000000673 

9 

-0.09131196 - 0.90805689« 

0.000000011 

1 

-0.09565183 - 0.17658643) 

0.000000094 

10 

-0.11823779 - 0.88095122) 

0.000000646 

11 

-0. 1 1936807 - 0.87975709) 

0.000000014 

12 

-0.14209547 - 0.25910275) 

0.000000130 

14 

-0.14584717 - 0.85329567* 

0.000000549 

15 

-0.14741926 - 0.85145223? 

0.000000014 

16 

-0.17347707 - 0.82577419) 

0.000000399 

13 

-0.17418920 - 0.40314656) 

0.000002002 


Table 3. Least stable eigenmodes of the closed-ioop system .4/., and their sen- 
sitivity to observation for the Kalman-Bucy filter in the large disturbance limit 
(</i — 92 — 10 2 ). The numbering of the eigenvalues shown is the same as the num- 
bering of the eigenvalues of Table 1 to which they are connected by the root locus 
of Fig. 1. Note that the estimator in this limit modifies all eigenmodes until the 
measurements are no longer sensitive to them, as illustrated by the large reductions 
in g } . Note also that those eigenmodes with the largest values of g } in Table 1 
(specifically, those in the lower branch) have moved the most. 

combined with an estimator/controller of the form (24) 

u = A' 2 f 

i = Ax + B 2 u - L 2 (y -C 2 i) 


may also be evaluated by considering the controller and estimator problems sepa- 
rately. To accomplish this, simply combine the above equations into the closed-loop 
composite system 


( A B 2 K 2 \(x\ 

\ —£2 Cj A 4- B 2 h 2 4- 1 2 G / \ x J 

Gaussian elimination, first on the rows and thert on the columns, reveals that the 
eigenvalues of this system are the same as the eigenvalues of the system 

,4 4- B 2 A 2 B 2 K 2 \ 

0 A + L 2 C 2 ) 

In other words, the eigenvalues of the closed-loop composite system for the H> 
problem are simply the union of the eigenvalues of the controlled system .1 /, , = 
.4 + B 2 ti 2 and the eigenvalues of the estimated system Al, = .4 4- L 2 C 2 discussed 
in the previous two sections and illustrated in Fig. 4. 
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Figl rf. 4. Least stable eigenvalues erf the composite closed-loop system with the 
Hj controller /estimator, taking t — g\ = jrj = 1. Note that the eigenvalues are 
simply the eigenvalues of the closed loop controller ( + ) together with those of the 
closed loop estimator {*). 


5.2 Hoo control 

As with the H 2 controller /estimator, the performance of the closed loop composite 
system with the H-* controller /estimator 

( .4 BjA'oo \(z\ 

£ocC2 A 4- B 2 hoc + Loc Ci ) \x ) 

may be evaluated by considering the performance of the controlled system — 
A + Bi A'« and the performance of the estimated system .4/.^ = .4 + L x C% sep- 
arately. The root locus of the eigenvalues of .4*^ are plotted with respect to the 
parameter 7 of the H » problem in Fig. 5, clearly illustrating the tendency of Hoc 
controllers to modify only the least stable components of the system, as opposed to 
the H 2 controller of Fig. 2, which modifies all controllable modes of the system. 

6. Conclusions 

Optimal and robust control theories have been successfully applied to the Orr- 
Sommerfold equation. Given control on the wall-normal component of boundary 
velocity only, the flow system is shown to be stabilizable but not controllable. Given 
measurements of wall skin-friction only, the flow system is shown to be detectable 
but not observable. It is shown that H 2 controllers /estimators modify all of the 
controllable/observable modes of the system. In contrast, the H 0 0 controllers mod- 
ify the corresponding Hi controllers only in the most unstable component, as Hoc 
targets a bound only on the maximum value of the transfer function. 
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FIGURE 5. Root locus of least stable eigenvalues of the H a o controller versus 7 , 
taking t = 100, gi = 9z = 0.001. The result with 7 — ♦ 00, marked with the (x). gives 
the corresponding Ha controller. Note that the H <* controller modifies only the least 
stable eigenmode of this Hz result, without expending any extra control effort to 
control those eigenmodes not associated with the maximally unstable component of 
the system. Note also that 7 = 70. marked with the (o), is reached by reducing 7 
until the least stable eigenvalue corresponds to one of the uncontrollable eigenmodes 
in the upper branch, which cannot be moved further left; in the present case, this 
corresponds to a numerical value of 70 = 0.26. 


In the ( -* 0 limit of the Hj controller, corresponding to cheap control and thus 
large values of u, all eigenmodes of the closed-loop controlled system are shown to 
be modified to points at which they are no longer sensitive to further modifications 
of the control. Similarly, in the <71 = gz — 1 ► 00 limit of the Hz estimator, accounting 
for large disturbances on both the state and the measurements, all eigenmodes of 
the closed-loop system for the estimator error are shown to be modified to points 
at which they are not discernible by flow measurements. 

These results indicate that Hz controllers and estimators are optimal for their 
desired purposes, but may contain large feedback gains. On the other hand. H ^ 
controllers only target the least stable components of the system, and thus have 
smaller feedback gains while still achieving the same worst case performance for the 
nominal plant. Such reduced feedback gains generally result in improved robustness 
to inaccuracies in the system model. 
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Simulation and modeling of 
the elliptic streamline flow 

By G. A. BbusdeH 1 2 and K. Sharif* 


Direct numerical simulations are performed for the elliptic streamline flu*, which 
is a h«*Hipwi*is turlmUnt flaw that combines the effects of solid IkkJv rotation 
ar.d strain Simulations are run over a range of parameters in order to determine 
the effect of changing rotation and strain separately. For early times the nonlineai 
cascade is suppressed, but then is re-established at later times. The growth rate of 
turbuk nt kinetic energy agrees at early times with the trends from linear theory, hut 
at later turns the flow seems to approach an asymptotic state that is iudejH-ndent 
of the ratio of mean flow rotation rate to strain rate. A comparison with standard 
Reynolds stress turbulence models is made. It is found that for strong rotation rates, 
the nnnk-ls predict decay of the turbulence, while the simulations show exponential 
growth- Close examination of the simulation results shows that they are affected l*y 
excessively low Reynolds numbers. Suggestions for reducing low Reynolds number 
effects in future simulations is given 


1. Introduction 


1.1 Motivation 

The elliptic streamline flow is an important flow for many reasons. This flow 
contains tlie effects of both rotation and strain and is therefore similar to the mean 
flow in a vortex strained in the plane perpendicular to its axis. Such flows provide 
insight into fundamental vortical interactions within turbulence, and the instability 
cainwd by the strain has been proposed as a universal mechanism for energy transfer 
from large scales to small scales ( Picrrehumber: 1986). 

A strained vortex also occurs in airplane wakes, in which each vringtip vortex 
induces a s'rain field on the oilier. The strain field can affect tin 1 stability of 
these vortices and thereby their turbulent structure downstream. The ability to 
understand and predict the turbulent structure of the vortires is important *o the 
wak< hazard probkun. which is of major concern for the safety of commercial aircraft . 

Another example of a flow with the combined effects of rotation and strain is 
the on let core of the earth's interior. The electrically conducting fluid in the outer 
portion of the earth’s core rotates with the earth but is also strained by tidal forces. 
A large scale secondary flow results, tvhich has been projH?sed as the cause of the 
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magnetic field i Malkus A: Bern* 1968). Additional examples are flow in fluid-filled 
satellites and iu rectangular cavities. 

The elliptic streamline flow is also a good test rase for turbulence models for 
rotating flows. It has an added complication beyond that of pure rotation, but it is 
still a Sasic flow The additional strain rate is present in most practical engineering 
flows and. therefore, is a necessary effect for turbulence models to capture. As shown 
in Section 3. standard Reynolds stress models predict decay of tbe turbulent kinetic 
energy for cases with strong rotation, w h ereas the DNS sh->ws exponential growth. 
Therefore, the elliptic streamline flow presents a challenging case for turbulence 
modelers 

It Bmckfrmuni 

The elliptic streamline flow has been studied using Rapid Distortion Theory 
(RDT) by Cambon rt ml. (1965) and Cambon ef ml. ( 1994). Different approaches 
were used by Pierrehumbert (1966), Bayly (1966). and Wafcffe (1990). who per- 
formed inviscid stability analyses. For circular streamlines (pure rotation) there are 
no unstable modes, while for elliptic streamlines a band of unstable modes exists in 
which tbe growth rate depends on the polar angle of the wavenumber vector The 
Icuwi of unstable angles increases in width for increasing eilipticitv of the stream 
lines Also, tbe growth rate of the unstable modes is independent of the magnitude 
of tbe wavenumber vect jr Therefore, arbitrarily small three dimensional fluctua- 
tions « an he created by an instability of a basic two-dmirosional flow. Pjerrehumbert 
suggested that this might be a mechanism for the cascade process in turbulent flows. 

The effects of viscosity were studied by Landman k Saif man ( 1987) and are in- 
cluded in the RDT analyses of Cambon et ml The growth rate of the instabilities is 
modified by viscosity so that the growth rate is no longer independent of the mag- 
nitude of the wavenumlier vector. Landman k Saffman found a high wavenumber 
cut-off of the instability. However, there is no low wavenumber cut-off. and arbi- 
trarily large silts arc unstable This fact causes the turbulent eddies to eventually 
outgrow tbe computational domain in the DNS discussed below. 

An interesting experiment corresponding to elliptic streamline flow was done by 
Malkus ( 19S9). A tank with moving flexible walls was used to create a flow with el- 
liptic streamlines. He observed a collapse phenomenon in which the two-dimensional 
flow suddenly breaks down into three-. limmsioazJ small scale motions Waleffe 
( 1990 1 studied the stability of the enclosed elliptic flow and suggested the collapse 
phenomenon is due to nonlinear interactions in which the mean flow is altered. 
It is not clear at this point how this confined flow is related to the homogeneous 
turbulent flow studied here. 

Lundgren k Man sour < 1996) investigated the stability of a vortex in a rectangu- 
lar domain. This flow is very' similar to tiie elliptic streamline flow and displays a 
similar instability. However, their flow has a mean velocity which decays in time, 
and their flow is m homogeneous These two factors introduce additional compli 
eating effects and make gathering turbulence statistics difficult because of the low 
statistical sample that is available. The elliptic streamline flow and its instability is 
also related to the instability of a strained, finite-sized vortex with uniform vorticity 
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studied by Widnalt c.t cl. (1974) and others. 

An experiment which was designed to correspond to the homogeneous elliptic 
streamline flow was performed by Benoit (1992). He investigated grid generated 
turbulence created by a rotating grid and tlien passed through a specially designed 
diffuser with elliptic cross- sect ions. Benoit also analyzed the flow using linear rapid 
distortion theory. In order to compare with his results, simulations at Reynolds 
numbers higher than tlmse in the current study are needed. This point is discussed 
futher below. 

There has l>een a considerable amount of work done on the stability of the elliptic 
streamline flow. However, the only numerical simulations that have been done are 
the preliminary simulations of Blaisdell k Shariff (1994). The current simulations 
are a continuation of that work. With the use of direct numerical simulation, the 
nonlinear development of the flow and the frilly turbulent state ran be examined. 

1.3 Objectives 

The jkbp-ctives of this work are to investigate the elliptic streamline flow for 
the fully turbuleut case and to provide statistics for comparison with turbulence 
models. One of the issues to be investigated is whether the linear instability modes 
lo dominate the flow even in the presence of large initial disturbances. The 
*it»-ct of the governing parameters on the development of the flow is also to be 
studied. For the elliptic streamline flow the governing parameters are: ( 1 ) the ratio 
of tin- rotation rate to the strain rate, which gives the asjj<-ct ratio of the elliptic 
streamlines. (2» the ratio of a mean flow time scale, such as the rotation rate, to 
the turbulence time scale, and (3) the turbulent Reynolds number. Simulations are 
choseu to vary these parameters iu a systematic way. However, it is found that the 
Reynolds nuiulters of these simulations is low enough that the development of the 
flow is significantly affected. Suggestions for overcoming this limitation in future 
sunulatHMis are discussed in Section 4 

Turbulence statistics, including full Reynolds stress budgets, have been calculated 
for each of the simulations. One objective was to do a detailed comparison with 
turbulence models. However, because of the low Reynolds numbers erf the current 
simulations, a meaningful quantitative comparison cannot be done. Nonetheless a 
l»n*rf comparison of the turbulent kinetic energy growth is presented in Section 3. 

2. Governing equations k numerical method 

Consider homogeneous turbulence with the mean flow 



which describe-, a one-parameter family of streamline patterns in the t-z plane (the 
other parameter sets the strength of the flow l- The case y — 0 corresponds to pure 
strain with two principal directions at ±45° relative to the i axis while 0 < jyj <: :t ' 
gives vortical strain dominated flows with hyperbolic streamlines, their asymptotes 
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being shallower or stee|>er than the pure strain case according as (e - *t )/(e + 7 ) < 1 
or > 1. The limit jc ~ |*>| is pure shear. The case c = 0 corresponds to pure rotation 
while 0 < Je j < j*. j gives vortical rotation do minated flows wit h geometrically similar 
elliptic streamlines with aspect ratio E = 4 - e)/(y — e). This case is depicted 

in Fig- 1. 

The code shear j. developed by Dr. R. S. Rogallo (of Los Altos Hills, Calif.) to 
run on the Intel parallel computers at NASA Ames for the case of pure shear and 
employing a subset of the techniques described in Rogallo ( 1981 ). was modified to 
treat the above cases and to run on the IBM SP2 using MPI for message passing. 
The x; plane was chosen as the plane of deformation to minimize disruption to the 
code The program uses the second-order Runge-Kutta scheme to time-advance the 
Fourier transformed Navier Stokes equation (notation will he explained momentar- 
ily): 

= r {rfj’tv-s- - .n'.IW.} m 

Due to the use of coordinates that deform with the mean flow, the k, in Eq. (2) 
represent time-dependent physical wavenumbers: 

(3) 

while hats denote the three-dimensional Fourier transform with respect to coin- 
put annual wavenumbers k[. Space discretization is implied by the restriction of 
k] to integers — A//2 < k[ < A//2; homogeneity is realized when there is a suffi- 
ciently large range- of small wavenumbers with energy tending to zero. The symbol 
n|"* = d tJ - nk,kj/k 2 with n = 1 is the projector applied to the Navier-Stokes 

equation to eliminate pressure: a slightly different projectoi. njj 1 , appears in the 
linear term due to an additional contribution from the time derivative term in 
deforming coordinates. The aliasing error concomitant with the pseudo-spectral 
evaluation of uju m is controlled (but not exactly eliminated ) by a combination 
of phase shifting and spherical truncation in which modes with k' 2 > 2( Af /3 ) 2 
are discarded upon return to wavenumber space. The viscous integrating factor 
F. satisfying {If F }AFj <it = +vk 2 (t). is obtained analytically. Since in the lin- 
earized limit exact time integration of ( 2 ) is not possible lor at least not trivial, 
Waleffe 1990). the present version of the program dries not treat the rapid dis- 
tortion limit exactly. Rather, the time step is chosen to be the more restrictive 
one obtained from the mean flow and the non-linear term. For pure shear the 
flow-field can )>e re-meshed to prevent extreme distortion of the computational do- 
main. In the elliptic flow, however, a fluid element undergoes time-periodic shearing 
and straining, and rather than tackle the corresponding re meshing problem, small 
enough ellipticities are considered so that the minimum interior angle of the ele- 
ment. 0 mio = tan ' 1 ( 2 E/iE 2 - 1 )]. does not become too small (for the largest case 
of E = 3 considered. = 37°). 

In Blaisdell A: Shariff ( 1994) the code was tested for: (i) The linear inviscid and 
viscous iiehavior of a single Fourier mode compared with the results of Landman A: 
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FlGl’RE 1. (•) Schematic view of combination of rotation and strain, (b) Elliptic 
streamline. (The direction of the arrows corresponds to 7 > 0 and t > 0.) 

Saffman ( 1987) (ii) Pure rotation (Mansour et ml 1991, Ro = 0.247, their Fig. 2<a)) 
(iii) Pure shear (Rogers et «/. 1986, Case C128U). 

3. Simulations and results 

31 Initial conditions 

The initial conditions for the simulations were obtained in the same way as those 
erf Mansour et ol. ( 1991 ). An initial energy spectrum was specified of the form 

£(«) = s 4 exp(— 2 (k/k>) 2 ) , (4) 

where k p is the location of the peak in the spectrum. For the runs described here 
K f was chosen to be either 24 or 48 depending on whether the number of grid points 
was nominally 128 3 or 256 3 respectively. The larger number of grid points and the 
larger means that those simulations have a larger computational domain size 
relative to the integral scales of the turbulence. Hie flow field was then evolved as 
decaying isotropic turbulence until it became fully developed as measured by the 
velocity derivative skewness obtaining a steady value near —0.5 and the turbulent 
kinetic energy displaying algebraic decay with a nearly constant decay rate. In 
practice it was found that by starting the simulations with a turbulent Reynolds 
number (see definition below) Rep = 823 and allowing them to decay to Rip = 51, 
the a I Hive conditions were met. This developed flow field was then used as initial 
conditions for the elliptic flow runs. 

The simulations of Blaisdeli & Shariff (1994) and those presented here do not 
match the Reynolds number of Mansour et * l . We attempted to do so. but were 
confronted with the difficulty that, with the elliptic streamline flow, the large scales 
gain energy and quickly outgrow the computational domain. This problem does not 
occur for the pure rotation case where the turbulence simply decays. As a result, 
we found it necessary to change our initial conditions to make the computational 
domain larger relative to the initial integral scales of the turbulence. Because of 
the corr<*sp*>nding loss of resolution in the small scales. w«* reduced the Reynolds 
number. 
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TIh- turbulent Reynolds number grows exponentially in the elliptic streamline flow 
and reaches values well over 1,000 in the current DNS However, because this is not 
an equilibrium flow, the turbulent Reynolds number is not a good indicator of the 
ratio of length scales in the problem or the degree of nonlinearity. As is shown below, 
it is found, that the current DNS are affected by the low Reynolds numbers of the 
simulation? This means that the DNS data cannot be used in a quantitative way to 
test high Reynolds number turbulence models. However, a qualitative comparison 
is made below with two standard Reynolds stress models, which shows the models 
fail to predict the correct behavior, especially at larger rotation rates. In Section 4. 
suggestions are made for changing the method of generating the initial conditions 
so tliat the initial turbulent Reynolds number wall not be so low. Higher Reynolds 
number simulations will allow quantitative comparison with Reynolds stress models 
ami will provide more useful information. 

3.2 Pmnmeter sj*ct & Unear theory 

The gove;ning nondimensional parameters for the elliptic streamline flow are (1) 
the aspect ratio of the vlliptic streamlines. E. which is related to the ratio of the 
mean strain rate to the mean rotation rate, (2) the ratio of the turbulent time scale 
to a mean flow time scale, which can be measured either in terms of the mean flow- 
strain as S’ = ekfi or in terms of the mean flow rotation as 5* = ',-fc/c, where k 
is the turbulent kinetic euergy and £ is its dissipation rate, and (3) the turbulent 
Reynolds number. Rtf - q* f (it-') — 4k 2 f(it'). The parameters used in the current 
simulations are shown m Table 1. Simulations el-eG are elliptic streamline flows 
with aspect ratios varying front 1.1 to 3.0. Simulations si and sla are shear flow 
simulations and. therefore, haw a value E — x. Mast of the simulations are done 
with the same initial nondimensional strain rate. This was done in order to examine 
the effect of varying the mean flow rotation rate. This car. be seen in Fig. 2 which 
shows tile parameter space in terms of S* and S'. The radial lines indicate a given 
aspect ratio, going front the 45° line for shear flow (E = x>) to elliptic flows with 
E — 3 0, 2.0, 1.5. 1 25. aud 1.1. Simulation el with E — 1.1 is off the scale of the 
plot. The circles give the initial values for each simulation and a given simulation 
is constrained to lie along one of the radial lines with a fixed aspect ratio. E. The 
values of 5* and 5* will change as the turbulence develops, and it is believed that 
asymptotic values of these quantities should be approached Simulation e2& has 
the saute asjtect ratio as c2. hut the value of nondimensional strain rate is changed 
so that the nondimensional rotation rate is the same as that of the corresponding 
shear flow simulation, si. The two shear flow simulations, si and sla. differ in the 
initial Reynolds number. 

It is helpful ir» interpreting the results of the current simulations to examine the 
predictions of linear stability theory within tl»e parameter space shown in Fig. 2. 
A linear stability code employing the method of Landman Iz Saffinan (1987) was 
used to compute the maximum inviscid growth rate as a function of strain rate. f. 
and rotation rate. Fig. 3(a) shows a contour plot of the inviscid growth rate. 
n. The nondimensional growth rate. <r/-> can be collapsed onto a single curve as 
shown by Landman ic Saffinan and given in Fig. 3(L*. This curve corresponds to 
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Tattle 1 Initial condition and run p;*raineters for the simulations. 
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a cross-section through the contour t>lot of Fig. 3(a) for a fixed rotation rate. •>, as 
indicated by the horizontal dotted line in Fig. 3{a). If the growth rate is nondinicn- 
sionalizcd by the strain rate, one obtains the plot of ajc shown in Fig. 31 c ). Tliis 
curve correspond to a cross -sect ton through the contour plot of Fig. 3(a) for fixed 
strain rate, r. as indicated by the vertical dotted li ne. Bayly plotted tlie nondimen - 
sional growth rate as <r/ft. where ft = — t l is the angular rotation rate for 

a fluid element as it traverses an elliptic streamline. This curve corresponds to a 
cross sect ion through the contour plot at a fixed ft or through the nondimensional 
parameter space of Fig. 2 at a fixed Rossby number. Ro - k/(s(i ). Landman 
S&flhian point out that the plot of Bayly does not give a good indication of the be- 
havior of the growth rate as one approaches pure shear. /< = 1. The most complete 
picture, however, conn's from the contour plot in Fig. 3(a) together with the cross- 
sections in Figs. 3(b) and (c). For cases with a fixed initial rotation rate, there 
is an aspect ratio for which the growth rate is a maximum (near E = 3.0). For 
cases with a fixed initial strain rate, the growth rate increases as the rotation rate 
increases. For cases with a fixed initial Rosshy number, the growth rate decreases 
as the rotation rate increases. Therefore, the effect of rotation cannot be put into 
the simple statement that strong rotation suppresses ihe growth of turbulence, as is 
often assumed. In the sections that follow, the growth rate of the turbulence within 
the DNS will lx* examined and the trends will be compared to those seen from the 
iineai theory 

5..? Turbulence evolution 

The elliptic streamline flow is linearly unstable for any non-zero strain rate. t. 
From the linear theory the turbulent kinetic energy grows exponentially. Larger 
length scales are not affected by viscosity and have a larger growth rate. Therefore, 
eventually the flow becomes dominated by larger and larger length scab s. When 
this happens the energy 7 containing eddies outgrow the compute tional domain. They 
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lek/c) 

FlOl Hi: 2. Parameter space based on (he initial noudimensional strain rate and 
rotation rate. The 45° line corresponds to shear flow (E = oc). The other radial 
lines are for E = S O, 2.0. 1 .5. 1.25 and i.l . The circles indicate the initial conditions 
for the current simulations. 


become affected by the periodic boundary conditions and the statistics are no longer 
reliable. 

Since the dominant effect of rotation on the turbulence is to suppress the nonlinear 
cascade, it is useful to have a measure of the uoulinear transfer of energy from large 
scales to small scab s. Mansour et al. ( 1991 ) used a generalized skewness defined by 


6\/l5 / K Z T(K)dn 

^ (J S*EiK)dKf 


wljere n is the magnitude of the wavenumber vector. El n ) is the three-dimensional 
energy spectrum. T{k) is the transfer spectrum, and the numerical prefact.or is such 
that for isotropic turbulence S is approximately -0 5. 

The evolution of the skewness S is shown in Fig. 4(a) for simulations which span 
(ho range of aspect ratios E — 1.25, 1.5. 2-0, and 3 0. As soon as the mean flow 
is turned on. the skewness begins tc drop in magnitude, indicating that the non- 
linear cascade is inhibited. The cases with lower aspect ratios (more dominated 
by rotation) have a skewness that comes closer to zero. So. as one would expect, 
stronger rotation leads to stronger suppression of the nonlinear processes. Interest- 
ingly enough the simulations show that the skewness recovers at later times as the 
turbulence grows. Also, it seems that the skewness approaches an asymptotic value 
that is the same for all aspect ratios, although the case with £ = 1.25 could not be 
carried far enough in time to see if the skewness recovers fully. 

The linear stability analysis of the elliptic streamline flow indicates that the tur 
bulent kinetic energy grows exponentially. A noudimensional growth rate can be 
defined by 
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FIGURE 3. (a) Contours of inviscid growth rate <r. (b) Nondimensional growth rate 
for constant *< . (c) Nondimensional growth rate for constant e. (i) Nondimensional 
growth rate for constant il. 


This nondimensional growth rate is shown in Fig. 4(b) for the same series of sim- 
ulations as above. After the flow develops for a while a roughly constant positive 
level is reached, which indicates that k is growing exponentially. The growth rate 
nondimensionalized by the strain rate, c, is highest for the case with the lowest 
aspect ratio (strongest rotation), which is in agreement with the trend of the lin- 
ear stability analysis shown in Fig. 3(c). However, at later times the simulations 
seem to change to a lower growth rate as nonlinear effects become more important. 
Without carrying the simulations further in time it is difficult to determine whether 
they approach a universal growth rate that is independent of aspect ratio. 

One concern about the current simulations is that the initial Reynolds nund>er 
is very low. In order to use the DNS results for comparisons with high Reynolds 
number formulations of turbulence models, the nondimensional turbulent statistics 
should be independent of Reynolds number. For th< current simulations that is not 
the case. Figs. 5(a) and (b) show the skewness and the growth rate for the two shear 
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Figure 4. (a) Generalized skewness and (b) nondimensional growth rate of the 

turbulent kinetic energy for cases e2 ( ), e3 ( ), e4 ( ), and 

e5 ( ). 
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Figure 5. (a) Generalized skewness and (b) nondimensional growth rate of the 

turbulent kinetic energy for cases si ( ). sla ( ). 


flow simulations si and sla. Simulation si is similar to the elliptic streamline flow 
simulations that are described above. Simulation sla has a higher initial turbulent 
Reynolds number, as shown in Table 1. The larger grid for case sla is in order 
to ensure adequate resolution of the small scales. As shown in Fig. 5 there is a 
significant difference in the skewness and the growth rate for the two runs, which 
can be attributed to the differences in Reynolds number. The sudden jumps are 
an artifact of the periodic remeshing process used in the shear flow simulations 
(see Rogallo 1981 ). The low Reynolds numbers of the current simulations is caused 
by having a long period of isotropic decay before the elliptic flow runs are begun. 
Alternate methods that would allow the initial Reynolds number to be much higher 
are discussed in section 4. 

Most of the simulations in this study have the same initial strain rate. This was 
done in order to focus on the effect of mean flow rotation. In order to make the 
study more complete, simulations were also done with a fixed initial mean rotation 
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FlGI'RF. C. Development of the three-dimensional energy spectnun, E(k), for case 
e2a. 

rate, such as cases e2a and si. However, cases with low aspect ratios and low mean 
rotation rates are difficult to do. The problem can be seen in Fig. 6, which shows 
the evolution of the three-dimensional energy spectrum for elliptic flow e2a. The 
energy in the small scales continually decays while energy in the large scales grows 
from the instability. The large scales quickly outgrow the computational box as 
indicated by the spectrum at low wavenumbers. It seems that it would be desirable 
to simply reduce the resolution of the small scales and increase the computational 
domain size. However, this cannot be done without compromising the resolution 
of the isotropic initial conditions A simple analysis can be done to explain the 
behavior seen in Fig. 6. From the viscous analysis of Landman & Saffman, there 
is a high wavenumber cut-off beyond which the flow is stable. This wavenumber is 
given bv a critical Ekman number, E-,(3) = 2iri/tc \/"}, where k 0 is the magnitude 
of the critical wavenumber. Using Rct = q* v) ani S* = yfc/s, the definition of 
the critical Ekman number can be rearranged to give 


«o 

K p 



emrcts ;- 

X 


1/2 


(7) 


where k p is the peak in the instantaneous energy spectrum. Taking a value of 
-/f K pq*) — 0 28. 3 = 0.22, and £ 7 (/J) = 0.6 gives, n a /K p = 1.1. Therefore, for 
simulation e2a the viscous cut-off wavenumber is at about the peak in the energy 
spectrum from the decayed isotropic initial conditions, which seems to correspond 
roughly to what is observed in Fig. 6. 

It is desirable to have a greater fraction of the wavenumbers used in the simulation 
in the unstable range. In order to perform good quality simulations one needs k 0 Jh p 
to be large (preferably at least 2). Equation (7) shows that this is more difficult for 
simulations with lower nondimensional rotation rates, S*. and that to achieve this, 
simulations with higher Reynolds numbers arc needed. 
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FlC.l'RE 7. Nondimensional turbulent kinetic energy', k. from the DNS ( ), 

using the LLR model ( ), and using the SSG model ( ) for (a) case e5 

with E — 3.0 and (b) case e2 with E — 1.25. 


3 4 Comparison with turbulence models 

A brief comparison is made between the DNS data for the elliptic streamline 
flow and two standard Reynolds stress models — the Launder, Reece and Rodi 
(1975) model (LRR) and the Speziale, Sarkar and Gatski (1991) model (SSG). 
It must, however, be borne in mind that the comparison being made is between 
low Reynolds number DNS data and high Reynolds number formulations of the 
turbulence models. Figs. 7(a) and (b) show the comparison for the nondimensional 
turbulent kinetic energy for cases eo and e2 with E = 3.0 and 1.25 respectively. For 
the case with E — 3.0, which is not so dominated by strong rotation, the models 
predict exponential growth. However, the growth rate is substantially lower than 
that seen in the DNS. The LLR model gives a higher growth rate than the SSG 
model because the SSG model is sensitized to rotation and reduces the growth rate 
for strong rotation. Based on the growth rates seen at later times in Fig. 4(b). DNS 
at higher Reynolds numbers may give lower growth rates, which would l>e closer to 
those of the models. 

In Fig. 7(b) the comparison is made for the case with E = 1.25, which is more 
rotation dominated. For this case both models predict decay while the DNS shows 
exponential growth. Here the models are seen to give the wrong qualitative be- 
havior. Speziale et al. (19%) have pointed out the need for turbulence models to 
predict growth for flows that are linearly unstable. Clearly standard Reynolds stress 
models fail for strongly rotating flows, and there is a need for model improvement. 

4. Conclusions and suggestions for future work 

The study of the elliptic streamline flow begun by Blaisdell & SharifF (1994) has 
been continued by performing simulations over a range of parameters. The elliptic 
streamline flow is a homogeneous turbulent flow that combines solid body rotation 
and strain. It is an impo-tant flow for understanding the effects of rotati i on 
engineering turbulent flows. 
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For short times the imposition of the mean flow suppresses the nonlinear cascade, 
but at later times nonlinearity is reestablished. As evidenced by the skewness, .he 
growth rate of the turbulent kinetic energy, and other stat * ;, the turbulence 

seems to develop toward an asymptotic state that is indepe> ■-« it of the latio of 
mean rotation to mean strain 

A comparison with standard Reynolds stress models show a that the models fail 
to give the correct qualitative behavior for large rotation rates. However, the cur- 
rent simulations have a very low initial turbulent Reynolds number ar.c herefore, 
meaningful quantitative comparisons with the models cannot be made. 

Future simulations should be done at higher Reynolds numbers. One reason for 
the lov.' Reynolds numbers of the current simulations is the method of generating 
initial conditions. The initial conditions for the elliptic flow simulations are taken 
from fully developed decaying isotropic turbulence. During the isotropic decay the 
Reynolds number falls to very low values. One approach to overcome this is to 
not have any isotropic decay period, similar to the shear flow simulations of Rogers 
e< al. (19S6). The mean flow would be turned on with randomly generated initial 
conditions. A disadvantage of this method is that turbulence models cannot be 
expected to follow the unphysical development at early time; however, comparisons 
ran be made with turbulence models by starting the initial conditions fo. the model 
calculations using the DNS data at some tune after the flow has developed. A 
second method to produce higher Reynolds number isotropic initial conditions is to 
artificially keep the turbulent Reynolds number fixed at a high value by changing 
the viscosity before allowing the turbulence to decay. This was done by Blaisdell et 
al. ( 1991 ) and produces developed isotropic turbulence at a relatively high Reync’ds 
number. Both approaches are being pursued. 
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Drag reduction in turbulent MHD pipe flows 

By P. Orlandi 1 


This is a prrlimiaarv study devoted to verifying whether or not direct simulations 
of turbulent MHD flows in liquid metals reproduce experimental observations of 
drag reduction. T wo different cases have been simulated by a finite difference scheme 
which is second order accurate in space and time. In the first case, an external 
azimuthal magnetic field is imposed. In this case, the magnetic field acts on the 
mean axial velocity and complete laminarizatkm of the flow at Ha = 30 has been 
ach: ved. In the second case, an axial magnetic field is imposed which affects 
only fluctuating velocities, and thus the action is less efficient. This second case is 
more practical, but comparison between numerical and experimental results is only 
qualitative. 


1. Introduction 

Magneto- Hydro- Dynamic (MHD) flows received much attention in the sixties 
and. after a period of loss of interest, there is a renewal of interest shown in this 
activity. Attempts, for example, have been recently done in laboratory experiments 
(Henoch Stare 1995) to use MHD effects as an efficient way to reduce the drag of 
bluff bodies in sea water. The present study is devoted to showing that some of the 
experimental observations in liquid metals can be qualitatively described by a coarse 
direct simulation of the full system of Navier-Stokes equations and magnetic field 
equations without any k>w magnetic Reynolds number approximation. For liquid 
metals such as sodium or mercury, the Reynolds numbers are in a range affordable by 
direct simulations. Direct simulation can then be used as a design tool in practical 
applications. In liquid metals experiments, it is almost impossible to perform flow 
visualizations, and measurements of turbulent quantities are complex and difficult. 
Direct simulations provide these desired turbulent velocity protiles 

The previous direct simulations of MHD flows were, fc the ma.ior part, devoted 
to isotropic turbulence (Kida et tl. 1991) and, to my knowledge, there was only 
one devoted to LES of flows in the presence of solid boundaries. Shimomura ( 1991 ) 
considered the case of a magnetic field perpendicular to the wall and. in this case, 
the drag increased as observed in the experiment of Reed ic Likoudis (1978). On 
the other hand, drag reduction occurs when the magnetic field is directed in the 
streamwise or spanwise directions. The realization in the laboratory of the second 
case is easy to observe for a plane channel with a reasonable aspect ratio, but the 
Hartmann boundary layers on the side walls can play a role. In a circular pijx- 
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otic way to assign the external azimuthal magnetic held is by an electrical wire as 
thin as possible located at the center of the pipe; this set-up is difficult to realize 
and could influence the flow-field. This is why, for the case of span wise external 
magnetic fields, there are a large number of experiments only for plane geometries, 
and some of these are listed in the review papers hy Moffat? and Tsinober { 1992 ) 
and by Tsinober ( 1990). 

The realizations of an axial magnetic field inside a circular pipe is easier to set up. 
and two well documented experiments by Fraim 4: Heiser ( 1968) and by Krasil'nikov 
tt a/. ( 1973) are available. The friction coefficient reduction was measured at differ- 
ent Rf and intensities of the externally applied magnetic field. The main difference 
between the cases of asymuthal and axial fields is that, in the case of an azimuthal 
field, the Lorenz force acts on the mean stream wise velocity profile, reducing the 
mean shear and thus tin- production erf turbulent energy. In the presence of an axial 
field, the Lorenz force acts on the fluctuating components, and thus is less effective 

In l>oth cases, without the use of superconducting materials, the efficiency, that 
is. the ratio between the input power and the power saved by the skin friction 
reduction, is very low. Thus, this approach is useful only in applications for which 
efficiency is not important, but it is important to reach a drag-free state. This, for 
example, occurs in nuclear reactors employing liquid sodium as cooling system and 
in son stainless steel production stages. 

Dealing with liquid metals, the low mag.^tT- Prandtl number approximation is 
valid. In this case, the current density car e calculated by solving one elliptic 
equation for the electrical potential instead of solving the full systems of Maxwell 
equations. This approximation was used by Shimomura (1991) and Tsinober (per 
sonal communication) in a pipe with an azimuthal external magnetic field. I made 
an anempt to follow this direction, but encountered numerical difficulties. Thus, 
I decided to solve the full system of Maxwell equations, which are straightforward 
to add to a code iu which the Navier-Stokes equations are solved. The full solution 
can be used to test the solutions with the simplified equation. 


2, Physical and numerical model 

The dimensionless NavieT-Stokes equations when a conducting fluid is subjected 
to a magnetic field are 


DU _ 1 2lt Ha 2 

Dt P+ R f V U+ 


V x B x B, 


where in the Lorenz force the relationship between the current density, J. and the 
magnetic field. B, J = V x B was used. B is calculated by 


OB 1 , 

=«^p- V B+|B ™ 

The dimensionless equations have been obtained by using the pipe radius R as 
reference length, the laminar Poiseuille velocity Up as velocity scale, . rid the magni- 
tude of the externally applied magnetic field Bq Together with the fluid pro|x*rties. 
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i' the kinematic viscosity, n the magnetic permeability, and a the electrical conduc- 
tivity. the dimensionless numbers are: Re — U^D/v — UpR/v is t he Rey nolds 
number. P m = vpo is the magnetic Praadtl number, and Ha = BuRy/oJpv is the 
Hartmann number. 

These equations can be solved once the appropriate boundary conditions are 
assigned. This paper deals with flows inside a circular pipe, hence the usual no-slip 
conditions are assumed on the wall. Being interested only in the fully developed 
statistical steady state, periodicity is assumed in the stream wise direction. The 
components of the mean velocity U are t> = l’» = 0 and U M (r) 4 0: if we assume 
the condition that the external magnetic field is only azimuthal, the mean magnetic 
field is B$ — Bur. On the other hand, if there is only an axial field, it must be 
B t = Bo. By these boundary conditions, in the B» case, the result is that on the 
pipe wall there is a strong current density. In the B r case the current density is 
low. 

From a physical point of view it is interesting to compare the action of the Lorenz 
for the two cases, and the low Reynolds number approximation facilitates this anal 
ysis. With this approximation, the equations of the magnetic field are replaced by 
the equation for the potential of the electric field 9 which is related to the current 
density by J = -^4 + U x B ♦ cam be calculated by the equation 

V 2 * = V U x B, 

which is obtained by imposing V - J = 0. The components of the Lorenz force for 
B# = Bo r aure 



The result is that in the first awe the external magnetic field decreases the mean 
axial velocity. U t . and thus the reduction of turbulence is more effective since the 
mean shear is reduced. In the second case the magnetic field acts only on the 
fluctuating components. 

An attempt has been mad 0 to solve this simplified set of equations, but the 
results were not satisfactory. An initial explanation is that, to maintain a constant 
flow rate, the pressure gradient has to account for the part of the Lorenz force 
proportional to Bj, and since this term at high Ha is greater than the friction 
losses, the evaluation of the skin friction is not accurate. Dealing with the full 
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system of equations, the contribution of Lomu force to the mean pressure gradient 
is mo. 

The second order staggered mesh finite difference scheme in space and time devel- 
oped by VVrzicco 4 j Orlandi ( 1996) that has been tested for several laminar Soars, 
and for rotating and non-rotating turbulent pipes (Orlandi & fatica 19%), was 
adapted io solve the magnetic equations. To deal with the axis of symmetry, the 
quantities h T - rh T . — rbe.h x — b, have been used, as was done for the velocity 
components ( q r = rr r .q$ = rv$. q, = «.*,). The B and U components are located at 
the center of the face of the cell The fractional step method used for the velocity 
field was used for the magnetic field. 


3T 



10° »0‘ I0 1 


y* 

FlGlRE 1. Profiles of cm- vorticity fluctuations in wail units, a) lines, present 
65 x 65 x 6-5, b) closed symbols present 129 x 97 x 129 c) open symbols Eggels el 
•1 257 x 129 x 129 ' , ■, C. »•;>- ( , A. A. <),< " • . o , «•; ). 

3. Results 

Without the magnetic field. the turbulei.ee intensities are higher: therefore, the 
validation of the rrid adequacy has been performed tor tia — 0. The simulation 
with the magnetic held requires more memory and longer CPU time because of three 
more parabolic equations. This f udy is limited to tiie investigation of whether or 
not direct simulations reproduce the drag reduction oliserved in the experiments. 
With this in mind, the strategy for the choice of the grid has been that the grid is 
kept as small as possible such as to give satisfactory results for the second order 
statistics. Fig. 1 shows that a grid with 65 x 65 x 65 mesh points gives normal stresses 
profiles in wall units in good agreement with these by more refined simulations 
(129 x 97 x 129) and with that by Eggels «f «d. (1994) with a more refined grid in i 
A coarse simulation does not resolve Ok velocity gradients, and this affects the runs 
profiles in a different manner. From previous simulations (Orlandi A: Fatica 1996). 
at Ha = 0 it has been observed that insufficient resolution in 6 and i produces a 
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reduction u the level of t'J. and i-J while that in r affects v' t . This explains why the 
pmeat coarse v r Tm , profile near the wall agrees with that by Eggels et eL (1994). 
which was ohtaired b" a uniform grid in r. 97 equidistant points in r located only 
7 points within u* - - 15. while the present nonuniform grid located IS points in 
the same distance. Tl^e differences are not very pronounced, thus this resolution is 
satisfactory foi a preliminary understanding of MHD drag reduction. 



FlGt’RE 2. Time evolution of u r for external B$ ( Ha = 0), ( Ha — 20), 

( Ha = 28), ( Ha = 30). ( Ha = 32). 


The simulations of an external azimuthal magnetic field have been performed for 
Ha = 20. 2S. 30. and 32. starting from the field at t — 250 of Ha = 0 and advancing 
for 750 dimensionless time units. The statistics were computed from 50 fields 10 
time units apart. The evolution within the first 250 time units was discarded since 
in this period the flow adjusts to the abrupt effects of the magnetic field. The u T 
time evolution in Fig. 2 shows ttiat this transitory period is long enough even for the 
high Ha number. Fig. 2 furthermore shows that the magnetic field reduces the high 
frequency oscillations, and that for high Hartmann numbers ( Ha > 30) the flow 
liecomes laminar. In the experiment by Branovcr e.t el. (1966). in a plane channel 
with an aspect ratio b/a = 0.067. the Hartman layers on the vertical wall do not 
play a substantial role. Thus the results could be considered for comparison with 
the present simulations. However also in absence of a magnetic field, the pipe and 
the two-dimensional channel differ, as for example shown by Durst et al. (1995). 
thus differences should be expected in the presence of the magnetic field, hi the 
experiment A = C/«, /C/o, that is. the ratio between the Cj with and without 
magnetic field depends on the Reynolds number. At Rt = t\D/v ~ 7600 for 
Ha = 20 and 28. A is respectively equal to 0.82 and 0.62. In the pipe it was found 
to be 0.S6 and 0.77. 1 at approximately Ha = 30 a laminar state was achieved. 

Recall that, at P T ~ 180 in the channel, the corresponding Reynolds number based 
on full width and centerline velocity is Re = l'i2t>fu — 5600: at this Reynolds 
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number the experiments of Branover et *1. (1966) show.- a laminar state, and the 
present simulations differ more from ihe experiments. 

The same initial conditions were user! to solve the case of an axial magnetic 
field. Fig 3 shows that u- does not change considerably going from ffn — 20 
to CO. The experiment by Fraim L Heiser for R< — 4900 at Ha/ Rt — 0122 
gives for the friction factor A = 0.0305. a value smaller than 0.035 found in the 
present simulation. The exjrerimental and the numerical simulations produce a 
value of 0.385 for Ha = 0. Attempts were done to jrerform simulations at higher 
Hait maun numbers to investigate whether the numerical simulation in this ease 
also reproduces a laminar state. The numerical simulation after the initial « r drop 
showed an increase of drag, associated with larger turbulent intensities near the 
center, and the calculation diverged. Different initial conditions such as the field 
for Ha = 60 at t — 1000 have also l>een tried without any success. 



FlGl Rt 3. Time evolution of t/ r for external B x ( Ha = 0), ( Hu — 20). 

( Ha = 60). 

Before discussing the velocity and rnis velocity profiles, it is interesting H> under- 
stand why in these conditions the efficiency is very low The efficiency is defined as 
the ratio between the energy saved by skin friction reduction and the input energy 
necessary to generate the magnetic field. It is c -= (1. - A )Rt /?; Pur /Ha 2 Since for 
liquid metals the magnetic I’randtl number is 0{ 10“' ). it is clear why the efficiency 
i very low. 

In spite of these difficulties it is interesting to make a comparison between the 
two castes. Ha = 28 and Ha — 60. Recall that, in presence of 3$. the Lorenz force 
effects the mean velocity. Fig. 4 slwws that the velocity profile no longer has the log 
law and that the profile i» getting close to a laminar profile. On the contrary, the 
case with B, has a well defined lag law shifted upwards, reminiscent of other flows 
with .hag reduction. 
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Ha = Oj. < • Ha = 2S , 5*), (o Ho = 60 , B, ). 



(o Ha — 60 . B t ). 

The fields from direct simulations were used to explain through the profiles and 
the spectra of th* normal turbulent stresses that the effects of the magnetic field are 
different in the two cases. The profiles of e' and r' in Figs. 5a-b show that Bt re- 
duces both the streamwise and the azimuthal fluctuation everywhere B t has a more 
complex effect In fact, while the axial stress increases everywhere, is reduced in 
the buffer region and increases at the center. For Be the drag reduction is associated 
with a r* h'etion of turbulent intensity. On the other hand, for B t the reduction is 
associated with modifications of the vortical structures. One-dimensional azimuthal 
energy spectra detect the size of the energy containing eddies, which near the wall 
are those resoonsiblc for the wall friction. These* spectra are shown for the artal 
and azimuthal components at y + sr 10. the location of high turbulence production. 
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In discussing iho spectra in Figs. 6a-b. keep in mind contour plots of fluctuating 
velocity even if these plots are not presented. The sjx-ctra show that B» reduces 
the energy level at the small scales and there is a transfer of energy to the large 
scab's. The spectrum for the B t case 1 shows that the containing energy scale of 
the v' z components are larger than those without magnetic field. These then are 
located at a greater distance from the wall, and thus the friction decreases. For the 
azimuthal stresses, B t produces a similar transfer at the large scales, hut in this 
ease the energy level is also reduced at each wave nmntar. 



kg k$ 

Fica'BE G. One- dimensional energy spectra: Left: azimuthal. Right: axial direr 
turns. ( Ha — ( 51 . (• Ha — 28. Bg). (e Ha = 60. B r ). 

3. Conclusions 

The present study has shown that the numerical simulation of MHD flows for 
liquid metal is feasible and that they can qualitatively reproduce experimental ob 
scr vat ions. It has been shown that for these fluids the drag reduction is inefficient: 
that is. that a large amount of electrical power must be furnished to achieve the 
desired goal. The reduction of the turbulent levels could be of great interest in 
several applications where the energy saving is not important. These direct sim- 
ulations. moreover, have great interest per ,<e in the study of turbulence physics 
when the turbulence is subjected to external forces. There are. in fact, similarities 
between MHD turbulence and turbulence subjected to background rotation as was 
claimed by Tsinoher (19901 In both cases a drag reduction is achieved, but the 
mechanism is different. In a previous study {Orlandi 1995). it was found that bark 
ground rotation breaks the symmetry of right and left-handed vortical structures 
by increasing the helicity density near the wail. Thus the vortical structures have 
a greater degree of order leading to a reduction of production and dissipation near 
the wall. In the case of MHD flows the hclieity density was null across the pipe 
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as for Hn — 0. and so the decrease of production ami dissipation are due to the 
reduction of turbulence intensities. The effect is greater at the smaller scales. Thus, 
under the MHD effects, the small scale structures near the wall disappear and the 
large scales remain, producing less intense bursting events. However, the amount 
of disorder near the wall for MHD flow's remains unchanged W’ith respect to that of 
a non-rotating pipe. 

It should be stressed that while these preliminary coarse direct simulations have 
reproduced the differences between the effects of an azimuthal and an axial magnetic 
field, the quantitative comparison between experimental and numeric results was 
poor. This needs to be explained and it requires a much longer time than that 
available during the summer program. All the mandatory gritl resolution checks 
should be performed. 
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